Ilo-HoBoMYy 0 cTapom: pparMeHTHI
KJIACCMYIECKON MaTeMaTUKHA

dusuaeckoe JO0Ka3aTeIbCTBO TEOPEMDBI YUTHI 0O
ILTOCKHNX KPHUBbBIX

C. 1O. Opeskos

HacTo dusndeckue coobpaykeHns TOMOTAIOT PEIIHTH MaTeMaTHIecKyio
3ajlavy, cPOPMYJUPOBAHHYIO YHCTO abCTPaKTHO, U, Ha MEePBBIH B3DJAIL, Ta-
Jexyio oT ¢usnku. [Ipu >Tom wHOTIa (pu3nTecKne pacCyKAeHHS TOJILKO TO-
3BOJAIOT yrajlaTh OTBeT, HO MHOIJa UX HETPYIHO MOBECTH U [0 CTPOrOro
MaTeMaTHYeCKOT'0 T0Ka3aTelbCTBa.

[TpuBemem uzBeCcTHBIN TPHMEP U3 dJIEMEHTAPHOU CTEPEOMETPHH.

SANAYA. Jan spinykavitii MHOZOZPAHKUK U MOUKA eHympu e20. [oxaxrcu-
me, umo ece2da HAUJEMCs MAKAA 2PAHb, YN0 0CHOEAHUE NEPNEHIUKYAAPQ,
onyuwenno2o Ha wee u3 dannoti mouxu, nonadaem enympb Mot epany.

PEmWEHUE. [loaoknM MHOTOTpaHHNK Ha TOPHU3OHTAILHYIO TIOCKOCTL 1
pacmpeequmM B HEM Maccy Tak, 4TOObI [[eHTP THAKECTH COBIAJ € TaHHOU TOY-
koil. Torja MHOMOTpaHHUK MOKATHTCA U OyAeT KaTUThCS JO TeX 1op, MoKa
BepTHUKaAbHAS HPOEKIUs HeHTpa TAKECTH He MoNajeT BHYTPb TOW IpaHH, Ha
KOTOpPOU MHOPMOTpaHHUK JexKuT. [locKoJbKYy MHOTOMpaHHUK GeCKOHEYHO MOJ-
PO KaTUThCS HE MOXKET, DTO PaHO WU [MO3[HO MPOU3OW,IeT.

B nacrosiiein craThe nokazaHo, Kak u3 (PpU3HIECKHX COOOPAKEHHH MOMY-
YaeTCHd JOKa3aTeIbCTBO OHOU TOMOJOIHYECKON TEOpPEMBI.

[MaccMoTpuM TaanKue 3aMKHYTHE KPUBLIE Ha TMJIOCKOCTH, BO3BMOYXKHO, C Ca-
MollepecedeHuaMu, T. €. KpUBbie, NapaMeTpu30BaHHbIe MudpepeHnipyeMbIMi
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oTobpaxenuaMn okpyxuocTn S! B mrockocTs R, co Belony HenyaeBbIM Bek-
TOPOM CKOPOCTH (Takie 0TOOpaKeHNs Ha3bIBAIOTCA nozpyxrcenusmu). Ilorpy-
JKeHIe OKPYMKHOCTH B IUIOCKOCTH 3afaeTcs Napol guddepeHnnpyeMbX Ie-
proANIecKHX (PYHKINH ¢ OIMHAKOBBIME IePHOTAMHE, IPON3BOIHEIE KOTOPHIX
HIT e OJHOBPEMEeHHO He 0ODAIaOTCA B HYIb.

Kora gBe Takne KpuBble MOKHO HEIPEPEIBHO IIPOIe(OPMHIPOBATE OJHY B
APYTYIO Tak, 9TOOHI B Ipoliecce fedOPMAINi MBIl B KaK IbIIl MOMEHT BpeMeHN
uMenn OBl KpuByIo H3 Toro ke kiacca?! (Takme regopmannn HasbIBaloTCA
PECYAAPHBIMU 20MOMONUAMU. )

s norpyxenus f : S' — R? onpenennm ero wucao epaujenus N (f)
KaK B3fTOE CO 3HAKOM KOMMYeCTBO 060POTOB, KOTOPOE BeKTOp cKopocT f(t)
JeJaeT BOKDYD Hadala KOODINHAT, B TO BpeMsi KaK ¢ ONUH pa3 mpoberaet
OKPY/KHOCTH B IOJIOKHTEJIbHOM HanpaBirennu. [Ipyruvu cioBamu, N (f) ecTs
06pa3 TOMOTONIIECKOTO Kracca oTobpazkenns f : S' — R2 — {0} npu mso-
mopduzme 71 (R* — {0}) — Z.

O4eBuaHO, YTO YHCIO BpAlleHHs He MEHAETCA MPU Pery/ispHONl I'OMOTO-
nnn. Taknm 06pa3om, HeOOXOJIMOe YCIOBHE PeryIsSpHON TOMOTOIHOCTH ABYX
HOUPYKEHNIl — cOBHIajenne X dncel Bpainennd. QOKa3blBaeTCs, HTO YCIOBHE
ABIAETCA I JOCTATOYHBIM.

TEOPEMA (YUTHU). /[Ba norpy:emus f u g okpyxuoctu S! B mroc-
kocTh R? peryigpro romMoTomHel Torja H TOTBEKO TOTJa, KOrJa HX HCIA
Bpatrerns copragaor: N(f) = N(g).

Jlerko BugeTh, 9TO JA060E [eJ0e YHCIO0 N pealn3yeTcs Kak 4hcJo Bpa-
HIeHns JIJIsi HEKOTOPOTO TMorpykKeHus. Ecim n # 0, To 5T0 TPOCTO OKPY K-
HOCTh, IPONIeHHas |n| pa3 B Ty Wil APYrylo CTOPOHY B 3aBUCUMOCTH OT 3Ha-
ka n. Ecin n = 0, To 10 «BochMepkay. Takum obpaszom, pynkuns N zagaeT
B3aMMHO-O/JHO3HAYHOe COOTBETCTBHE MeKIy MHOKECTBOM KJIaCCOB pery.sp-
HO FOMOTOIHBIX TOT Py KeH NIl OKPYKHOCTH B ILIOCKOCTh I MHOXKECTBOM IeJbIX
qHces.

B gaabHeleM sTa TeopeMa YHTHH Oblla 3HaYNTeNbHO 0606Mena CMed-
noM, Xupiiem, ']poMOBBIM I IpyruMu aBTopaMmu. B 9acTHOCTH, 3a1a9a Klac-
cuUKaIun NOrPY:KeHHil JMTI0OLIX MHOT00Opa3uil ¢ TOYHOCTBIO JO peryJsp-
HOHl TOMOTOIINN TIOJHOCTBLIO CBejleHa K 3ajade FOMOTONNIeCKOH KIacCu(puKa-
unn oTo6pakeHnii HeKOTOPLIX IPOCTpaHcTB. [lanpumep, norpy:xenus cdepol
S™ B npocrpancTBo R KiaccHpuuupyOTCAs dIeMeHTaMi TOMOTONNYeCKOH
rpynnetr 7, (V,(R™)) muoroo6pasus llltudens n-penepo B R™ (mockonabky
72(V2(R?)) = 72(S®) = 0, oTo o3mauaer, 4To AByMepHYIO chepy B Tpexmep-
HOM IIPOCTPAHCTBE PEry.ispHON MOMOTONNEl MOKHO BEIBEPHYTh HaH3HAHKY!)
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Puc. 1.

[lepeiigem K gokazareabcTBY TeopeMmbl YurhHu. llpeicraBum cebe, 410
BJIOJb KPUBOU YJIOXKIIM KOJbIIO, ClelaHHOe u3 abCOMI0THO YIPYIOUl CTalbHOW
NPOBOJIOKM, U 3azKaJl ero MexK 1y NByMs MJacTUHAMU, IPUYeM eCcTeCcTBeHHOe
COCTOSIHIE TPOBOJIOKH (B KOTOPOM OHa OBLTa 3aKkajieHa) — mnpsmoe. [lasiBu-
HEM YYTh-4YTh MJIACTUHBI, TaK YT0OOBI TPOBOJOYHOE KOJAbIIO CMOIIO CBOOOTHO
IBUTAThCS B 0Opa30BaBIlleiics IIeN1, OCTaBasCh IPU 3TOM BCe BpeMs B OHOU
naockocTu. Torga oHo HAYHET ABUTATHCA W depe3 HeKOTOpOe BpeMs TpHIeT
B ycToldnBoe nogaoxenue. [Ipn sToMm MBI ceraeM gomylinenne (He BIHSIOLIee
HA [OKa3aTelbCTBO TeOpeMBl YHTHM), 9TO B TpOIecce IBUKEHUS HIKAKIe
y4acTKU TPOBOJOKH He OYAyT 3aleladThcs Tak, Kak NOKa3aHO Ha puc. 1.
(M 6y mem cauTaTh, 9TO KaXkK B pa3, KOr1a MpuOINKaeTCs Takoe HesKela-
TeabHOe COOBITHE, KTO-TO 04eHb OLICTPO pa3pe3aeT MPOBOJOKY Ha OJHOM W3
BTHX YYACTKOB, NPOIEBaeT MPYrol depes oGpa30BaBUINUCS pa3pes U TYT xKe
3amanBaeT ONATh.)

[Mokaxkem, 4T0 Misi KayK OO HEJOTO 7 ¢ TOYHOCTHIO MO [BUMKEHUN II0C-
KOCTH UMeeTCsi POBHO OHO TIOJOXKeHe paBHOBECHS ¢ YNCJIOM BpallleHud, paB-
HLIM 1. /a8 5Toro 3aMeTHM, 9TO B TOJOXKEHNN PABHOBECHS TOCTUTAETCI MU-
HEMYM HOTEeHIHAJbHON dHEPril, KOTOpas BhIpaxKaeTcs (POpMy.Ion

/szs7

rie K — xpuBusHa, ds — dJ1eMeHT IJUHLL, I HHTerpaJ 6epeTcsa BAOIbL KPUBOIL.

[lymem canTaTh, 9T0 IIMHA KPUBOH paBHA efnHuue, n nycth z(t), y(t) —
napaMeTpH3alns KpUBOI HaTypalbHBIM IapaMeTpOM, T. €. ABe TaKie DJaa TKie
nepuognieckne ¢ nepuogoM 1 GpyHKIuM, 9TO

B (02 450 =1
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TOoXKIeCTBEeHHO IIO0 t. 3anuuiem BEeKTOpP CKOPOCTHU B IIOJSAPHBIX KOOpAWHaTaX:

&(t) = cosp(t), y(t) =sinp(t).

Takum 06pazoM, Hallla KpHBas OJHO3HAYHO (C TOYHOCTHIO O MapallielbHOTO
nepeHoca) 3a1aeTcs TJIa Kol GpyHKInen ¢(t):

ac(t):/otcoscp(r)dr, y(t):/otsinc,o(r)dr.

[Ipu sToM ycaoBue nepnognanoctn GyHKunn (t), y(t) 3annceBaeTcs Kak

/01 cos p(t)dt = /01 sin p(t)dt = 0, (1)

a yCJoBHe NMepuoJnIHOCTH UX IIepPBbIX HpOI/IBBO,Z[HbIX -
plt+1) = lt) + 270, n € Z, 2)

rae n = N(f) ecTh 4nciao BpaleHust KpuBoOIl, 3ajaBaeMoil pyHKIHENn ¢(t).
Jlerko BugeTs, uTo K = H(t).
B pesyibTaTe MBI MOMydaeM CIeAyOUIYI0 BapHalHOHHYIO 3a1ad9y: Hatmu
Pynryuwio p(t), 3adannyio na ompesxe [0, 1], das komopot MuHUMAILHO 3Ha-

ueHue unme2paid
1
| swra
0
npu oepanuvenusz (1), (2).
CorJlacHo KIacCHIecKoMy BapHaNHOHHOMY HCYHCAeHHiol) | HeoGXoMMMBIM

YCJIOBHEM DKCTpeMyMa NpH orpaHmdeHnsx (1) sBiaseTcs cyliecTBOBaHMe TMO-
CTOSIHHBIX MHOXKuTeneln Jlarpanka Ay, Ag, Takux, 4TO JarpaHKHaH

L(p, @) = ¢* + 2\ cos p 4 2\, sin ¢ (3)

yjoBiaeTBopseT ypauenuto llinepa—Jlarpanka

d oL OL
q0p - Ip (4)

[Hogcrasass (4) B (3), noayvdaem inddepeHnnaibHOe ypaBHEHIE BTOPOTO MO-
psIKA
@ = —Arsinp + Ay cos .

1)CM., "anpumep, Tuxomupos B. M. Pacckaswr o makcumymax u Mmunnmymax. b-xa Kean-
ma, evin. 56. M.: Payka, 1986.
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Puc. 2.

Ono npuBoIUTCA K BUIY
b= —Asinlg - go).
rje KOHCTAHTH A I (g HaXOIATCA U3 COOTHOMICHII
M =AM A2, cospo=A1/\, singy = Aa/A.

[ToBepuyB, ecan Ha 10, BCIO KPUBYIO HA YT'OT (9g, MBI MOYKEeM CINTATh, UTO (0 =
= 0. Taknm o6pasom, npu A # 0 pyHKUHSA () ABIAETCS pelIeHneM ypaBHe-
HUs (PU3NYeCKOTro MasTHUKA

5= —Asing, (5)

anpu A =0 — ypaBhenus ¢ = 0, T. e. JHHelHA.

Caydato jguHeiHON (YHKUNH () OY9eBHIHO OTBEYAOT Te W TOJBKO Te
MOrPY KeHNsA, KOTOPbIe HECKOIBKO Pa3 00X0AAT OKPYKHOCTH B TOM WJIH HHOM
HanpapieHun. Takux HOrpyKeHnil ¢ TOYHOCTHIO J0 IBUKEHUN TJIOCKOCTH HMe-
eTcs POBHO MO OJHOMY ISl KazKIOT'0 MeJ0ro HeHyJAeBOI0o 3HAYeH s TUCIa Bpa-
[IeH U,

[laz6epem Temeph caydai A # 0. Mbl cHadaga TOKaKeM, 9TO €Can KpuBas
yaoBiaeTBopsieT ypaBhennio Ilinepa—/larpan:xka, To oHa UMeeT BHJ BOChMep-
K¥, BO3MOXKHO, IIPOIIeHHON HEeCKOIBKO Pa3, a 3aTeM MoKayKeM, YTO Bee TaKie
KPUBBIE PEryaspHO TOMOTONHEI.

Urak, myctsb ¢(t) — pernerne ypaBaeHns (5), yI0BIeTBOPSIOIIEE YCIOBHIM
(1) m (2). l1s Ka9ecTBEHHOTO HCCAETOBAHNSA PElIeHNN ypaBHEHUS (PU3MTeCKO-
ro MasgTHHKa yJIO0OHO HApHCOBATH €ro (PpasoBBI MOPTPET, T. €. MIOCKOCTh ¢
KoOpauHaTaMn ((,¢), Ha KOTOPOH I KaxkKIOTO pelleHns () HapuncoBaHa
TpaekTOpus TOUKH ¢ koopaunHaTamn (¢(t), ¢(t)). (Iltm TpaekTopnn HasbIBa-
10TCA (Pa30BEIMI KPUBBIMH. )



Teopema Yurum 101

Jlerko BuIeTH, YTO BJONb pellleHnst ypaBHEHUs (5) BHIMOJTHAETCS 3aKOH
COXpaHeHUs DHePIUn:

9’92
E(p,¢) = o A cos ¢ = const.

[TosToMy (pasoBble KpUBBIe HAYT BJOAL JUHUH yPOBHA dHepruu F = const
(puc. 2). (3mech nMeeTcss B BUIY dHePrus (PU3NIECKOTO MAsSTHUKA, TBUKEHIE
KOTOPOT'O OINCHIBAETCS YpaBHeHNeM (5); DTa DHepPrus He NMeeT HIKAKOr'o OT-
HOIIEHUS K TOTeHIHalbHOI DHePT U COTHYTON TPOBOJOKH, MUHIMYM KOTOPOH
MBI HIIEM. )

[Iycth Upaxy — TMOTeHIHATbHAS DHEPIHs MasgTHHKA B BepxHel (HeyCTOM-
9UBON) TOYKe paBHOBecus. /I3 pucyHka BugHO, 4TO pemieHns ypaBHenus (5)
npu I < Upax nepunogundeckne, a npu F > Uyax — MOHOTOHHLIE, IPUYeM B
5TOM caydae ¢(t) HUTZe He oOpalaeTcs B HYJIb.

[okazkeM, 9TO BO BTOPOM caydae He MOT'YT BBHIIOAHATHCS orpanndenns (1)
 (2). [eficrBurensro, npeanogoxnm nporuaoe. Toraa, tndpdepenunpys (5)
no ¢, jgelist MOMydeHHOe PaBeHCTBO Ha ¢ (MMEHHO 3Jech MbI HCIOJB3YeM, 9TO
¢ HUTJe He obpalnaeTcs B HyJIb), I mofgcTaasis B (1), noxysaem:

1 1 d 1 99 1 1 d 1 1 SO
0=—/ Acossodtz/—c;o‘—.dt:—. —/ sé——.dt:/ )2dt.
0 0 dt( )99 ® lo 0 dt(@) 0 (99)

371ech MBI BOCHOMIB30BAINCH HHTEIPHPOBAHUEM 110 9aCTAM U TeM, 9TO (yHK-
UMK ¢ W nepuogndeckue (3TO BUIHO, HApUMeD, U3 JndQepeHnnpoBaHiis
paBeHCTBa (2)), a 3HAYNT, TpHpalleHne /¢ 3a Mepnoj paBHO HYy.0. SlcHo,
4TO MOTYIeHHOEe PaBeHCTBO MOKET JOCTHIAThCA JHIIbL B TOM CIydae, KOria
p(t) — auneninas HenoctosHHas GpyHkuns. [lo mpn A # 0 ypaBrenne (5) Taknx
pemrennii He numeetT. [IpoTnBopedne.

PN
. N
/ \
1 \
\ 1
\ /
\ /
\ /
\ 7/
\ /
N\ 7
\/
/N
7 \
/ \
/ \

/ \
/ \
! \
1 |
\ !
\ /
~—

A B A B A B A B

Puc. 3.
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[Tonrydennoe mpoTHBOpedne MOKa3bIiBaeT, 9TO ciaydaio A # ( oTBedaoT
nepuoguvYecKne pelleHns ypaBHeHus (5), mpudeM uX (pasoBble TPAEKTOPUH
BaMKHYTH W OTPAHUINBAIOT BLIMYKIYIO obaacTh. [leTpynno BuaeTh, 9TO Ta-
KHM pellleHNAM COOTBETCTBYIOT KpUBble, UMeOlIle BU I BOCbMEPKH, BO3MOXK-
HO, MPOUIEHHOW HECKOJbKO Pa3 B TOM WM [PYIOM HallpaBIeHUH.

[Tokaxkem, 9TO Bce TakWe KpHUBHE peryiaspHo roMoTonuol. Ila puc. 3 Ha
OpeIbLIYIIel CTpaHuIe MOKa3aHo, Kak u3 Ayru AB B HUXKHEHl 4YacTH BOCh-
MEPKH PeryJsipHOU NOMOTONNEN MOYXKHO HOJYYUTh BCHO BOCEMEPKY, ¥ KOTOPO#
BTa Ayra NpougeHa ABay b, [IpuMeHss mocaeIoBaTelbHO 3TY OMepalnio, Mbl
MOXKEM U3 OHOKPATHO NMPOUIeHHON BOCBMEPKH MOJYYUTh BOCBMEPKY, MPOW-
TeHHYIO Ji060e KOIUIeCTBO pa3 B TOM Ke HalpaBieHnd. YTOOH CMeHNTH Ha-
npaBJenne 06xofa, TOCTATOYHO Bce TOBepHYTH Ha 180°. Teopema mtokxazana.

SABasiercs u npuBeIeHHOE MTOKA3aTeIbCTBO TeopeMbl YuTHu crporum? [le
coBceMm. OcTajoch HETOKa3aHHEIM, YTO MPOBOJIOKA 00583aTeABHO IPUIET B Ol-
HO U3 YCTOWYUBBIX HOJOXKeHWU. [pyrumu cioBamu, 4To J1060€ MOrPYKeHUe
peryJisapHo NOMOTOIHO MOrPYKeHUIO, A KOTOPOT'o MOCTHTaeTCss MUHUMYM
HoTeHIHaJdbHOU BHeprun. Dusndeckn >3To yTBEpK IeHne KaxeTcs Hojee qyem
OpaBIOTONOGHEIM, XOTS, CTPOT'O TOBOPSA, & priori HeACHO, TOYeMy Heab3sd TakK
U30MHYTh NPOBOJOKY, YTOOBI MPU OTIYCKAHUN OHA 00A3aTeNbHO ClOoMafach
13-32 HEOI'PAHNYeHHOI'O BO3PACTaHUA KPUBU3HBI B KAKOM-TO MecCTe.

B manHoMm ciaydae MOXKHO CTPOI'O [OKa3aTh, YTO TAKOT'O He MPOU30UIET,
XOTH JTOKa3aTelbCTBO HE COBCEM MPOCTOE.



