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õòá÷îåîéñ æòåäçïìøíá ÷ ëïíâéîá�ïòéëå

ó. à. ïÒÅ×ËÏ×

á Î Î Ï Ô Á � É Ñ . ðÕÓÔØ f(m;n) | ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ

�ÒÑÍÏÕÇÏÌØÎÉËÁ m�n. íÙ ×ÙÞÉÓÌÑÅÍ �ÒÅÄÅÌÙ lim

n

f(m;n)

1=n

�ÒÉ m = 2 É 3. ðÒÉ m =

2 ÍÙ ÎÁÈÏÄÉÍ ÔÏÞÎÏÅ ÚÎÁÞÅÎÉÅ �ÒÅÄÅÌÁ, ÒÁ×ÎÏÅ (611 +

p

73)=36. ðÒÉ m = 3 ÍÙ ÎÁÈÏÄÉÍ

�ÒÅÄÅÌ × ÔÅÒÍÉÎÁÈ ÉÎÔÅÇÒÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ æÒÅÄÇÏÌØÍÁ ÎÁ ÎÅËÏÔÏÒÙÅ �ÒÏÉÚ×ÏÄÑÝÉÅ

ÆÕÎË�ÉÉ. üÔÏ ÄÁÅÔ ÁÌÇÏÒÉÔÍ, ×ÙÞÉÓÌÑÀÝÉÊ ÚÎÁÞÅÎÉÅ �ÒÅÄÅÌÁ Ó ÌÀÂÏÊ ÔÏÞÎÏÓÔØÀ ÚÁ

�ÏÌÉÎÏÍÉÁÌØÎÏÅ ×ÒÅÍÑ (�ÏÌÉÎÏÍÉÁÌØÎÏÅ ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÌÉÞÅÓÔ×Á ÎÁÊÄÅÎÎÙÈ �ÉÆÒ).

1. ÷×ÅÄÅÎÉÅ

ãÅÌÏÞÉÓÌÅÎÎÁÑ ÔÒÉÁÎÇÕÌÑ�ÉÑ (lattie triangulation) ÍÎÏÇÏÕÇÏÌØÎÉËÁ × R

2

| ÜÔÏ

ÔÒÉÁÎÇÕÌÑ�ÉÑ Ó ×ÅÒÛÉÎÁÍÉ × Z

2

. ëÁË �ÏËÁÚÁÎÏ × [3℄, �ÅÌÏÞÉÓÌÅÎÎÙÅ ÔÒÉÁÎÇÕÌÑ�ÉÉ

ÉÇÒÁÀÔ ×ÁÖÎÕÀ ÒÏÌØ × ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ÇÅÏÍÅÔÒÉÉ (ÓÍ. ÔÁËÖÅ [9℄). ãÅÌÏÞÉÓÌÅÎÎÁÑ

ÔÒÉÁÎÇÕÌÑ�ÉÑ ÎÁÚÙ×ÁÅÔÓÑ �ÒÉÍÉÔÉ×ÎÏÊ (ÉÌÉ ÕÎÉÍÏÄÕÌÑÒÎÏÊ), ÅÓÌÉ ËÁÖÄÙÊ ÅÅ ÔÒÅ-

ÕÇÏÌØÎÉË �ÒÉÍÉÔÉ×ÅÎ, Ô. Å. ÉÍÅÅÔ ÍÉÎÉÍÁÌØÎÏ ×ÏÚÍÏÖÎÕÀ �ÌÏÝÁÄØ 1=2 (Ñ×ÌÑÅÔÓÑ

ÓÄ×ÉÇÏÍ ÔÒÅÕÇÏÌØÎÉËÁ [(0; 0); (x

1

; y

1

); (x

2

; y

2

)℄, ÇÄÅ x

1

y

2

� x

2

y

1

= 1). ïÂÏÚÎÁÞÉÍ ÞÉ-

ÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ m�n ÞÅÒÅÚ f(m;n).

ðÕÓÔØ

(m;n) =

log

2

f(m;n)

mn

; 

m

= sup

n

(m;n) = lim

n!1

(m;n);

 = sup

m



m

= lim

m!1



m

= sup

n

(n; n) = lim

n!1

(n; n):

óÕÝÅÓÔ×Ï×ÁÎÉÅ �ÒÅÄÅÌÏ× ÄÏËÁÚÁÎÏ × [4; �ÒÅÄÌÏÖÅÎÉÅ 3.6℄. þÉÓÌÏ (m;n) ÎÁÚ×ÁÎÏ × [4℄

ÅÍËÏÓÔØÀ �ÒÑÍÏÕÇÏÌØÎÉËÁ m � n. ÷ [8℄ Ñ �ÏÌÕÞÉÌ ×ÅÒÈÎÀÀ Ï�ÅÎËÕ  < 6 (ËÏÔÏÒÁÑ

Á×ÔÏÍÁÔÉÞÅÓËÉ ÕÌÕÞÛÁÅÔÓÑ ÄÏ  < log

2

27 = 4:755: ÄÏÓÔÁÔÏÞÎÏ �ÒÏÓÔÏ ÎÅ ÒÁÚÌÉÞÁÔØ

ÓÌÕÞÁÉ v

j

= 1 É v

j

= 2 × ÏÂÏÚÎÁÞÅÎÉÑÈ ÉÚ [8℄). ÷ ÄÁÌØÎÅÊÛÅÍ ÎÁÍÎÏÇÏ ÌÕÞÛÕÀ Ï�ÅÎËÕ

 < 3, Á ÔÁËÖÅ 

m

< 3�1=m, ÄÏËÁÚÁÌ áÎËÌÉÎ [1℄. åÝÅ ÌÕÞÛÁÑ Ï�ÅÎËÁ  < 4 log

2

1+

p

5

2

=

log

2

6:854 = 2:777 �ÏÌÕÞÅÎÁ × [7℄ É ÁÎÏÎÓÉÒÏ×ÁÎÁ × [12℄ (Ñ ÎÅ ×ÉÄÅÌ ÒÕËÏ�ÉÓÉ [7℄, ÎÏ

�ÒÏÆÅÓÓÏÒ ÷ÅÌ�ÌØ ÌÀÂÅÚÎÏ �ÒÉÓÌÁÌ ÍÎÅ ÓÌÁÊÄÙ Ó×ÏÅÇÏ ÄÏËÌÁÄÁ [13℄, × ËÏÔÏÒÙÈ ÑÓÎÏ

ÉÚÌÏÖÅÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÜÔÏÊ Ï�ÅÎËÉ).

ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ

f(1; n) = C

n

2n

; ÏÔËÕÄÁ ÓÌÅÄÕÅÔ 

1

= 2; (1)

Typeset by A

M

S-T

E

X

1
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ÞÔÏ ÄÁÅÔ ÎÉÖÎÀÀ Ï�ÅÎËÕ  � 2. ÷ [4℄ ÔÁËÖÅ ×ÙÞÉÓÌÅÎÏ, ÞÔÏ  � 

4

� (4; 32) =

2:055702. ÷ [4; x2.1℄ ÎÁ�ÉÓÁÎÏ: �äÌÑ f(2; n) Õ ÎÁÓ ÎÅÔ Ñ×ÎÏÊ ÆÏÒÍÕÌÙ É ÍÙ ÎÅ ÕÍÅÅÍ

ÔÏÞÎÏ ×ÙÞÉÓÌÑÔØ ÁÓÉÍ�ÔÏÔÉËÕ�. õ ÎÁÓ �Ï-�ÒÅÖÎÅÍÕ ÎÅÔ Ñ×ÎÏÊ ÆÏÒÍÕÌÙ ÄÌÑ f(2; n),

ÎÏ ÍÙ �ÒÉ×ÏÄÉÍ ÇÌÁ×ÎÙÊ ÞÌÅÎ ÁÓÉÍ�ÔÏÔÉËÉ:

�ÅÏÒÅÍÁ 1. lim

n!1

f(2; n)

1

2n

=

p

� = 4:148440 : : : , ÇÄÅ

� =

611 +

p

73

36

; ÓÌÅÄÏ×ÁÔÅÌØÎÏ, 

2

=

1

2

log

2

� = 2:05256897

�ÏÞÎÏÅ ÚÎÁÞÅÎÉÅ 

3

× ÎÅËÏÔÏÒÏÍ ÓÍÙÓÌÅ ÄÁÎÏ × �ÒÅÄÌÏÖÅÎÉÉ 4.5, ÇÄÅ ÍÙ ×ÙÒÁÖÁÅÍ



3

× ÔÅÒÍÉÎÁÈ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ æÒÅÄÇÏÌØÍÁ ÎÁ �ÒÏÉÚ×ÏÄÑÝÉÅ ÆÕÎË�ÉÉ. ÷ ÞÁÓÔ-

ÎÏÓÔÉ, �ÒÅÄÌÏÖÅÎÉÅ 4.5 ÄÁÅÔ ÁÌÇÏÒÉÔÍ, �ÏÚ×ÏÌÑÀÝÉÊ ×ÙÞÉÓÌÉÔØ 

3

Ó ÔÏÞÎÏÓÔØÀ ÄÏ

n ÚÎÁËÏ× ÚÁ ×ÒÅÍÑ, �ÏÌÉÎÏÍÉÁÌØÎÏÅ �Ï n. ëÏÄ ÎÁ ÑÚÙËÅ Mathematia, ÒÅÁÌÉÚÕÀÝÉÊ

ÏÓÎÏ×ÎÏÊ ÛÁÇ ÜÔÏÇÏ ÁÌÇÏÒÉÔÍÁ, �ÒÉ×ÅÄÅÎ ÎÁ ÒÉÓ. 7 × ËÏÎ�Å x4.

�ÅÏÒÅÍÁ 2. ðÒÅÄÅÌ lim

n!1

f(3; n)

1

3n

Ó ÔÏÞÎÏÓÔØÀ ÄÏ 360 ÚÎÁËÏ× ÒÁ×ÅÎ

4:239369481548025671877625742045235772100695711251795499830801

687833358238276728987837054831763341276708855553395893005289

580195934799338289257489707990192054275721787374165246347114

466096241741151814326914780021501337938335813142441896953051

597942032082556780952912032761797534112146994900056374798271

988378451540168358202181556482461979420039542105330977266751

É ÚÎÁÞÉÔ, 

3

= 2:0838497:::

íÙ ×ÙÞÉÓÌÉÌÉ ÚÎÁÞÅÎÉÅ 

3

Ó ÔÁËÏÊ ×ÙÓÏËÏÊ ÔÏÞÎÏÓÔØÀ × ÎÁÄÅÖÄÅ ÎÁÊÔÉ ÄÌÑ ÎÅÇÏ

ÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÕÒÁ×ÎÅÎÉÅ ÉÌÉ Ó×ÑÚÁÔØ ÅÇÏ Ó ËÁËÉÍÉ-ÎÉÂÕÄØ ÉÚ×ÅÓÔÎÙÍÉ ËÏÎÓÔÁÎÔÁÍÉ.

üÔÏÇÏ ÓÄÅÌÁÔØ �ÏËÁ ÎÅ ÕÄÁÌÏÓØ.

÷ x2.2 �ÒÉ×ÅÄÅÎÙ ÒÅÚÕÌØÔÁÔÙ ×ÙÞÉÓÌÅÎÉÑ ÔÏÞÎÙÈ ÚÎÁÞÅÎÉÊ ÞÉÓÅÌ f(m;n) ÄÌÑ ÎÅ-

ËÏÔÏÒÙÈ m É n. ÷ ÞÁÓÔÎÏÓÔÉ, ÏÎÉ ÄÁÀÔ Ï�ÅÎËÕ  � (5; 115) = 2:10449551:::

÷ x6 �ÒÉ×ÅÄÅÎÁ ÁÓÉÍ�ÔÏÔÉÞÅÓËÁÑ ×ÅÒÈÎÑÑ Ï�ÅÎËÁ ÞÉÓÌÁ ×ÓÅÈ (ÎÅÏÂÑÚÁÔÅÌØÎÏ �ÒÉ-

ÍÉÔÉ×ÎÙÈ) �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ. óËÏÒÅÅ ×ÓÅÇÏ ÏÎÁ ÄÁÌÅËÁ ÏÔ Ï�ÔÉÍÁÌØÎÏÊ.

ïÓÔÁÌØÎÁÑ ÞÁÓÔØ ÓÔÁÔØÉ (×Ó£, ËÒÏÍÅ x2.2 É x6) �ÏÓ×ÑÝÅÎÁ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÔÅÏÒÅÍ 1

É 2. á ÉÍÅÎÎÏ, × x2.1 �ÒÉ×ÅÄÅÎÙ ÒÅËÕÒÒÅÎÔÎÙÅ ÆÏÒÍÕÌÙ ÄÌÑ �ÒÉÍÉÔÉ×ÎÙÈ ÔÒÉÁÎ-

ÇÕÌÑ�ÉÊ ÍÎÏÇÏÕÇÏÌØÎÉËÏ×, ÌÅÖÁÝÉÈ × �ÏÌÏÓÅ ÆÉËÓÉÒÏ×ÁÎÎÏÊ ÛÉÒÉÎÙ. ïÎÉ �ÏÈÏÖÉ

ÎÁ ÆÏÒÍÕÌÙ × [4℄, ÎÏ �Ï ÎÁÛÅÍÕ ÍÎÅÎÉÀ �ÒÏÝÅ É ÜÆÆÅËÔÉ×ÎÅÅ. �ÅÏÒÅÍÙ 1 É 2 ÄÏËÁ-

ÚÙ×ÁÀÔÓÑ × x3 É x4 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÓÏÏÔÎÏÛÅÎÉÊ ÎÁ �ÒÏÉÚ×ÏÄÑÝÉÅ

ÆÕÎË�ÉÉ, ÏÔ×ÅÞÁÀÝÉÈ ÒÅËÕÒÓÉÉ ÉÚ x2.1. ëÁË ÂÙÌÏ ÓËÁÚÁÎÏ ×ÙÛÅ, 

3

×ÙÒÁÖÁÅÔÓÑ

ÞÅÒÅÚ ÒÅÛÅÎÉÅ ÉÎÔÅÇÒÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ æÒÅÄÇÏÌØÍÁ ÎÁ ÉÎÔÅÇÒÁÌÙ ëÏÛÉ ÏÔ �ÒÏ-

ÉÚ×ÏÄÑÝÉÈ ÆÕÎË�ÉÊ. ÷ x5 Ï�ÅÎÉ×ÁÅÔÓÑ ÏÛÉÂËÁ �ÒÉÂÌÉÖÅÎÉÑ ÄÌÑ ÓÁÍÏÇÏ �ÒÏÓÔÏÇÏ

ÞÉÓÌÅÎÎÏÇÏ ÍÅÔÏÄÁ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ æÒÅÄÇÏÌØÍÁ Ó ÁÎÁÌÉÔÉÞÅÓËÉÍ ÑÄÒÏÍ.

ñ ÂÌÁÇÏÄÁÒÀ ÒÅ�ÅÎÚÅÎÔÁ ÚÁ ÉÓ�ÒÁ×ÌÅÎÉÑ É �ÅÎÎÙÅ ÚÁÍÅÞÁÎÉÑ.
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2. òÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ �ÏÌÏÓÙ ÆÉËÓÉÒÏ×ÁÎÎÏÊ ÛÉÒÉÎÙ

2.1. òÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ. äÌÑ ÍÎÏÇÏÕÇÏÌØÎÉËÁ P � R

2

ÎÁÚÏ×ÅÍ ×ÅÒÈÎÅÊ

ÞÁÓÔØÀ ÅÇÏ ÇÒÁÎÉ�Ù ÍÎÏÖÅÓÔ×Ï f(x; y) 2 P j y

0

> y ) (x; y

0

) 62 Pg, Á ×ÅÒÔÉËÁÌØÎÏÊ

ÓÔÏÒÏÎÏÊ ÎÁÚÏ×ÅÍ ÓÔÏÒÏÎÕ, ÌÅÖÁÝÕÀ ÎÁ ÎÅËÏÔÏÒÏÊ �ÒÑÍÏÊ ×ÉÄÁ fx = x

0

g. ðÕÓÔØ

T | ÔÒÉÁÎÇÕÌÑ�ÉÑ ÍÎÏÇÏÕÇÏÌØÎÉËÁ P × R

2

. âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ Q ÅÓÔØ ÜÌÅÍÅÎÔ

ÚÁÍÏÝÅÎÉÑ (tile) ÄÌÑ T × ÓÌÅÄÕÀÝÉÈ ÔÒÅÈ ÓÌÕÞÁÑÈ:

(1) Q | ÔÒÅÕÇÏÌØÎÉË ÉÚ T ÂÅÚ ×ÅÒÔÉËÁÌØÎÙÈ ÓÔÏÒÏÎ;

(2) Q | ÔÒÅÕÇÏÌØÎÉË ÉÚ T Ó ×ÅÒÔÉËÁÌØÎÏÊ ÓÔÏÒÏÎÏÊ, ÌÅÖÁÝÅÊ ÎÁ ÇÒÁÎÉ�Å ÍÎÏÇÏ-

ÕÇÏÌØÎÉËÁ P ;

(3) Q | ÏÂßÅÄÉÎÅÎÉÅ Ä×ÕÈ ÔÒÅÕÇÏÌØÎÉËÏ× ÉÚ T Ó ÏÂÝÅÊ ×ÅÒÔÉËÁÌØÎÏÊ ÓÔÏÒÏÎÏÊ.

îÁÚÏ×ÅÍ ÍÎÏÇÏÕÇÏÌØÎÉË y-×Ù�ÕËÌÙÍ, ÅÓÌÉ ÅÇÏ �ÅÒÅÓÅÞÅÎÉÅ Ó ÌÀÂÏÊ �ÒÑÍÏÊ x =

onst ÌÉÂÏ �ÕÓÔÏ, ÌÉÂÏ Ñ×ÌÑÅÔÓÑ ÔÏÞËÏÊ ÉÌÉ ÏÔÒÅÚËÏÍ.

ìÅÍÍÁ 2.1. ðÕÓÔØ T | ÔÒÉÁÎÇÕÌÑ�ÉÑ y-×Ù�ÕËÌÏÇÏ ÍÎÏÇÏÕÇÏÌØÎÉËÁ P × R

2

. �Ï-

ÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ Q | ÜÌÅÍÅÎÔ ÚÁÍÏÝÅÎÉÑ ÄÌÑ T | ÔÁËÏÊ, ÞÔÏ ×ÓÑ ×ÅÒÈÎÑÑ ÞÁÓÔØ ÅÇÏ

ÇÒÁÎÉ�Ù ÌÅÖÉÔ ÎÁ ÇÒÁÎÉ�Å ÍÎÏÇÏÕÇÏÌØÎÉËÁ P .

Proof. ðÕÓÔØ �

P

| ×ÅÒÈÎÑÑ ÞÁÓÔØ ÇÒÁÎÉ�Ù P . ðÕÓÔØ Q

1

; : : : ; Q

n

| ×ÓÅ ÜÌÅÍÅÎÔÙ

ÚÁÍÏÝÅÎÉÑ ÄÌÑ T , Õ ËÏÔÏÒÙÈ ÈÏÔÑ ÂÙ ÏÄÎÁ ÓÔÏÒÏÎÁ ÌÅÖÉÔ ÎÁ �

P

. ðÕÓÔØ �

i

| ÏÂß-

ÅÄÉÎÅÎÉÅ ÓÔÏÒÏÎ ÜÌÅÍÅÎÔÁ Q

i

, ÌÅÖÁÝÉÈ ÎÁ �

P

. ñÓÎÏ, ÞÔÏ �

i

| ÌÉÂÏ ÓÔÏÒÏÎÁ Q

i

,

ÌÉÂÏ ÏÂßÅÄÉÎÅÎÉÅ Ä×ÕÈ ÅÇÏ ÓÍÅÖÎÙÈ ÓÔÏÒÏÎ. ñÓÎÏ ÔÁËÖÅ, ÞÔÏ �ÒÏÅË�ÉÉ ÍÎÏÖÅÓÔ× �

i

ÎÁ ÏÓØ x ÉÍÅÀÔ �Ï�ÁÒÎÏ ÎÅ�ÅÒÅÓÅËÁÀÝÉÅÓÑ ×ÎÕÔÒÅÎÎÏÓÔÉ, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÙ ÍÏÖÅÍ

�ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ �

1

; : : : ;�

n

ÚÁÎÕÍÅÒÏ×ÁÎÙ ÓÌÅ×Á ÎÁ�ÒÁ×Ï. óËÁÖÅÍ, ÞÔÏ ÜÌÅÍÅÎÔ Q

i

ÚÁÓÌÏÎÅÎ ÓÌÅ×Á (ÓÏÏÔ×. ÚÁÓÌÏÎÅÎ Ó�ÒÁ×Á), ÅÓÌÉ ×ÅÒÈÎÑÑ ÞÁÓÔØ ÅÇÏ ÇÒÁÎÉ�Ù ÓÏÄÅÒÖÉÔ

ÏÔÒÅÚÏË I ÔÁËÏÊ, ÞÔÏ I 6� �

P

É I ÌÅÖÉÔ ÓÌÅ×Á (ÓÏÏÔ×. Ó�ÒÁ×Á) ÏÔ �

i

; ÓÍ. ÒÉÓ 1. ñÓÎÏ,

ÞÔÏ ÎÉ ÏÄÉÎ ÉÚ ÜÌÅÍÅÎÔÏ× Q

1

; : : : ; Q

n

ÎÅ ÍÏÖÅÔ ÂÙÔØ ÚÁÓÌÏÎÅÎ É Ó�ÒÁ×Á, É ÓÌÅ×Á ÏÄ-

ÎÏ×ÒÅÍÅÎÎÏ. ðÏÜÔÏÍÕ ÂÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÈÏÔÑ ÂÙ ÏÄÉÎ

ÉÚ ÜÌÅÍÅÎÔÏ× ÚÁÍÏÝÅÎÉÑ ÎÅ ÚÁÓÌÏÎÅÎ Ó�ÒÁ×Á. ðÕÓÔØ i

0

| ÍÉÎÉÍÁÌØÎÏÅ ÞÉÓÌÏ ÔÁËÏÅ,

ÞÔÏ Q

i

0

ÎÅ ÚÁÓÌÏÎÅÎ Ó�ÒÁ×Á. �ÏÇÄÁ Q

i

0

| ÉÓËÏÍÙÊ ÜÌÅÍÅÎÔ, Õ ËÏÔÏÒÏÇÏ ×ÅÒÈÎÑÑ ÞÁÓÔØ

ÇÒÁÎÉ�Ù ÌÅÖÉÔ × �

P

. ÷ ÓÁÍÏÍ ÄÅÌÅ, �Ï Ï�ÒÅÄÅÌÅÎÉÀ ÏÎ ÎÅ ÚÁÓÌÏÎÅÎ Ó�ÒÁ×Á. ïÎ ÔÁËÖÅ

ÎÅ ÍÏÖÅÔ ÂÙÔØ ÚÁÓÌÏÎÅÎ ÓÌÅ×Á, �ÏÓËÏÌØËÕ ÉÎÁÞÅ Q

i

0

�1

ÎÅ ÂÙÌ ÂÙ ÚÁÓÌÏÎÅÎ Ó�ÒÁ×Á, ÞÔÏ

�ÒÏÔÉ×ÏÒÅÞÉÌÏ ÂÙ ÍÉÎÉÍÁÌØÎÏÓÔÉ ÞÉÓÌÁ i

0

. �

ÚÁÓÌÏÎÅÎ ÚÁÓÌÏÎÅÎ

ÓÌÅ×Á Ó�ÒÁ×Á

òÉÓ. 1

æÉËÓÉÒÕÅÍ ÔÅ�ÅÒØ �ÅÌÏÅ ÞÉÓÌÏ m > 0 É ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ �ÒÉÍÉÔÉ×ÎÙÅ �Å-

ÌÏÞÉÓÌÅÎÎÙÅ ÔÒÉÁÎÇÕÌÑ�ÉÉ ÍÎÏÇÏÕÇÏÌØÎÉËÏ×, ÒÁÓ�ÏÌÏÖÅÎÎÙÈ × ×ÅÒÔÉËÁÌØÎÏÊ �ÏÌÏÓÅ

f0 � x � mg É ÏÇÒÁÎÉÞÅÎÎÙÈ ÇÒÁÆÉËÁÍÉ ÎÅ�ÒÅÒÙ×ÎÙÈ ËÕÓÏÞÎÏ-ÌÉÎÅÊÎÙÈ ÆÕÎË�ÉÊ.
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ðÏ ÁÎÁÌÏÇÉÉ Ó ÔÅÒÍÉÎÏÌÏÇÉÅÊ, ××ÅÄÅÎÎÏÊ × [4, x2.2℄, ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ÆÕÎË�ÉÑ

' : [0;m℄ ! R ÄÏ�ÕÓÔÉÍÁ, ÅÓÌÉ ÏÎÁ ÎÅ�ÒÅÒÙ×ÎÁ, ËÕÓÏÞÎÏ-ÌÉÎÅÊÎÁ É ÅÅ ÇÒÁÆÉË Ñ×ÌÑ-

ÅÔÓÑ ÏÂßÅÄÉÎÅÎÉÅÍ ÏÔÒÅÚËÏ× Ó ËÏÎ�ÁÍÉ × Z

2

. æÉËÓÉÒÕÅÍ ÄÏ�ÕÓÔÉÍÕÀ ÆÕÎË�ÉÀ '

0

.

æÕÎË�ÉÀ ' : [0;m℄! R ÎÁÚÏ×ÅÍ '

0

-ÄÏ�ÕÓÔÉÍÏÊ, ÅÓÌÉ ÏÎÁ ÄÏ�ÕÓÔÉÍÁ É '(x) � '

0

(x)

�ÒÉ ×ÓÅÈ x 2 [0;m℄. îÁÚÏ×ÅÍ '

0

-ÄÏ�ÕÓÔÉÍÏÊ ÆÉÇÕÒÏÊ ('

0

-admissible shape) ÍÎÏÇÏ-

ÕÇÏÌØÎÉË S ×ÉÄÁ f(x; y) 2 R

2

j 0 � x � m; '

0

(x) � y � '(x)g ÄÌÑ ÎÅËÏÔÏÒÏÊ '

0

-

ÄÏ�ÕÓÔÉÍÏÊ ÆÕÎË�ÉÉ '.

ðÏ ÁÎÁÌÏÇÉÉ Ó ×ÙÛÅ�ÒÉ×ÅÄÅÎÎÙÍ Ï�ÒÅÄÅÌÅÎÉÅÍ ÜÌÅÍÅÎÔÁ ÚÁÍÏÝÅÎÉÑ ÄÌÑ ÔÒÉÁÎÇÕ-

ÌÑ�ÉÉ ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ Q ÅÓÔØ �ÒÉÍÉÔÉ×ÎÙÊ �ÅÌÏÞÉÓÌÅÎÎÙÊ ÜÌÅÍÅÎÔ ÚÁÍÏÝÅÎÉÑ,

× ÓÌÅÄÕÀÝÉÈ ÔÒÅÈ ÓÌÕÞÁÑÈ:

(1) Q | �ÒÉÍÉÔÉ×ÎÙÊ �ÅÌÏÞÉÓÌÅÎÎÙÊ ÔÒÅÕÇÏÌØÎÉË ÂÅÚ ×ÅÒÔÉËÁÌØÎÙÈ ÓÔÏÒÏÎ;

(2) Q | �ÒÉÍÉÔÉ×ÎÙÊ �ÅÌÏÞÉÓÌÅÎÎÙÊ ÔÒÅÕÇÏÌØÎÉË Ó ×ÅÒÔÉËÁÌØÎÏÊ ÓÔÏÒÏÎÏÊ ÎÁ

ÇÒÁÎÉ�Å �ÏÌÏÓÙ 0 � x � m;

(3) Q = �

1

[�

2

, ÇÄÅ �

1

É �

2

| �ÒÉÍÉÔÉ×ÎÙÅ �ÅÌÏÞÉÓÌÅÎÎÙÅ ÔÒÅÕÇÏÌØÎÉËÉ ÔÁËÉÅ,

ÞÔÏ �

1

\�

2

| ÉÈ ÏÂÝÁÑ ×ÅÒÔÉËÁÌØÎÁÑ ÓÔÏÒÏÎÁ.

ðÒÉÍÉÔÉ×ÎÙÊ �ÅÌÏÞÉÓÌÅÎÎÙÊ ÜÌÅÍÅÎÔ ÚÁÍÏÝÅÎÉÑ Q ÎÁÚÏ×ÅÍ P -ÍÁËÓÉÍÁÌØÎÙÍ ÄÌÑ

ÍÎÏÇÏÕÇÏÌØÎÉËÁ P , ÅÓÌÉ Q � P É ×ÅÒÈÎÑÑ ÞÁÓÔØ ÇÒÁÎÉ�Ù Q ÌÅÖÉÔ × ×ÅÒÈÎÅÊ ÞÁÓÔÉ

ÇÒÁÎÉ�Ù P . óËÁÖÅÍ, ÞÔÏ S

0

Ñ×ÌÑÅÔÓÑ '

0

-ÄÏ�ÕÓÔÉÍÏÊ �ÏÄÆÉÇÕÒÏÊ '

0

-ÄÏ�ÕÓÔÉÍÏÊ ÆÉ-

ÇÕÒÙ S, ÅÓÌÉ S

0

| ÚÁÍÙËÁÎÉÅ ÍÎÏÖÅÓÔ×Á S n (Q

1

[ � � � [ Q

n

), ÇÄÅ Q

1

; : : : ; Q

n

ÓÕÔØ

S-ÍÁËÓÉÍÁÌØÎÙÅ �ÒÉÍÉÔÉ×ÎÙÅ �ÅÌÏÞÉÓÌÅÎÎÙÅ ÜÌÅÍÅÎÔÙ ÚÁÍÏÝÅÎÉÑ Ó �Ï�ÁÒÎÏ ÎÅ�Å-

ÒÅÓÅËÁÀÝÉÍÉÓÑ ×ÎÕÔÒÅÎÎÏÓÔÑÍÉ. óÌÅÄÕÑ [4℄, �ÏÌÏÖÉÍ × ÜÔÏÍ ÓÌÕÞÁÅ #(S

0

; S) = n.

úÁÍÅÔÉÍ, ÞÔÏ ÏÔÎÏÛÅÎÉÅ ÂÙÔØ ÄÏ�ÕÓÔÉÍÏÊ �ÏÄÆÉÇÕÒÏÊ ÎÅÔÒÁÎÚÉÔÉ×ÎÏ.

ïÂÏÚÎÁÞÉÍ ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ ÍÎÏÇÏÕÇÏÌØÎÉËÁ P

ÞÅÒÅÚ f

�

(P ). ëÏÇÄÁ P ÌÅÖÉÔ × �ÏÌÏÓÅ f0 � x � mg, ÏÂÏÚÎÁÞÉÍ ÔÁËÖÅ ÞÅÒÅÚ f(P )

ÞÉÓÌÏ ÔÅÈ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ ÍÎÏÇÏÕÇÏÌØÎÉËÁ P , Õ ËÏÔÏÒÙÈ

ÎÅÔ ×ÎÕÔÒÅÎÎÅÇÏ ÒÅÂÒÁ, �ÒÏÅË�ÉÑ ËÏÔÏÒÏÇÏ ÎÁ ÏÓØ x ÓÏ×�ÁÄÁÅÔ Ó ÏÔÒÅÚËÏÍ [0;m℄ (ÍÙ

×ÙÂÒÁÌÉ ÂÏÌÅÅ �ÒÏÓÔÏÅ ÏÂÏÚÎÁÞÅÎÉÅ ÄÌÑ ÂÏÌÅÅ ÓÌÏÖÎÏÇÏ �ÏÎÑÔÉÑ, ÔÁË ËÁË ÞÉÓÌÁ f(P )

ÂÕÄÕÔ ÉÓ�ÏÌØÚÏ×ÁÔØÓÑ ÞÁÝÅ, ÞÅÍ ÞÉÓÌÁ f

�

(P )).

óÌÅÄÕÀÝÁÑ ÌÅÍÍÁ | ÜÔÏ ÆÏÒÍÕÌÁ ×ËÌÀÞÅÎÉÊ-ÉÓËÌÀÞÅÎÉÊ ÄÌÑ ÄÁÎÎÏÊ ÓÉÔÕÁ�ÉÉ.

äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÏ ÖÅ, ÞÔÏ É ÄÌÑ [4, ÌÅÍÍÁ 2.2℄.

ìÅÍÍÁ 2.2. äÌÑ ÌÀÂÏÊ '

0

-ÄÏ�ÕÓÔÉÍÏÊ ÆÉÇÕÒÙ S ÉÍÅÀÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Á

f

�

(S) =

X

S

0

(�1)

#(S

0

;S)�1

f

�

(S

0

) É f(S) =

X

S

0

(�1)

#(S

0

;S)�1

f(S

0

);

ÇÄÅ ÌÅ×ÁÑ ÓÕÍÍÁ ÂÅÒÅÔÓÑ �Ï ×ÓÅÍ ÓÏÂÓÔ×ÅÎÎÙÍ '

0

-ÄÏ�ÕÓÔÉÍÙÍ �ÏÄÆÉÇÕÒÁÍ ÆÉÇÕÒÙ

S, Á �ÒÁ×ÁÑ ÓÕÍÍÁ | �Ï ÔÅÍ ÓÏÂÓÔ×ÅÎÎÙÍ '

0

-ÄÏ�ÕÓÔÉÍÙÍ �ÏÄÆÉÇÕÒÁÍ ÆÉÇÕÒÙ S,

×ÅÒÈÎÑÑ ÞÁÓÔØ ÇÒÁÎÉ�Ù ËÏÔÏÒÙÈ ÓÏÄÅÒÖÉÔ ÔÏÞËÕ ÉÚ Z

2

\ f0 < x < mg.

ðÒÉÍÅÒ 2.3. ðÕÓÔØ m = 2 É '

0

= 0. äÌÑ �ÅÌÙÈ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ a; b;  ÞÅÒÅÚ S

a;b;

ÏÂÏÚÎÁÞÉÍ '

0

-ÄÏ�ÕÓÔÉÍÕÀ ÆÉÇÕÒÕ, ÏÇÒÁÎÉÞÅÎÎÕÀ Ó×ÅÒÈÕ ÏÔÒÅÚËÁÍÉ [(0; a); (1; b)℄ É

[(1; b); (2; )℄. ðÕÓÔØ f

a;b;

= f(S

a;b;

). ðÏÌÏÖÉÍ ÔÁËÖÅ f

a;b;

= 0 �ÒÉ min(a; b; ) < 0.

�ÏÇÄÁ (ÓÍ. ÒÉÓ. 2) ÒÅËÕÒÒÅÎÔÎÁÑ ÆÏÒÍÕÌÁ ÉÚ ÌÅÍÍÙ 2.2 �ÒÉÎÉÍÁÅÔ ×ÉÄ

f

a;b;

=

�

f

a�1;b;

+ f

a;b�1;

+ f

a;b;�1

� f

a�1;b;�1

; (a; b; ) 6= (0; 0; 0),

1; (a; b; ) = (0; 0; 0):
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ðÕÓÔØ F (x; y; z) =

P

a;b;

f

a;b;

x

a

y

b

z



| �ÒÏÉÚ×ÏÄÑÝÁÑ ÆÕÎË�ÉÑ. �ÏÇÄÁ, ÓÕÍÍÉÒÕÑ

ÒÅËÕÒÒÅÎÔÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ �Ï ×ÓÅÍ ÔÒÏÊËÁÍ (a; b; ) 6= (0; 0; 0), �ÏÌÕÞÉÍ

F (x; y; z)� 1 =

X

f

a�1;b;

x

a

y

b

z



+

X

f

a;b�1;

x

a

y

b

z



+ : : :

=

X

f

a;b;

x

a+1

y

b

z



+

X

f

a;b;

x

a

y

b+1

z



+ : : :

= F (x; y; z)(x+ y + z � xz);

ÏÔËÕÄÁ F (x; y; z) = 1=(1� x� y � z + xz).

òÉÓ. 2

ðÒÉÍÅÒ 2.4. ðÕÓÔØ '

0

É S

a;b;

ÂÕÄÕÔ, ËÁË × �ÒÉÍÅÒÅ 2.3. äÌÑ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ a; 

ÒÁÚÎÏÊ ÞÅÔÎÏÓÔÉ ÞÅÒÅÚ S

0

a;

ÏÂÏÚÎÁÞÉÍ '

0

-ÄÏ�ÕÓÔÉÍÕÀ ÆÉÇÕÒÕ, ÏÇÒÁÎÉÞÅÎÎÕÀ Ó×ÅÒÈÕ

ÏÔÒÅÚËÏÍ [(0; a); (2; )℄. ðÏÌÏÖÉÍ f

�

a;b;

= f

�

(S

a;b;

) É g

�

a;

= f

�

(S

0

a;

). ðÏÌÏÖÉÍ ÔÁËÖÅ

f

�

a;b;

= 0 �ÒÉ min(a; b; ) < 0 É g

�

a;

= 0 �ÒÉ min(a; ) < 0 ÉÌÉ a �  mod 2. �ÏÇÄÁ

�ÒÉ (a; b; ) 6= (0; 0; 0) ÒÅËÕÒÒÅÎÔÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ ÉÚ ÌÅÍÍÙ 2.2, �ÒÉÍÅÎÅÎÎÏÅ Ë S

a;b;

,

ÉÍÅÅÔ ×ÉÄ

f

�

a;b;

= f

�

a�1;b;

+ f

�

a;b�1;

+ f

�

a;b;�1

� f

�

a�1;b;�1

+ �

a;b;

g

�

a;

;

ÇÄÅ �

a;b;

= 1 �ÒÉ 2b = a +  + 1 É �

a;b;

= 0 ÉÎÁÞÅ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ F

�

(x; y; z) É

G

�

(x; z) ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ �ÒÏÉÚ×ÏÄÑÝÉÅ ÆÕÎË�ÉÉ. �ÏÇÄÁ (ÓÒ. Ó �ÒÉÍÅÒÏÍ 2.3)

F

�

(x; y; z)� 1 = F

�

(x; y; z)(x+ y + z � xz) +

X

�

a;b;

g

�

a;

x

a

y

b

z



;

É �ÒÉ ÜÔÏÍ ÓÕÍÍÁ × �ÒÁ×ÏÊ ÞÁÓÔÉ ÒÁ×ÎÁ

X

a;

g

�

a;

x

a

y

(a++1)=2

z



= y

1=2

X

a;

g

�

a;

(xy

1=2

)

a

(y

1=2

z)



= y

1=2

G

�

(xy

1=2

; y

1=2

z);

ÞÔÏ ÄÁÅÔ ÓÏÏÔÎÏÛÅÎÉÅ

F

�

(x; y; z)(1� x� y � z + xz) = 1 + y

1=2

G

�

(xy

1=2

; y

1=2

z):

ðÒÉÍÅÎÉÍ ÔÅ�ÅÒØ ÒÅËÕÒÒÅÎÔÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ Ë S

0

a;

. åÄÉÎÓÔ×ÅÎÎÏÊ ÄÏ�ÕÓÔÉÍÏÊ �ÏÄ-

ÆÉÇÕÒÏÊ ÆÉÇÕÒÙ S

0

a;

Ñ×ÌÑÅÔÓÑ S

a;(a+�1)=2;

, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÓÏÏÔÎÏÛÅÎÉÅ ÄÌÑ S

0

a;

ÉÍÅÅÔ ×ÉÄ g

�

a;

= f

�

a;(a+�1)=2;

. ÷ ÔÅÒÍÉÎÁÈ �ÒÏÉÚ×ÏÄÑÝÉÈ ÆÕÎË�ÉÊ ÜÔÏ ÏÚÎÁÞÁÅÔ

G

�

(x; z) =

X

a;

f

�

a;(a+�1)=2;

x

a

z



= oef

u

0

h

X

a;b;

f

�

a;b;

x

a

u

2b�a�+1

z



i

= oef

u

0

h

u

X

a;b;

f

�

a;b;

(x=u)

a

(u

2

)

b

(z=u)



i

= oef

u

0

�

uF

�

(x=u; u

2

; z=u)

�

:
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2.2. îÅËÏÔÏÒÙÅ ÔÏÞÎÙÅ ÚÎÁÞÅÎÉÑ f(m;n).

òÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÌÅÍÍÙ 2.2 ÄÁÀÔ ÁÌÇÏÒÉÔÍ ×ÙÞÉÓÌÅÎÉÑ f(m;n) ÄÌÑ ÍÁ-

ÌÙÈm É n, ÁÎÁÌÏÇÉÞÎÙÊ ÁÌÇÏÒÉÔÍÕ, Ï�ÉÓÁÎÎÏÍÕ × [4, x2.2℄. íÙ �ÒÏÉÚ×ÅÌÉ ×ÙÞÉÓÌÅÎÉÑ

�Ï ÜÔÏÍÕ ÁÌÇÏÒÉÔÍÕ, É ÍÏÖÎÏ ×ÉÄÅÔØ ÉÚ ÔÁÂÌÉ�Ù 1, ÞÔÏ ÎÁÍ ÕÄÁÌÏÓØ �ÒÏÄ×ÉÎÕÔØÓÑ

ÎÁÍÎÏÇÏ ÄÁÌØÛÅ �Ï ÓÒÁ×ÎÅÎÉÀ Ó [4℄. üÔÏÍÕ ÅÓÔØ ÔÒÉ �ÒÉÞÉÎÙ, ×ÌÉÑÎÉÅ ËÏÔÏÒÙÈ ÂÏÌÅÅ

ÉÌÉ ÍÅÎÅÅ ÓÏ�ÏÓÔÁ×ÉÍÏ.

�ÁÂÌÉ�Á 1

åÍËÏÓÔÉ ÉÚ [4℄ åÍËÏÓÔÉ ÉÚ ÄÁÎÎÏÊ ÓÔÁÔØÉ



1

= 2:0000 

4;32

= 2:0557 

1

= 2:0000 

4;200

= 2:0946 

7;20

= 2:0813



2;375

= 2:0441 

5;12

= 2:0175 

2

= 2:0526 

5;115

= 2:1045 

8;13

= 2:0669



3;60

= 2:0275 

6;7

= 1:9841 

3

= 2:0838 

6;50

= 2:1024 

9;9

= 2:0490

ðÅÒ×ÁÑ �ÒÉÞÉÎÁ (ÏÞÅ×ÉÄÎÁÑ) × ÔÏÍ, ÞÔÏ ËÏÍ�ØÀÔÅÒÙ ÓÔÁÌÉ ÂÏÌÅÅ ÍÏÝÎÙÍÉ. ÷ÔÏÒÁÑ

�ÒÉÞÉÎÁ × ÔÏÍ, ÞÔÏ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ ÄÒÕÇÏÅ Ï�ÒÅÄÅÌÅÎÉÅ ÄÏ�ÕÓÔÉÍÏÊ ÆÉÇÕÒÙ, ÞÔÏ

�ÏÚ×ÏÌÉÌÏ × 3

m�1

ÒÁÚ ÓÏËÒÁÔÉÔØ ÉÓ�ÏÌØÚÕÅÍÕÀ �ÁÍÑÔØ, Á ÜÔÏ ÄÏ×ÏÌØÎÏ ÓÕÝÅÓÔ×ÅÎÎÏ

�ÒÉ m = 9 (ËÁË Ó�ÒÁ×ÅÄÌÉ×Ï ÏÔÍÅÞÅÎÏ × [4℄, ÄÌÑ ÁÌÇÏÒÉÔÍÏ× ÔÁËÏÇÏ ÒÏÄÁ �ÕÚËÏÅ ÍÅÓÔÏ

(bottlenek) × ×ÙÞÉÓÌÅÎÉÑÈ | ÜÔÏ ×ÓÅÇÄÁ �ÁÍÑÔØ�). �ÒÅÔØÑ �ÒÉÞÉÎÁ × ÔÏÍ, ÞÔÏ ×ÍÅÓÔÏ

ÄÌÉÎÎÏÊ ÁÒÉÆÍÅÔÉËÉ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ ×ÙÞÉÓÌÅÎÉÑ �Ï ÍÏÄÕÌÀ ÒÁÚÌÉÞÎÙÈ �ÒÏÓÔÙÈ

ÞÉÓÅÌ Ó �ÏÓÌÅÄÕÀÝÉÍ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÅÍ ÒÅÚÕÌØÔÁÔÁ �ÒÉ �ÏÍÏÝÉ ËÉÔÁÊÓËÏÊ ÔÅÏÒÅÍÙ

ÏÂ ÏÓÔÁÔËÁÈ. üÔÏÔ �ÒÉÅÍ �ÏÚ×ÏÌÉÌ �ËÏÎ×ÅÒÔÉÒÏ×ÁÔØ� �ÁÍÑÔØ ×Ï ×ÒÅÍÑ, ÎÅÈ×ÁÔËÁ

ËÏÔÏÒÏÇÏ ÂÙÌÁ ÎÅ ÓÔÏÌØ ËÒÉÔÉÞÎÁ.

íÙ ×ÙÞÉÓÌÉÌÉ f(3; n) ÄÏ n = 600 É f(4; n) ÄÏ n = 200. �ÏÞÎÏÅ ÚÎÁÞÅÎÉÅ f(3; 600)

ÉÍÅÅÔ 1127 �ÉÆÒ É ÏÎÏ ÄÁÅÔ 

3;600

= 2:07966::: óÒÁ×ÎÉ×ÁÑ ÜÔÕ ×ÅÌÉÞÉÎÕ Ó �ÒÅÄÅÌÏÍ



3

= 2:08385, ÍÙ ×ÉÄÉÍ, ÞÔÏ ÓÈÏÄÉÍÏÓÔØ ÏÞÅÎØ ÍÅÄÌÅÎÎÁÑ. äÌÑ m = 4 �ÏÓÌÅÄÎÅÅ

ÎÁÊÄÅÎÎÏÅ ÔÏÞÎÏÅ ÚÎÁÞÅÎÉÅ ÒÁ×ÎÏ

f(4; 200) = 262199334303965073140522141167072596609151907003573304927487

419128543906730659218480439253346584137204205604500628092962

697997426095545403404830271634194339979807927812812142668569

097560203843935394728621308903256950859658838687531965864231

570521446370439565640979852878302993978768696718322811686043

307749541067654061321020767838164602474781629699981105797912

385346265396601164596410043968216134349971638142523003353406

530183843913302635663917084864069175263416748948835535483336

4717309018125451550646500; (4; 200) = 2:09455:::

÷ ÔÁÂÌÉ�ÁÈ 2{6 �ÒÅÄÓÔÁ×ÌÅÎÙ ÎÅËÏÔÏÒÙÅ ÄÒÕÇÉÅ ÒÅÚÕÌØÔÁÔÙ ×ÙÞÉÓÌÅÎÉÊ × ÔÏÍ ÖÅ

×ÉÄÅ, ÞÔÏ É × [4℄. ÷ÓÅ ×ÙÞÉÓÌÅÎÎÙÅ ÔÏÞÎÙÅ ÚÎÁÞÅÎÉÑ ÄÏÓÔÕ�ÎÙ ÎÁ ×ÅÂ-ÓÔÒÁÎÉ�Å

https://www.math.univ-toulouse.fr/~orevkov/tr.html
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�ÁÂÌÉ�Á 2

n ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 5� n (5; n)

1 252 1.5954

2 182132 1.7474

3 182881520 1.8297

4 208902766788 1.8802

5 260420548144996 1.9155

6 341816489625522032 1.9415

7 464476385680935656240 1.9615

8 645855159466371391947660 1.9773

9 913036902513499041820702784 1.9902

10 1306520849733616781789190513820 2.0008

11 1887591165891651253904039432371172 2.0098

12 2747848427721241461905176361078147168 2.0174

13 4024758386310801427793602374466243714608 2.0240

14 5924744736041718687622958191829471010847132 2.0298

15 8757956199571261116690226598764501142088496860 2.0348

16 12991215957916577635251095613859465176216530106080 2.0394

17 19327902156972014645215931908930612218954616366464668 2.0434

18 28828843648796117963238681180919362090157971920576213992 2.0470

.

.

.

.

.

.

.

.

.

115 18700706608364882730712710491937598381242505216572196

74626658766824095096227084981348969054292582022965697

97536209347455134357618461876316197344892595460029612

59669310339853198410108464789290118181041289819323068

31435995596306245022821112218622320544399050742600358

31426475886050757674088153732325783413307209633451618

73035677107305109076541667755690839416820326596 2.1044

2.3. çÉ�ÏÔÅÚÁ ×Ù�ÕËÌÏÓÔÉ ÄÌÑ ÞÉÓÅÌ f(m;n). óÌÅÄÕÀÝÁÑ ÇÉ�ÏÔÅÚÁ �ÏÄÔ×ÅÒ-

ÖÄÁÅÔÓÑ ×ÓÅÍÉ ×ÙÞÉÓÌÅÎÎÙÍÉ ÔÏÞÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÞÉÓÅÌ f(m;n) (�Ï ÓÏÇÌÁÛÅÎÉÀ

f(m; 0) = 1).

çÉ�ÏÔÅÚÁ 2.5. ðÒÉ ×ÓÅÈ m;n � 1 ÉÍÅÅÔ ÍÅÓÔÏ f(m;n� 1)f(m;n+ 1) � f(m;n)

2

.

ðÒÅÄÌÏÖÅÎÉÅ 2.6. åÓÌÉ ×ÅÒÎÁ ÇÉ�ÏÔÅÚÁ 2.5, ÔÏ 

m

� (n + 1)(m;n + 1) � n(m;n)

�ÒÉ ×ÓÅÈ m;n � 1. ÷ ÞÁÓÔÎÏÓÔÉ, ÉÚ ÇÉ�ÏÔÅÚÙ 2.5 ÓÌÅÄÏ×ÁÌÏ ÂÙ, ÞÔÏ  � 

115

�

5(115; 5)� 4(115; 4) = 2:1684837 : : :

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉÍ d(m;n) = log

2

f(m;n + 1) � log

2

f(m;n). �ÏÇÄÁ ÉÚ ÇÉ�Ï-

ÔÅÚÙ 2.5 ÓÌÅÄÕÅÔ d(m;n) � d(m;n+ 1) � d(m;n + 2) � : : : , ÏÔËÕÄÁ log

2

f(m;n+ k) �

log

2

f(m;n) � kd(m;n). äÅÌÑ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÎÁ km É �ÅÒÅÈÏÄÑ Ë �ÒÅÄÅÌÕ �ÒÉ k!1,

�ÏÌÕÞÁÅÍ 

m

� d(m;n)=m = (n+ 1)(m;n+ 1)� n(m;n). �
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�ÁÂÌÉ�Á 3

n ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 6� n (6; n)

1 924 1.6419

2 2801708 1.7848

3 12244184472 1.8617

4 61756221742966 1.9088

5 341816489625522032 1.9415

6 1999206934751133055518 1.9655

7 12169409954141988707186052 1.9840

8 76083336332947513655554918994 1.9987

9 484772512167266688498399632918196 2.0107

10 3131521959869770128138491287826065904 2.0206

11 20443767611927599823217291769468449488548 2.0289

12 134558550368400096364589064704536849131736024 2.0360

13 891513898740246853038326950483812868791208442016 2.0421

14 5938780824869668513059568892370775952933721743377354 2.0474

15 39738456660509411434285642370153959115525603844258515860 2.0521

.

.

.

.

.

.

.

.

.

50 733088849377871573475229677373109896289395791929

288892292779893207423013116473882328714681504398

803902969400882970235141773360945092837017232937

1864995986534063127990363531908201551410584718 2.1023

�ÁÂÌÉ�Á 4

n ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 7� n (7; n)

1 3432 1.6778

2 43936824 1.8134

3 839660660268 1.8862

4 18792896208387012 1.9307

5 464476385680935656240 1.9615

6 12169409954141988707186052 1.9840

7 332633840844113103751597995920 2.0014

8 9369363517501208819530429967280708 2.0152

9 269621109753732518252493257828413137272 2.0264

10 7880009979020501614060394747170100093057300 2.0357

11 233031642883906149386619647304562977586311372556 2.0435

12 6953609830304518024125545674642770582274167760568260 2.0501

13 208980994833103266855771653608680330159883854051275967612 2.0559

.

.

.

.

.

.

.

.

.

20 52066212145180734892042606757684021681422119

85233630730198914071476153736678384063983252 2.0813
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�ÁÂÌÉ�Á 5

n ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 8� n (8; b)

1 12870 1.7064

2 698607816 1.8362

3 58591381296256 1.9056

4 5831528022482629710 1.9480

5 645855159466371391947660 1.9773

6 76083336332947513655554918994 1.9987

7 9369363517501208819530429967280708 2.0152

8 1191064812882685539785713745400934044308 2.0282

9 155023302820254133629368881178138076738462112 2.0388

10 20527337238769032315796332007167102984745417344046 2.0476

11 2753810232976351788081274786378733309236298426977203848 2.0550

12 373119178357778061717948099980013460229206030805799398500854 2.0613

13 509513267535377736964009580351904

45392087069512323700346738258636 2.0668

�ÁÂÌÉ�Á 6

n ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ 9� n (9; n)

1 48620 1.7299

2 11224598424 1.8547

3 4140106747178292 1.9214

4 1835933384812941453312 1.9621

5 913036902513499041820702784 1.9902

6 484772512167266688498399632918196 2.0107

7 269621109753732518252493257828413137272 2.0264

8 155023302820254133629368881178138076738462112 2.0388

9 91376512409462235694151119897052344522006298310908 2.0489

3. �ÏÞÎÏÅ ÚÎÁÞÅÎÉÅ 

2

(ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1)

ðÒÉ a;  � 0, a �  mod 2, ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ g

�

a;

ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ

ÔÒÉÁÎÇÕÌÑ�ÉÊ ÔÒÁ�Å�ÉÉ T (a; ) Ó ×ÅÒÛÉÎÁÍÉ (0; 0), (a; 0), (1; 2), (1 + ; 2) (ÅÓÌÉ a = 0

ÉÌÉ  = 0, ÔÏ T (a; ) ×ÙÒÏÖÄÁÅÔÓÑ × ÔÒÅÕÇÏÌØÎÉË). ðÒÉ a 6�  mod 2 �ÏÌÏÖÉÍ g

�

a;

= 0.

ðÏÌÏÖÉÍ ÔÁËÖÅ g

�

0;0

= 1. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ G

�

(x; z) �ÒÏÉÚ×ÏÄÑÝÕÀ ÆÕÎË�ÉÀ ÄÌÑ g

�

a;

:

G

�

(x; z) =

X

a;�0

g

�

a;

x

a

z



= 1 + (x

2

+ xz + z

2

) + (6x

4

+ 10x

3

z + 12x

2

z

2

+ 10xz

3

+ 6z

4

) + : : :

(ÚÄÅÓØ g

�

a;

É G

�

Ï�ÒÅÄÅÌÑÀÔÓÑ ÉÎÁÞÅ, ÞÅÍ × �ÒÉÍÅÒÅ 2.4). ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ g

�

n

ËÏÜÆ-

ÆÉ�ÉÅÎÔ �ÒÉ x

2n

× ÓÔÅ�ÅÎÎÏÍ ÒÑÄÅ G

�

(x; x) =

P

n�0

g

�

n

x

2n

, Ô. Å.

g

�

n

= g

�

0;2n

+ g

�

1;2n�1

+ g

�

2;2n�2

+ � � �+ g

�

2n;0

:

�ÏÇÄÁ ÔÅÏÒÅÍÁ 1 ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ×ÙÔÅËÁÅÔ ÉÚ ÌÅÍÍ 3.1 É 3.2.
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ìÅÍÍÁ 3.1. lim

n!1

f(2; n)

1=n

= lim

n!1

(g

�

n

)

1=n

.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÑÍÏÕÇÏÌØÎÉË 2 � (n � 1) ÍÏÖÎÏ �ÏÍÅÓÔÉÔØ × T (n; n), ÚÎÁÞÉÔ,

f(2; n� 1) < g

�

n

. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÏÂßÅÄÉÎÅÎÉÅ T (a; ) ÓÏ Ó×ÏÉÍ ÏÂÒÁÚÏÍ �ÒÉ �ÅÎ-

ÔÒÁÌØÎÏÊ ÓÉÍÍÅÔÒÉÉ ÏÔÎÏÓÉÔÅÌØÎÏ (

1

2

(a+ +1); 1) Ñ×ÌÑÅÔÓÑ ÔÒÁ�Å�ÉÅÊ T (a+ ; a+ ),

�ÒÉÞÅÍ ÅÅ ÍÏÖÎÏ �ÏÍÅÓÔÉÔØ × �ÒÑÍÏÕÇÏÌØÎÉË 2� (a+ +1), ÓÌÅÄÏ×ÁÔÅÌØÎÏ, (g

�

a;

)

2

<

f(2; a+ + 1). ðÏÜÔÏÍÕ

g

�

n

2n

=

X

a+=2n

g

�

a;

2n

� max

a+=2n

g

�

a;

� f(2; 2n+ 1)

1=2

� (g

�

2n+2

)

1=2

;

ÏÔËÕÄÁ

1

n

�

log g

�

n

� log(2n)

�

�

1

2n

log f(2; 2n + 1) �

1

2n

log g

�

2n+2

, ÞÔÏ ÄÁÅÔ ÔÒÅÂÕÅÍÙÊ

ÒÅÚÕÌØÔÁÔ, ÔÁË ËÁË

1

n

log(2n)! 0. �

ìÅÍÍÁ 3.2. lim

n!1

(g

�

n

)

1=n

= �, ÇÄÅ � ÔÁËÏÅ, ËÁË × ÔÅÏÒÅÍÅ 1.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ a;  � 0, a �  mod 2, �ÕÓÔØ g

a;

| ÞÉÓÌÏ ÔÅÈ �ÒÉÍÉÔÉ×-

ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ ÔÒÁ�Å�ÉÉ T (a; ), Õ ËÏÔÏÒÙÈ ÎÅÔ ×ÎÕÔÒÅÎÎÉÈ ÒÅÂÅÒ

×ÉÄÁ [(k; 0); (l; 2)℄, ÄÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ, �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ, ÓÏ-

ÇÌÁÓÏ×ÁÎÎÙÈ Ó ÉÚÏÂÒÁÖÅÎÎÙÍ ÎÁ ÒÉÓ. 3(ÓÌÅ×Á) ÒÁÚÂÉÅÎÉÅÍ ÔÒÁ�Å�ÉÉ T (a; ) ÎÁ Ä×Á

ÔÒÅÕÇÏÌØÎÉËÁ É Ä×Å ÔÒÁ�Å�ÉÉ. åÓÌÉ a+  ÎÅÞÅÔÎÏ, �ÏÌÏÖÉÍ g

a;

= 0. ðÏ ÓÏÇÌÁÛÅÎÉÀ

g

0;0

= 0. ðÕÓÔØ G(x; z) =

P

a;�0

g

a;

x

a

z



| �ÒÏÉÚ×ÏÄÑÝÁÑ ÆÕÎË�ÉÑ.

òÉÓ. 3

òÅÂÒÁ ×ÉÄÁ [(k; 0); (l; 2)℄ ÄÅÌÑÔ T (a; ) ÎÁ ÍÅÎØÛÉÅ ÔÒÁ�Å�ÉÉ. éÈ ÍÏÖÎÏ �ÒÅÏÂÒÁ-

ÚÏ×ÁÔØ × ÔÒÁ�Å�ÉÉ T (a

i

; 

i

), ÄÌÑ ËÏÔÏÒÙÈ

P

a

i

= a É

P



i

= , ÏÄÎÏÚÎÁÞÎÏ Ï�ÒÅÄÅ-

ÌÅÎÎÙÍÉ Á×ÔÏÍÏÒÆÉÚÍÁÍÉ �ÅÌÏÞÉÓÌÅÎÎÏÊ ÒÅÛÅÔËÉ ×ÉÄÁ (x; y) 7! (x+ p

i

y + q

i

; y), ÇÄÅ

p

i

; q

i

2 Z (ÓÍ. ÒÉÓ. 3). ðÏÜÔÏÍÕ

g

�

a;

=

X

a

1

+���+a

k

=a



1

+���+

k

=

k

Y

j=1

g

a

j

;

j

; ÚÎÁÞÉÔ, G

�

(x; z) =

1

1�G(x; z)

: (2)

ìÅÇËÏ ×ÉÄÅÔØ (ÓÒ. Ó (1)), ÞÔÏ ÞÉÓÌÁ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ

ÕÚËÉÈ (Ô .Å. ÛÉÒÉÎÙ 1) ÔÒÁ�Å�ÉÊ ÎÁ ÒÉÓ. 3 | ÜÔÏ ÂÉÎÏÍÉÁÌØÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ, ÓÌÅ-

ÄÏ×ÁÔÅÌØÎÏ, G(x; z) = (x

2

+ xz + z

2

) + (5x

4

+ 8x

3

z + 9x

2

z

2

+ 8xz

3

+ 5z

4

) + : : : .

ìÅÇËÏ ÔÁËÖÅ �ÒÏ×ÅÒÉÔØ, ÞÔÏ g

a;

= f

a;(a+)=2�1;

, ÇÄÅ f

a;b;

= f(S

a;b;

) | ÞÉÓÌÁ,

ÏÂÓÕÖÄÁ×ÛÉÅÓÑ × �ÒÉÍÅÒÅ 2.3. ðÏÜÔÏÍÕ (ÓÒ. Ó �ÒÉÍÅÒÏÍ 2.4)

G(x; z) =

X

a;

f

a;(a+)=2�1;

x

a

z



= oef

u

0

h

X

a;b;

f

a;b;

x

a

u

2b�a�+2

z



i

= oef

u

0

h

u

2

X

a;b;

f

a;b;

(x=u)

a

u

2b

(z=u)



i

= oef

u

�1

h

uF

�

x=u; u

2

; z=u)

i

:
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ðÏÓËÏÌØËÕ ÆÕÎË�ÉÑ 1=(1�x�y�z+xz) = 1=

�

(1�x)(1�z)�y

�

ÁÎÁÌÉÔÉÞÎÁ × ÏÂÌÁÓÔÉ

max

�

jxj; j2yj; jzj

�

< 1=2, ÅÅ ÓÔÅ�ÅÎÎÏÊ ÒÑÄ

P

f

a;b;

x

a

y

b

z



(ÓÍ. �ÒÉÍÅÒ 2.3) ÓÈÏÄÉÔÓÑ Ë

ÎÅÊ × ÜÔÏÊ ÏÂÌÁÓÔÉ. ðÏÜÔÏÍÕ �ÒÉ 0 < "� r < 1=2 ÒÑÄ ìÏÒÁÎÁ ÆÕÎË�ÉÉ F (x=u; u

2

; z=u)

ÓÈÏÄÉÔÓÑ × ÏÂÌÁÓÔÉ max

�

jxj; jzj

�

< ", r�" < juj < r+". óÌÅÄÏ×ÁÔÅÌØÎÏ, �ÒÉ ÄÏÓÔÁÔÏÞÎÏ

ÍÁÌÙÈ x ÉÍÅÅÍ

G(x; x) = oef

u

�1

�

F (x=u; u

2

; x=u)

�

=

1

2�i

I

juj=r

u du

(1� x=u)

2

� u

2

É

u

(1� x=u)

2

� u

2

= �

u

2(u

2

+ u� x)

�

u

2(u

2

� u+ x)

=

2

X

j=1

1

2(u

+

j

� u

�

j

)

 

u

+

j

u� u

+

j

+

u

�

j

u� u

�

j

!

;

ÇÄÅ �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ jxj

u

�

1

= �

1

2

(1�

p

1 + 4x); u

�

2

=

1

2

(1�

p

1� 4x); ju

+

j

j > r; ju

�

j

j < r:

�ÁËÉÍ ÏÂÒÁÚÏÍ,

G(x; x) =

2

X

j=1

Res

u=u

�

j

�

: : :

�

=

2

X

j=1

u

�

j

2(u

+

j

� u

�

j

)

=

1

4

p

1� 4x

+

1

4

p

1 + 4x

�

1

2

:

çÒÁÆÉË ÆÕÎË�ÉÉ y = G(x; x) ÌÅÖÉÔ ÎÁ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ËÒÉ×ÏÊ

(2y + 1)

2

(16x

2

� 1)

�

4x

2

+ (y

2

+ y)(16x

2

� 1)

�

+ x

2

= 0:

÷ ÓÉÌÕ (2) �ÏÌÀÓÙ ÆÕÎË�ÉÉ G

�

(x; x) | ÜÔÏ x-ËÏÏÒÄÉÎÁÔÙ �ÅÒÅÓÅÞÅÎÉÑ ÜÔÏÊ ËÒÉ×ÏÊ

Ó �ÒÑÍÏÊ y = 1, Ô. Å. ËÏÒÎÉ ÍÎÏÇÏÞÌÅÎÁ 5184x

4

� 611x

2

+ 18, ÍÅÎØÛÉÊ ÉÚ ËÏÔÏÒÙÈ

ÒÁ×ÅÎ �

p

1=�, Á ×ÅÔ×ÌÅÎÉÅ ÜÔÁ ÆÕÎË�ÉÑ ÉÍÅÅÔ × ÔÏÞËÁÈ �1=4. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÒÁÄÉÕÓ

ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ G

�

(x; x) =

P

g

�

n

x

2n

ÒÁ×ÅÎ

p

1=�, ÏÔËÕÄÁ lim

n!1

(g

�

n

)

1=n

= �. �

4. ÷ÙÞÉÓÌÅÎÉÅ 

3

(ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2)

4.1. ðÏÄÇÏÔÏ×ËÁ. äÌÑ a; d � 0 ÔÁËÉÈ, ÞÔÏ a 6� d + 1 mod 3, ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ

h

�

a;d

ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ ÔÒÁ�Å�ÉÉ T

3

(a; d) Ó ×ÅÒÛÉÎÁÍÉ

(0; 0); (1; 3); (1 + d; 3); (a; 3). ðÏÌÏÖÉÍ h

�

0;0

= 1 É h

�

a;d

= 0 �ÒÉ a � d + 1 mod 3 É

ÒÁÓÓÍÏÔÒÉÍ �ÒÏÉÚ×ÏÄÑÝÕÀ ÆÕÎË�ÉÀ

H

�

(x) =

X

n

h

�

n

x

n

=

X

a;d�0

h

�

a;d

x

a+d

= 1 + x+ 3x

2

+ 19x

3

+ 125x

4

+ : : :
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ëÁË É × ÎÁÞÁÌÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÌÅÍÍÙ 3.2, Ï�ÒÅÄÅÌÉÍ h

a;d

ËÁË ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ

ÔÒÉÁÎÇÕÌÑ�ÉÊ ÔÒÁ�Å�ÉÉ T

3

(a; d), ÎÅ ÉÍÅÀÝÉÈ ÒÅÂÅÒ ×ÉÄÁ [(k; 0); (l; 3)℄, É ÒÁÓÓÍÏÔÒÉÍ

�ÒÏÉÚ×ÏÄÑÝÕÀ ÆÕÎË�ÉÀ

H(x) =

X

n

h

n

x

n

=

X

a;b�0

h

a;d

x

a+d

= x+ 2x

2

+ 14x

3

+ 86x

4

+ 712x

5

+ : : :

üÔÉ ÆÕÎË�ÉÉ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÓÏÏÔÎÏÛÅÎÉÀ, ÁÎÁÌÏÇÉÞÎÏÍÕ Ó�Å�ÉÁÌÉÚÁ�ÉÉ ÓÏÏÔÎÏÛÅ-

ÎÉÑ (2) ÄÌÑ x = z:

H

�

(x) = 1=(1�H(x)):

äÅÊÓÔ×ÉÔÅÌØÎÏ, ÒÅÂÒÁ ×ÉÄÁ [(k; 0); (l; 3)℄ ÒÁÚÂÉ×ÁÀÔ T

3

(a; d) ÎÁ ÍÅÎØÛÉÅ ÔÒÁ�Å�ÉÉ. ëÁ-

ÖÄÁÑ ÉÚ ÎÉÈ ÏÔÏÂÒÁÖÁÅÔÓÑ ÎÁ ÓÔÁÎÄÁÒÔÎÕÀ ÅÄÉÎÓÔ×ÅÎÎÙÍ Á×ÔÏÍÏÒÆÉÚÍÏÍ ÒÅÛÅÔËÉ

×ÉÄÁ (x; y) 7! (x+py+q; y ÉÌÉ 3�y), ÇÄÅ p; q 2 Z (× ÏÔÌÉÞÉÅ ÏÔ x2, ÚÄÅÓØ ×ÅÒÈÎÅÅ É ÎÉÖ-

ÎÅÅ ÏÓÎÏ×ÁÎÉÅ ÔÒÁ�Å�ÉÉ ÍÏÇÕÔ ÍÅÎÑÔØÓÑ ÍÅÓÔÁÍÉ, ÉÚ-ÚÁ ÞÅÇÏ ÎÅÔ ÁÎÁÌÏÇÁ ÓÏÏÔÎÏÛÅÎÉÑ

(2) ÄÌÑ �ÒÏÉÚ×ÏÄÑÝÉÈ ÆÕÎË�ÉÊ ÏÔ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ). îÁ ÒÉÓ. 4 �ÒÏÉÌÌÀÓÔÒÉÒÏ×ÁÎÏ

ÓÏÏÔÎÏÛÅÎÉÅ

h

�

3

= h

�

03

+ h

�

12

+ h

�

30

= h

3

01

+ 2h

01

(h

11

+ h

20

) + (h

03

+ h

12

+ h

30

) = h

3

1

+ 2h

1

h

2

+ h

3

:

h

03

+ h

01

h

20

+ h

12

+ h

01

h

11

+ h

11

h

01

+ h

3

01

+ h

30

+ h

20

h

01

òÉÓ. 4

ëÁË É × ÌÅÍÍÅ 3.1, ÍÙ ÉÍÅÅÍ lim

n

f(3; n)

1=n

= lim

n

(h

�

2n

)

1=n

= 1=�

2

, ÇÄÅ � | �ÅÒ×ÙÊ

×ÅÝÅÓÔ×ÅÎÎÙÊ ËÏÒÅÎØ ÕÒÁ×ÎÅÎÉÑ H(x) = 1, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, 

3

= �

2

3

log

2

�.

4.2. òÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ. ÷ ÏÂÏÚÎÁÞÅÎÉÑÈ ÉÚ x2 �ÏÌÏÖÉÍ m = 3, '

0

(x) =

1

3

x� 1 É

F (x; y; z; w) =

X

a;b;;d

f

a;b;;d

x

a

y

b

z



w

d

;

G

1

(x; z; w) =

X

a;;d

g

(1)

a;;d

x

a

z



w

d

; G

2

(x; y; w) =

X

a;b;d

g

(2)

a;b;d

x

a

y

b

w

d

H

k

(x;w) =

X

a;d

h

(k)

a;d

x

a

w

d

; (k = 1; 2);

ÇÄÅ ×ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÉÍÅÀÔ ×ÉÄ f(S) (ÓÍ. x2) ÄÌÑ '

0

-ÄÏ�ÕÓÔÉÍÙÈ ÆÉÇÕÒ ÎÁ ÒÉÓ. 5,

�ÒÉÞÅÍ (0; a), (1; b), (2; ) É (3; d) (ÅÓÌÉ �ÒÉÓÕÔÓÔ×ÕÀÔ) | ËÏÏÒÄÉÎÁÔÙ �ÅÌÙÈ ÔÏÞÅË ÎÁ

×ÅÒÈÎÅÊ ÞÁÓÔÉ ÇÒÁÎÉ�Ù ÆÉÇÕÒÙ S. îÉÖÎÉÅ ×ÅÒÛÉÎÙ S | ÜÔÏ ÔÏÞËÉ (0;�1) É (3; 0).

åÓÌÉ ÎÅ ×Ù�ÏÌÎÅÎÙ ÓÒÁ×ÎÅÎÉÑ, ÕËÁÚÁÎÎÙÅ ÎÁ ÒÉÓ. 5, ÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÞÉÓÌÁ ÒÁ×ÎÙ
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f

a;b;;d

g

(1)

a;;d

g

(2)

a;b;d

h

(1)

a;d

h

(2)

a;d

� a � 1(2) d� b � 1(2) d� a � 2(3) d� a � 1(3)

Figure 5

ÎÕÌÀ. åÓÌÉ min(a+1; b; ; d) < 0, ÏÎÉ ÔÏÖÅ ÒÁ×ÎÙ ÎÕÌÀ (ÜÔÏÔ ÓÌÕÞÁÊ ÎÅ ÏÔ×ÅÞÁÅÔ ÎÉËÁ-

ËÏÊ '

0

-ÄÏ�ÕÓÔÉÍÏÊ ÆÉÇÕÒÅ). ðÏ ÓÏÇÌÁÛÅÎÉÀ h

(2)

�1;0

= 0 (ÓÌÕÞÁÊ ×ÙÒÏÖÄÅÎÉÑ ÆÉÇÕÒÙ

S × ÏÔÒÅÚÏË).

÷ ÔÅÒÍÉÎÁÈ �ÒÏÉÚ×ÏÄÑÝÉÈ ÆÕÎ�ËÉÊ ÒÅËÕÒÒÅÎÔÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÉÚ ÌÅÍÍÙ 2.2 �ÒÉ-

ÎÉÍÁÀÔ ×ÉÄ (ÓÒ. Ó �ÒÉÍÅÒÁÍÉ 2.3 É 2.4):

F (x; y; z; w)(1� x� y � z � w + xz + yw + xw)

= y

1=2

(1� w)G

1

(xy

1=2

; y

1=2

z; w) + z

1=2

(1� x)G

2

(x; yz

1=2

; z

1=2

w);

G

1

(x; z; w)(1� w) = oef

u

�1

�

F (x=u; u

2

; z=u; w)(1� w)

�

+ x

�1

;

G

2

(x; y; w)(1� x) = oef

u

�1

�

F (x; y=u; u

2

; w=u)(1� x)

�

(ÁÓÉÍÍÅÔÒÉÑ ÍÅÖÄÕ G

1

É G

2

×ÙÚ×ÁÎÁ ÁÓÉÍÍÅÔÒÉÞÎÏÓÔØÀ ÆÕÎË�ÉÉ '

0

),

H

1

(x;w) = oef

u

�1

�

G

1

(x=u; u

3

; w=u

2

)

�

;

H

2

(x;w) = oef

u

�1

�

G

2

(x=u

2

; u

3

; w=u)

�

:

úÁÍÅÔÉÍ, ÞÔÏ × ÜÔÏÍ �ÏÄÒÁÚÄÅÌÅ �ÒÏÉÚ×ÏÄÑÝÉÅ ÆÕÎË�ÉÉ �ÏÎÉÍÁÀÔÓÑ ËÁË ÆÏÒÍÁÌØÎÙÅ

ÓÔÅ�ÅÎÎÙÅ ÒÑÄÙ. òÁÓÓÍÏÔÒÉÍ ÓÉÍÍÅÔÒÉÚÏ×ÁÎÎÙÅ �ÒÏÉÚ×ÏÄÑÝÉÅ ÆÕÎË�ÉÉ

~

F (x; y; z; w) = F (x; y; z; w) + F (w; z; y; x);

~

G(x; z; w) = G

1

(x; z; w) +G

2

(w; z; x);

~

H(x;w) = H

1

(x;w) +H

2

(w; x):

éÚ ×ÙÛÅ�ÒÉ×ÅÄÅÎÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ ÄÌÑ F;G

1

; G

2

; H

1

; H

2

ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ×ÙÔÅËÁÅÔ:

~

F (x; y; z; w)(1� x� y � z � w + xz + yw + xw)

= y

1=2

(1� w)

~

G(xy

1=2

; y

1=2

z; w) + z

1=2

(1� x)

~

G(x; yz

1=2

; z

1=2

w);

(3)

~

G(x; z; w)(1� w) = oef

u

�1

�

~

F (x=u; u

2

; z=u; w)(1� w)

�

+ x

�1

(4)
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~

H(x;w) = oef

u

�1

�

~

G(x=u; u

3

; w=u

2

)

�

: (5)

4.3. õÒÁ×ÎÅÎÉÅ. íÙ ÓÏÂÉÒÁÅÍÓÑ �ÏÌÕÞÉÔØ ÕÒÁ×ÎÅÎÉÅ ÎÁ

~

G(xt

�1=2

; t

3=2

; t

�1

x), ×ÙÒÁ-

ÚÉ×

~

F ÞÅÒÅÚ

~

G ÉÚ (3) É �ÏÄÓÔÁ×É× ÒÅÚÕÌØÔÁÔ × (4). äÌÑ ÜÔÏÇÏ ÎÁÍ �ÏÔÒÅÂÕÅÔÓÑ ÄÅÌÉÔØ

ÓÔÅ�ÅÎÎÙÅ ÒÑÄÙ ÎÁ ÍÎÏÇÏÞÌÅÎÙ. ïÄÎÁËÏ, ÅÓÌÉ ÓÔÅ�ÅÎÉ ËÁËÉÈ-ÔÏ �ÅÒÅÍÅÎÎÙÈ ÍÅÎÑ-

ÀÔÓÑ ÏÔ �1 ÄÏ +1, ÓÍÙÓÌ ÔÁËÏÇÏ ÄÅÌÅÎÉÑ ÔÒÅÂÕÅÔ ÕÔÏÞÎÅÎÉÑ. ðÏÑÓÎÉÍ ×ÏÚÍÏÖÎÕÀ

ÎÅÏÄÎÏÚÎÁÞÎÏÓÔØ ÎÁ �ÒÉÍÅÒÅ. òÁÓÓÍÏÔÒÉÍ ×ÙÒÁÖÅÎÉÅ oef

u

�1

�

1=(x�uy)

�

. åÇÏ ÍÏÖÎÏ

�ÏÎÉÍÁÔØ ÌÉÂÏ ËÁË

oef

u

�1

h

x

�1

1� uyx

�1

i

=

1

x

oef

u

�1

h

1 +

uy

x

+

u

2

y

2

x

2

+ : : :

i

= 0;

ÌÉÂÏ ËÁË

oef

u

�1

h

�

(uy)

�1

1� x(uy)

�1

i

= �oef

u

�1

h

1

uy

�

1 +

x

uy

+

x

2

u

2

y

2

+ : : :

�i

= �

1

y

:

÷Ï ÉÚÂÅÖÁÎÉÅ ÎÅÏÄÎÏÚÎÁÞÎÏÓÔÅÊ ÔÁËÏÇÏ ÒÏÄÁ ÍÙ ××ÅÄÅÍ ÎÏ×ÕÀ ÆÏÒÍÁÌØÎÕÀ �ÅÒÅÍÅÎ-

ÎÕÀ q É ÒÁÓÓÍÏÔÒÉÍ ÆÏÒÍÁÌØÎÙÅ ÒÑÄÙ

F

q

(x; y; z; w) = F (xq; yq

2

; zq

2

; wq);

G

1;q

(x; z; w) = G

1

(xq

2

; zq

3

; wq);

G

2;q

(x; y; w) = G

2

(xq; yq

3

; wq

2

);

H

k;q

(x;w) = H

k

(xq

3

; wq

3

); k = 1; 2;

ËÏÔÏÒÙÅ ÂÕÄÅÍ �ÏÎÉÍÁÔØ ËÁË ÜÌÅÍÅÎÔÙ ËÏÌØ�Á

Z[x

�1

; y

�1=2

; z

�1=2

; w

�1

; u

�1=2

; t

�1=2

℄((q))

ÆÏÒÍÁÌØÎÙÈ ÓÔÅ�ÅÎÎÙÈ ÒÑÄÏ× ÏÔ q (×ÏÚÍÏÖÎÏ, ÎÁÞÉÎÁÀÝÉÈÓÑ Ó ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÓÔÅ-

�ÅÎÅÊ), ËÏÜÆÆÉ�ÉÅÎÔÙ ËÏÔÏÒÙÈ Ñ×ÌÑÀÔÓÑ ÍÎÏÇÏÞÌÅÎÁÍÉ ìÏÒÁÎÁ ÏÔ x; y

1=2

; : : : .

çÅÏÍÅÔÒÉÞÅÓËÉÊ ÓÍÙÓÌ �ÏËÁÚÁÔÅÌÑ ÓÔÅ�ÅÎÉ �ÅÒÅÍÅÎÎÏÊ q| ÜÔÏ ÕÄ×ÏÅÎÎÁÑ �ÌÏÝÁÄØ

'

0

-ÄÏ�ÕÓÔÉÍÏÊ ÆÉÇÕÒÙ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÄÁÎÎÏÍÕ ÍÏÎÏÍÕ, Ô. Å. 2

R

3

0

'(x) dx, ÇÄÅ '

| ÆÕÎË�ÉÑ, ÇÒÁÆÉË ËÏÔÏÒÏÊ ÚÁÄÁÅÔ ×ÅÒÈÎÉÊ ËÒÁÊ ÆÉÇÕÒÙ. îÅÓÌÏÖÎÏ �ÒÏ×ÅÒÉÔØ

×ÒÕÞÎÕÀ, ÞÔÏ

F

q

= (xq)

�1

+ (1 + x

�1

w) + (x+ w + x

�1

y + x

�1

z + x

�1

w

2

)q + : : :

G

1;q

= x

�1

q

�2

+ w(xq)

�1

+ w

2

x

�1

+ w

3

x

�1

q + (x+ w

4

x

�1

)q

2

+ : : :

G

2;q

= x

�1

wq + (w + yx

�1

)q

2

+ (wx+ 2y)q

3

+ (wx

2

+ 4xy)q

4

+ : : :

H

1;q

= wx

�1

+ xq

3

+ 4w

2

q

6

+ (30wx

2

+ 24w

4

x

�1

)q

9

+ : : :

H

2;q

= wq

3

+ 5(x

2

+ w

3

x

�1

)q

6

+ 32w

2

x q

9

+ : : :

äÁÌÅÅ, ÚÁÄÁÄÉÍ

~

F

q

,

~

G

q

,

~

H

q

ÔÅÍÉ ÖÅ ÆÏÒÍÕÌÁÍÉ, ÞÔÏ É × x4.2, ÎÏ Ó ÄÏÂÁ×ÌÅÎÎÙÍ

�Ï×ÓÀÄÕ ÉÎÄÅËÓÏÍ q. îÁ�ÒÉÍÅÒ,

~

G

q

(x; z; w) =

1

xq

2

+

w

xq

+

w

2

x

+

�

w

3

x

+

x

w

�

q +

�

2x+

w

4

x

+

z

w

�

q

2

+ : : :
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�ÏÇÄÁ ÓÏÏÔÎÏÛÅÎÉÑ (3){(5) �ÒÉÎÉÍÁÀÔ ×ÉÄ

~

F

q

=

qy

1=2

(1� wq)

~

G

q

(xy

1=2

; y

1=2

z; w) + qz

1=2

(1� xq)

~

G

q

(wz

1=2

; z

1=2

y; x)

1� xq � yq

2

� zq

2

� wq + xzq

3

+ ywq

3

+ xwq

2

; (6)

~

G

q

(x; z; w) = oef

u

�1

�

q

~

F

q

(x=u; u

2

; z=u; w)

�

+

1

x(1� wq)q

2

; (7)

~

H

q

(x;w) = oef

u

�1

�

q

~

G

q

(x=u; u

3

; w=u

2

)

�

: (8)

ðÏÌÏÖÉÍ

g

q

(x; t) = t

1=2

x

2

q

2

~

G

q

(x

2

t

�1=2

; x

3

t

3=2

; xt

�1

)

= t+ xq + t

�1

x

2

q

2

+ (t

�2

+ t)x

3

q

3

+ (t

�3

+ 2 + t

3

)x

4

q

4

+ : : :

õÓÌÏ×ÉÅ ÞÅÔÎÏÓÔÉ ÄÌÑ ÉÎÄÅËÓÏ× ÎÅÎÕÌÅ×ÙÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÒÑÄÏ× G

1

É G

2

(ÓÍ. ÒÉÓ. 5)

ÏÂÅÓ�ÅÞÉ×ÁÅÔ ÏÔÓÕÔÓÔ×ÉÅ ÄÒÏÂÎÙÈ ÓÔÅ�ÅÎÅÊ × ÒÑÄÅ g

q

(x; t). âÏÌÅÅ ÔÏÇÏ, x É q ×ÈÏÄÑÔ

× ËÁÖÄÙÊ ÍÏÎÏÍ ÒÑÄÁ g

q

Ó ÏÄÉÎÁËÏ×ÙÍÉ ÓÔÅ�ÅÎÑÍÉ, ÔÅÍ ÓÁÍÙÍ g

q

(x; t) = g(xq; t) ÄÌÑ

ÎÅËÏÔÏÒÏÇÏ ÆÏÒÍÁÌØÎÏÇÏ ÒÑÄÁ g(x; t) 2 Z[t

�1

℄((x)).

ðÏÄÓÔÁ×ÌÑÑ (3) × (4), ÏÂÏÚÎÁÞÁÑ ÚÎÁÍÅÎÁÔÅÌØ × (6) ÞÅÒÅÚ Q

q

(x; y; z; w) É ÚÁÍÅÞÁÑ,

ÞÔÏ

oef

u

�1

�

F(x; t; u)

�

= oef

u

�1

�

xt

�1=2

F(x; t; uxt

�1=2

)

�

(9)

ÄÌÑ ÌÀÂÏÇÏ ÆÏÒÍÁÌØÎÏÇÏ ÒÑÄÁ �Ï u, �ÏÌÕÞÁÅÍ

g

q

(x; t)

(7)

= oef

u

�1

h

t

1=2

x

2

q

3

~

F

q

�

x

2

ut

1=2

; u

2

;

x

3

t

3=2

u

;

x

t

�i

+

t

2

t� xq

(9)

= oef

u

�1

h

x

3

q

3

~

F

q

�

x

u

;

x

2

u

2

t

;

x

2

t

2

u

;

x

t

�i

+

t

2

t� xq

(6)

= x

2

q

2

oef

u

�1

"

u

t

�

1�

xq

t

�

g

q

(x; t) +

t

u

�

1�

xq

u

�

g

q

(x; u)

Q

q

�

x=u; x

2

u

2

=t; x

2

t

2

=u; x=t

�

#

+

t

2

t� xq

= x

2

q

2

oef

u

�1

h

u

3

(t� xq)g

q

(x; t) + t

3

(u� xq)g

q

(x; u)

P (xq; t; u)

i

+

t

2

t� xq

;

ÇÄÅ

P (x; t; u) = u

2

t

2

� (u+ t)utx+ (1� t

3

� u

3

)utx

2

+ (t

4

+ u

4

)x

3

: (10)

íÙ ×ÉÄÉÍ, ÞÔÏ �ÅÒÅÍÅÎÎÙÅ x É q �ÓÉÎÈÒÏÎÉÚÉÒÏ×ÁÎÎÙ� × �ÒÁ×ÏÊ ÞÁÓÔÉ �ÏÌÕÞÉ×-

ÛÅÇÏÓÑ ÕÒÁ×ÎÅÎÉÑ: ÏÎÉ ×ÈÏÄÑÔ × ÏÄÉÎÁËÏ×ÙÈ ÓÔÅ�ÅÎÑÈ × ËÁÖÄÙÊ ÍÏÎÏÍ ËÁÖÄÏÇÏ ÓÔÅ-

�ÅÎÎÏÇÏ ÒÑÄÁ × ÜÔÏÍ ×ÙÒÁÖÅÎÉÉ. üÔÏ ÚÎÁÞÉÔ, ÞÔÏ ÍÙ �ÏÌÕÞÉÌÉ ÓÌÅÄÕÀÝÅÅ ÔÏÖÄÅÓÔ×Ï

× ËÏÌØ�Å Z[t

�1

; u

�1

℄((x)):

g(x; t)	(x; t) =

t

2

t� x

+ oef

u

�1

�

t

3

x

2

(u� x) g(x; u)

P (x; t; u)

�

; (11)
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ÇÄÅ

	(x; t) = 1� x

2

(t� x)�(x; t); �(x; t) = oef

u

�1

�

u

3

=P (x; t; u)

�

:

÷ÏÔ ÎÅÓËÏÌØËÏ ÎÁÞÁÌØÎÙÈ ÞÌÅÎÏ× ÜÔÉÈ ÒÑÄÏ×:

1

�(x; t) = t

�2

x

2

+ (t

�3

+ 1)x

3

+ (t

�4

+ 2t

�1

+ t

2

)x

4

+ (t

�5

+ 3t

�2

+ 3t)x

6

+ : : :

	(x; t) = 1� t

�1

x

4

� tx

5

� (1 + t

3

)x

6

� (t

�1

+ 2t

2

)x

7

� (6t

�2

+ 3t)x

8

� : : : (12)

îÁÊÄÑ g ÉÚ ÕÒÁ×ÎÅÎÉÑ (11), ÍÏÖÎÏ ×ÙÞÉÓÌÉÔØ É

~

H(x; x). äÅÊÓÔ×ÉÔÅÌØÎÏ, × ÓÉÌÕ (5)

ÍÙ ÉÍÅÅÍ

x

~

H

q

(x

3

; x

3

) = oef

t

0

�

tx

~

G

q

(x

3

=t; t

3

; x

3

=t

2

)

�

= oef

t

0

�

t

1=2

x

~

G

q

(x

3

=t

1=2

; t

3=2

; x

3

=t)

�

:

úÁÍÅÎÑÑ t ÎÁ x

2

t (ÓÒ. Ó (9)) É �ÏÌÁÇÁÑ q = 1, �ÏÌÕÞÁÅÍ

x

~

H(x

3

; x

3

) = oef

t

0

�

g(x; t)

�

: (13)

4.4. ÷ÙÞÉÓÌÅÎÉÅ. ÷ ÜÔÏÍ �ÏÄÒÁÚÄÅÌÅ ÍÙ ÉÓÓÌÅÄÕÅÍ ÁÎÁÌÉÔÉÞÅÓËÉÅ ÆÕÎË�ÉÉ, ÚÁÄÁ-

×ÁÅÍÙÅ ÒÑÄÁÍÉ, ÏÂÓÕÖÄÁ×ÛÉÍÉÓÑ × �ÒÅÄÙÄÕÝÅÍ �ÏÄÒÁÚÄÅÌÅ.

óÏÇÌÁÓÎÏ x4.1, ÎÁÍ ÔÒÅÂÕÅÔÓÑ ÎÁÊÔÉ ÎÁÉÍÅÎØÛÉÊ �ÏÌÏÖÉÔÅÌØÎÙÊ �ÏÌÀÓ ÆÕÎË�ÉÉ

H

�

(x), Ô. Å. ÎÁÉÍÅÎØÛÉÊ �ÏÌÏÖÉÔÅÌØÎÙÊ ÎÕÌØ � ÆÕÎË�ÉÉ 1�H(x). íÏÖÎÏ �ÒÏ×ÅÒÉÔØ,

ÞÔÏ

H(x) = x

~

H(x; x): (14)

âÕÄÕÞÉ ÓÕÍÍÏÊ ÓÔÅ�ÅÎÎÏÇÏ ÒÑÄÁ Ó �ÏÌÏÖÉÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ, ÆÕÎË�ÉÑ x

~

H(x; x)

×ÏÚÒÁÓÔÁÅÔ �ÒÉ x > 0, ÚÎÁÞÉÔ, ÎÁÍ ÄÏÓÔÁÔÏÞÎÏ ÎÁÕÞÉÔØÓÑ ×ÙÞÉÓÌÑÔØ ÚÎÁÞÅÎÉÑ ÆÕÎË-

�ÉÉ

~

H(x; x) ÄÌÑ ÌÀÂÏÇÏ x ÉÚ ÎÅËÏÔÏÒÏÇÏ ÉÎÔÅÒ×ÁÌÁ, ÓÏÄÅÒÖÁÝÅÇÏ ÔÏÞËÕ �. ÷ ÓÉÌÕ

(13) ÄÌÑ ÜÔÏÇÏ ÍÏÖÎÏ ÞÉÓÌÅÎÎÏ �ÒÏÉÎÔÅÇÒÉÒÏ×ÁÔØ ÆÕÎË�ÉÀ g(x

1=3

; t) �Ï ÎÅËÏÔÏÒÏÍÕ

ËÏÎÔÕÒÕ �

x

(ÓÒ. Ó ÄÏËÁÚÁÔÅÌØÓÔ×ÏÍ ÌÅÍÍÙ 3.2). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÎÁÍ ÎÁÄÏ ÕÍÅÔØ ×Ù-

ÞÉÓÌÑÔØ g(x; t) �ÒÉ ÌÀÂÙÈ x 2 [0; x

+

0

℄ É t 2 �

x

ÄÌÑ ÎÅËÏÔÏÒÏÇÏ x

+

0

> x

0

= �

1=3

. üÔÏ

×ÏÚÍÏÖÎÏ, ÔÁË ËÁË �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ x, ÚÁÍÅÎÉ× oef

u

�1
[: : : ℄ ÎÁ

1

2�i

R

�

x

(: : : )du, ÍÙ

ÉÚ ÕÒÁ×ÎÅÎÉÑ (11) �ÏÌÕÞÉÍ ÕÒÁ×ÎÅÎÉÅ æÒÅÄÇÏÌØÍÁ ÎÁ ÆÕÎË�ÉÀ g, ÏÇÒÁÎÉÞÅÎÎÕÀ ÎÁ

�

x

. ðÅÒÅÊÄÅÍ ÔÅ�ÅÒØ Ë ÂÏÌÅÅ �ÏÄÒÏÂÎÏÍÕ ÉÚÌÏÖÅÎÉÀ.

ïÂÏÚÎÁÞÉÍ

� = f(x; t; u) 2 R � C

2

j 0 < x < 1=2; jtj = juj = 1g;

�

0

= f(x; t) 2 R � C j 0 < x < 1=2; jtj = 1g:

1

÷ÓÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÒÑÄÏ× � É 1 �	, ËÏÔÏÒÙÅ ÍÎÅ ÕÄÁÌÏÓØ ×ÙÞÉÓÌÉÔØ, �ÏÌÏÖÉÔÅÌØÎÙ. åÓÌÉ ÏÎÉ

É × ÓÁÍÏÍ ÄÅÌÅ ×ÓÅ �ÏÌÏÖÉÔÅÌØÎÙ, ÂÙÌÏ ÂÙ ÉÎÔÅÒÅÓÎÏ ×ÙÑÓÎÉÔØ ÉÈ ËÏÍÂÉÎÁÔÏÒÎÙÊ ÓÍÙÓÌ.
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ìÅÍÍÁ 4.1. íÎÏÇÏÞÌÅÎ P (x; t; u), Ï�ÒÅÄÅÌÅÎÎÙÊ × (10), ÎÅ ÏÂÒÁÝÁÅÔÓÑ × ÎÏÌØ ÎÁ �.

ðÒÉ ÌÀÂÙÈ ÆÉËÓÉÒÏ×ÁÎÎÙÈ (x; t) 2 �

0

ÍÎÏÇÏÞÌÅÎ P (x; t; u) ÉÍÅÅÔ Ä×Á �ÒÏÓÔÙÈ ËÏÒÎÑ

u

k

(x; t), k = 1; 2, × ÅÄÉÎÉÞÎÏÍ ËÒÕÇÅ juj < 1 É Ä×Á �ÒÏÓÔÙÈ ËÏÒÎÑ ×ÎÅ ÅÄÉÎÉÞÎÏÇÏ

ËÒÕÇÁ.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÍÏÖÎÏ �ÒÏ×ÅÒÉÔØ �ÒÉ �ÏÍÏÝÉ ÌÀÂÏÊ ÓÉÓÔÅÍÙ

ÓÉÍ×ÏÌØÎÙÈ ×ÙÞÉÓÌÅÎÉÊ, ÎÁ�ÒÉÍÅÒ, ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ S

1

ÅÄÉÎÉÞ-

ÎÕÀ ÏËÒÕÖÎÏÓÔØ × C . �ÏÇÄÁ � = (0; 1=2)�S

1

�S

1

. ïÔÏÖÄÅÓÔ×ÉÍ S

1

Ó RP

1

�ÏÓÒÅÄÓÔ×ÏÍ

ÎÅËÏÔÏÒÏÊ ÒÁ�ÉÏÎÁÌØÎÏÊ �ÁÒÁÍÅÔÒÉÚÁ�ÉÉ. �ÏÇÄÁ ReP É ImP ÓÔÁÎÕÔ ×ÅÝÅÓÔ×ÅÎÎÙÍÉ

ÒÁ�ÉÏÎÁÌØÎÙÍÉ ÆÕÎË�ÉÑÍÉ ÎÁ ÁÌÇÅÂÒÁÉÞÅÓËÏÍ ÍÎÏÇÏÏÂÒÁÚÉÉ � É, ×ÙÞÉÓÌÑÑ ÒÅÚÕÌØ-

ÔÁÎÔÙ, ÄÉÓËÒÉÍÉÎÁÎÔÙ, É Ô. Ä., ÍÏÖÎÏ ÕÂÅÄÉÔØÓÑ × ÔÏÍ, ÞÔÏ ×ÅÝÅÓÔ×ÅÎÎÁÑ ËÒÉ×ÁÑ,

ÚÁÄÁÎÎÁÑ ÕÒÁ×ÎÅÎÉÑÍÉ ReP = ImP = 0 ÌÅÖÉÔ ×ÎÅ ÓÌÏÑ 0 < r < 1=2. ï�ÉÛÅÍ ÜÔÏ ×Ù-

ÞÉÓÌÅÎÉÅ ÂÏÌÅÅ �ÏÄÒÏÂÎÏ. ðÕÓÔØ p(x; T; U) É q(x; T; U) | ×ÅÝÅÓÔ×ÅÎÎÙÅ ÍÎÏÇÏÞÌÅÎÙ

ÔÁËÉÅ, ÞÔÏ

P (x; �(T ); �(U)) =

p(x; T; U) + iq(x; T; U)

(i+ T )

4

(i+ U)

4

; �(X) =

i�X

i+X

:

úÁÍÅÔÉÍ, ÞÔÏ �(R) = S

1

n f�1g, ÚÎÁÞÉÔ, (x; T; U) | ËÏÏÒÄÉÎÁÔÙ ÎÁ ÁÆÆÉÎÎÏÊ ËÁÒÔÅ

�nf(t+1)(u+1) = 0g ÍÎÏÇÏÏÂÒÁÚÉÑ �. ðÒÏÅË�ÉÑ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ËÒÉ×ÏÊ

�\fP = 0g ÎÁ �ÌÏÓËÏÓÔØ (x; T ) ÚÁÄÁÅÔÓÑ ÕÒÁ×ÎÅÎÉÅÍ R(x; T ) = 0, ÇÄÅ R(x; T ) | ÒÅÚÕÌØ-

ÔÁÎÔ ÍÎÏÇÏÞÌÅÎÏ× p É q �Ï �ÅÒÅÍÅÎÎÏÊ U . þÔÏÂÙ ÄÏËÁÚÁÔØ, ÞÔÏ ËÒÉ×ÁÑ R(x; T ) = 0 ÎÅ

ÉÍÅÅÔ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÔÏÞÅË × �ÏÌÏÓÅ 0 < x < 1=2, ÄÏÓÔÁÔÏÞÎÏ ÎÁÊÔÉ ÎÁ ÜÔÏÍ ÉÎÔÅÒ×ÁÌÅ

×ÓÅ ×ÅÝÅÓÔ×ÅÎÎÙÅ ËÏÒÎÉ ÕÒÁ×ÎÅÎÉÑ D(x) = 0, ÇÄÅ D(x) | ÄÉÓËÒÉÍÉÎÁÎÔ ÍÎÏÇÏÞÌÅÎÁ

R �Ï �ÅÒÅÍÅÎÎÏÊ T , Á ÚÁÔÅÍ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÕÒÁ×ÎÅÎÉÅ R(x

k

; T ) = 0 �ÒÉ ËÁÖÄÏÍ

k = 1; : : : ; 2n + 1 ÎÅ ÉÍÅÅÔ ×ÅÝÅÓÔ×ÅÎÎÙÈ ËÏÒÎÅÊ, ÇÄÅ 0 < x

1

< � � � < x

2n+1

< 1=2

É ÞÉÓÌÁ x

k

�ÒÉ ÞÅÔÎÙÈ k | ×ÓÅ ×ÅÝÅÓÔ×ÅÎÎÙÅ ËÏÒÎÉ ÍÎÏÇÏÞÌÅÎÁ D(x) ÎÁ ÉÎÔÅÒ×ÁÌÅ

0 < x < 1=2. üÔÏ ×ÙÞÉÓÌÅÎÉÅ �ÏËÁÚÙ×ÁÅÔ, ÞÔÏ P (x; u; t) 6= 0 �ÒÉ (x; u; t) 2 � É

(t+ 1)(u+ 1) 6= 0. úÁÔÅÍ ÎÁÄÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ P (x; �(T );�1) 6= 0, P (x;�1; �(U)) 6= 0 É

P (x;�1;�1) 6= 0 �ÒÉ 0 < x < 1=2, T 2 R.

ðÏÈÏÖÉÍ ÏÂÒÁÚÏÍ ÍÏÖÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ �ÒÉ ÌÀÂÙÈ ÆÉËÓÉÒÏ×ÁÎÎÙÈ (x; t) 2 �

0

ÄÉÓËÒÉÍÉÎÁÎÔ ÍÎÏÇÏÞÌÅÎÁ P �Ï �ÅÒÅÍÅÎÎÏÊ u ÎÅ ÏÂÒÁÝÁÅÔÓÑ × ÎÏÌØ, Á ÚÎÁÞÉÔ, �ÒÉ

(x; t) 2 �

0

×ÓÅ ÞÅÔÙÒÅ ËÏÒÎÑ ÍÎÏÇÏÞÌÅÎÁ P (ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏ ËÁË ÍÎÏÇÏÞÌÅÎ ÏÔ u)

�Ï�ÁÒÎÏ ÒÁÚÌÉÞÎÙ.

÷ ÓÉÌÕ ×ÙÛÅÓËÁÚÁÎÎÏÇÏ ÞÉÓÌÏ ËÏÒÎÅÊ ÍÎÏÇÏÞÌÅÎÁ P × ÄÉÓËÅ juj < 1 �ÏÓÔÏÑÎÎÏ. �Á-

ËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ×ÔÏÒÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÌÅÍÍÙ ÄÏÓÔÁÔÏÞÎÏ ÅÇÏ �ÒÏ-

×ÅÒÉÔØ ÄÌÑ ÏÄÎÏÇÏ ËÏÎËÒÅÔÎÏÇÏ ×ÙÂÏÒÁ ÚÎÁÞÅÎÉÊ �ÅÒÅÍÅÎÎÙÈ x É t, ÎÁ�ÒÉÍÅÒ, ÄÌÑ

t = 1 É ÏÞÅÎØ ÍÁÌÏÇÏ x. �

ìÅÍÍÁ 4.2. (a). æÏÒÍÁÌØÎÙÊ ÓÔÅ�ÅÎÎÏÊ ÒÑÄ 1=P (x; t; u) 2 Z[t

�1

; u

�1

℄((x)) ÓÈÏÄÉÔÓÑ

Ë ÆÕÎË�ÉÉ 1=P (x; t; u) × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÍÎÏÖÅÓÔ×Á � \ fx <

1

4

g.

(b). æÏÒÍÁÌØÎÙÊ ÓÔÅ�ÅÎÎÏÊ ÒÑÄ �(x; t) 2 Z[t

�1

℄((x)) ÓÈÏÄÉÔÓÑ Ë ÁÎÁÌÉÔÉÞÅÓËÏÊ

ÆÕÎË�ÉÉ (ËÏÔÏÒÕÀ ÍÙ ÔÏÖÅ ÏÂÏÚÎÁÞÉÍ �(x; t)) × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÍÎÏÖÅÓÔ×Á

�

0

\ fx <

1

4

g. æÕÎË�ÉÑ �(x; t) ÁÎÁÌÉÔÉÞÅÓËÉ �ÒÏÄÏÌÖÁÅÔÓÑ × ÏËÒÅÓÔÎÏÓÔØ ÍÎÏÖÅÓÔ×Á
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�

0

�ÏÓÒÅÄÓÔ×ÏÍ ÉÎÔÅÇÒÁÌÁ ëÏÛÉ

�(x; t) =

1

2�i

I

juj=1

u

3

du

P (x; t; u)

=

2

X

k=1

u

k

(x; t)

3

P

0

u

(x; t; u

k

(x; t))

; (15)

ÇÄÅ u

1

(x; t) É u

2

(x; t) | ËÏÒÎÉ P × ÅÄÉÎÉÞÎÏÍ ËÒÕÇÅ juj < 1; ÓÍ. ÌÅÍÍÕ 4.1.

äÏËÁÚÁÔÅÌØÓÔ×Ï. óÔÅ�ÅÎÎÏÊ ÒÑÄ 1=P (x; t; u), ÕÞÁÓÔ×ÕÀÝÉÊ × Ï�ÒÅÄÅÌÅÎÉÉ ÆÕÎË�ÉÉ

�(x; t), ÜÔÏ ÒÁÚÌÏÖÅÎÉÅ �Ï �ÅÒÅÍÅÎÎÏÊ x, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, 1=P = a

�1

0

(1+X+X

2

+ : : : ),

ÇÄÅ X = (a

1

+ a

2

+ a

3

)=a

0

É a

k

= x

k

oef

x

k [P ℄. åÓÌÉ (x; t; u) 2 �, ÔÏ ja

0

j = 1, ja

1

j � 2x,

ja

2

j � 3x

2

, ja

3

j � 2x

3

, É ÚÎÁÞÉÔ, jXj � 2x + 3x

2

+ 2x

3

. ðÏÜÔÏÍÕ jXj < 1 �ÒÉ x < 1=4,

ÉÚ ÞÅÇÏ ÓÌÅÄÕÅÔ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ 1=P × ÔÒÅÂÕÅÍÏÊ ÏÂÌÁÓÔÉ. üÔÏÔ ÆÁËÔ × ÓÏÞÅÔÁÎÉÉ

Ó ÌÅÍÍÏÊ 4.1 ×ÌÅÞÅÔ ×ÓÅ ÏÓÔÁÌØÎÙÅ ÕÔ×ÅÒÖÄÅÎÉÑ ÄÏËÁÚÙ×ÁÅÍÏÊ ÌÅÍÍÙ. �

æÕÎË�ÉÑ Psi ÎÁ ÑÚÙËÅ �ÒÏÇÒÁÍÍÙ Mathematia, �ÒÉ×ÅÄÅÎÎÁÑ ÎÁ ÒÉÓ. 7, ×ÙÞÉÓÌÑÅÔ

	(x; t) �ÒÉ (x; t) 2 �

0

Ó ÌÀÂÏÊ ÚÁÄÁÎÎÏÊ ÔÏÞÎÏÓÔØÀ.

úÁÍÅÔÉÍ, ÞÔÏ ÏÄÎÁ ÉÚ ÆÕÎË�ÉÊ u

1

(x; t) ÉÌÉ u

2

(x; t) ÉÍÅÅÔ ÔÏÞËÕ ×ÅÔ×ÌÅÎÉÑ �ÒÉ

(x; t) = (1=2; 1), É ÚÎÁÞÉÔ, � É 	 ÔÏÖÅ ×ÅÔ×ÑÔÓÑ × ÜÔÏÊ ÔÏÞËÅ. òÁÚÌÏÖÅÎÉÅ ìÏÒÁÎÁ{

ðÀÉÚ£ ÆÕÎË�ÉÉ 	(x; 1) �Ï ÓÔÅ�ÅÎÑÍ s =

p

1=2� x ÉÍÅÅÔ ×ÉÄ

	(x; 1) = �

1

4

p

6

s

�1

+

12�

p

2

8

�

3

8

p

6

s�

3

8

p

2

s

2

+

103

96

p

6

s

3

�

87

32

p

2

s

4

+

2635

192

p

6

s

5

+ : : :

ðÕÓÔØ x

�

0

=

16

33

É x

+

0

=

17

35

. íÙ ×ÓËÏÒÅ Õ×ÉÄÉÍ, ÞÔÏ x

0

2 [x

�

0

; x

+

0

℄; ÞÉÓÌÁ x

�

0

ÚÁÄÁÀÔÓÑ

ÎÁÞÁÌØÎÙÍÉ ÏÔÒÅÚËÁÍÉ �Å�ÎÏÊ ÄÒÏÂÉ ÄÌÑ x

0

.

éÓ�ÏÌØÚÕÑ ÒÁÚÌÏÖÅÎÉÅ 	 × (

1

2

; 1) É ×ÙÞÉÓÌÑÑ ÚÎÁÞÅÎÉÑ 	(x; t) (�ÒÉ �ÏÍÏÝÉ �ÒÏ-

ÇÒÁÍÍÙ ÎÁ ÒÉÓ. 7) ÎÁ ÄÏÓÔÁÔÏÞÎÏ ÍÅÌËÏÊ ÓÅÔËÅ ÎÁ �

0

, ÍÏÖÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ 	 ÎÅ

ÏÂÒÁÝÁÅÔÓÑ × ÎÏÌØ ÎÁ �

0

\ fx < x

+

0

g É

min

0�x�x

+

0

; jtj=1

j	(x; t)j = min

0�x�x

+

0

; jtj=1

Re	(x; t) = 	(x

+

0

; 1) = 0:44768:::; (16)

ÓÍ. ÌÉÎÉÉ ÕÒÏ×ÎÑ ÆÕÎË�ÉÉ Re	 ÎÁ ÒÉÓ. 6; ÍÙ Ï�ÕÓËÁÅÍ �ÏÄÒÏÂÎÏÓÔÉ Ï�ÅÎÉ×ÁÎÉÑ

ÏÛÉÂËÉ.

ðÒÉÍÅÎÑÑ Ë ÆÕÎË�ÉÉ jP (x=4; e

i�

; e

i�

)j

2

ÌÅÍÍÕ 5.2 Ó ÄÏÌÖÎÙÍ ÏÂÒÁÚÏÍ ×ÙÂÒÁÎÎÙÍ

h, ÎÁÈÏÄÉÍ

min

0�x�x

+

0

; jtj=juj=1

jP j = P (x

+

0

; 1; 1) = 0:02183::: (17)

(ÍÙ ÚÄÅÓØ ÍÁÓÛÔÁÂÉÒÏ×ÁÌÉ x, ÞÔÏÂÙ ÕÒÁ×ÎÏ×ÅÓÉÔØ ÞÁÓÔÎÙÅ �ÒÏÉÚ×ÏÄÎÙÅ). ÷ÙÞÉÓÌÅ-

ÎÉÅ ÍÏÖÎÏ ÕÓËÏÒÉÔØ, ×ÙÂÉÒÁÑ ÒÁÚÎÙÊ ÛÁÇ ÓÅÔËÉ × ÒÁÚÎÙÈ ÚÏÎÁÈ ÍÎÏÖÅÓÔ×Á �. íÙ

×ÁÒØÉÒÏ×ÁÌÉ ÛÁÇ ÏÔ h = 1=300 ×ÏÚÌÅ ÔÏÞËÉ ÍÉÎÉÍÕÍÁ ÄÏ h = 1=20 ×ÄÁÌÉ ÏÔ ÎÅÅ. äÌÑ

Ï�ÅÎËÉ �ÏÇÒÅÛÎÏÓÔÉ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ ÏÞÅ×ÉÄÎÙÅ ÇÒÕÂÙÅ Ï�ÅÎËÉ ÞÅÔ×ÅÒÔÙÈ �ÒÏÉÚ-

×ÏÄÎÙÈ, Á ÚÁÔÅÍ Ó ÉÈ �ÏÍÏÝØÀ �ÏÌÕÞÁÌÉ ÂÏÌÅÅ ÔÏÞÎÙÅ Ï�ÅÎËÉ ×ÔÏÒÙÈ �ÒÏÉÚ×ÏÄÎÙÈ

× ËÁÖÄÏÊ ÚÏÎÅ, Ï�ÑÔØ-ÔÁËÉ ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 5.2.

ìÅÍÍÁ 4.3. æÏÒÍÁÌØÎÙÊ ÒÑÄ g(x; t) (××ÅÄÅÎÎÙÊ × x4.2) ÓÈÏÄÉÔÓÑ × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔ-

ÎÏÓÔÉ ÍÎÏÖÅÓÔ×Á �

0

\ fjxj < 2

�3=2

g.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ ÔÅÏÒÅÍÅ áÎËÌÉÎÁ [1℄ ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎ-

ÇÕÌÑ�ÉÊ �ÅÌÏÞÉÓÌÅÎÎÏÇÏ ÍÎÏÇÏÕÇÏÌØÎÉËÁ � ÏÇÒÁÎÉÞÅÎÏ Ó×ÅÒÈÕ ×ÅÌÉÞÉÎÏÊ 2

N

ÄÌÑ N =
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x

Arg t

0.35 0.40 0.45 0.5

1.00

1.01

1.05

0.90

0.85

1.03

0

2
π

π

x

Arg t

0.
0

0.
5

0.6

0.7

0.8

0.475 0.480 0.485 0.490 0.495 0.5

x = 0.4856...

0

12

6

π

π

òÉÓ. 6. ìÉÎÉÉ ÕÒÏ×ÎÑ Re	(x; t) �ÒÉ jtj = 1. éÚÏÂÒÁÖÅÎÎÁÑ ×ÅÒ-

ÔÉËÁÌØÎÁÑ ÌÉÎÉÑ { ÜÔÏ x = x

0

ÉÌÉ x = x

+

0

(ÎÅÔ ÒÁÚÎÉ�Ù �ÒÉ ÔÁËÏÍ

ÒÁÚÒÅÛÅÎÉÉ).

#

�

�\ (Z

2

n

1

2

Z

2

)

�

, �ÒÉÞÅÍ ÉÚ ÆÏÒÍÕÌÙ ðÉËÁ ÌÅÇËÏ ×Ù×ÅÓÔÉ, ÞÔÏ N < 3Area(�)� 3=2.

ðÌÏÝÁÄØ ÆÉÇÕÒÙ, ÏÔ×ÅÞÁÀÝÅÊ ËÏÜÆÆÉ�ÉÅÎÔÕ g

(k)

a;;d

, ÒÁ×ÎÁ (2a + 3 + d + 3)=2. óÌÅ-

ÄÏ×ÁÔÅÌØÎÏ, ~g

a;;d

< 

0

2

3(2a+3+d)=2

ÄÌÑ ÎÅËÏÔÏÒÏÊ ËÏÎÓÔÁÎÔÙ 

0

, É ÚÎÁÞÉÔ, �ÒÉ jtj = 1

ÍÙ �ÏÌÕÞÁÅÍ

jg(x; t)j � x

2

X

a;;d

�

�

~g

a;;d

x

2a

x

3

x

d

�

�

� 

0

x

2

X

a;;d

�

�

2

3(2a+3+d)=2

x

2a+3+d

�

�

= 

0

x

2

X

n

2

3=2n

A

n

x

n

;

ÇÄÅ A

n

= #f(a; ; d) 2 Z

3

+

j 2a + 3 + d = ng. ðÏÓËÏÌØËÕ ÞÉÓÌÁ A

n

ÏÇÒÁÎÉÞÅÎÙ

�ÏÌÉÎÏÍÉÁÌØÎÏÊ ÆÕÎË�ÉÅÊ ÏÔ n, ÒÑÄ ÓÈÏÄÉÔÓÑ �ÒÉ x < 2

�3=2

. �

éÚ ÌÅÍÍ 4.2 É 4.3 × ÓÏÞÅÔÁÎÉÉ Ó (11) É (16) ÓÌÅÄÕÅÔ, ÞÔÏ ÆÕÎË�ÉÑ g(x; t) ÁÎÁÌÉÔÉÞÎÁ

× ÏËÒÅÓÔÎÏÓÔÉ ÍÎÏÖÅÓÔ×Á �

0

\ fx < 2

�3=2

g É ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÔÁÍ ÕÓÌÏ×ÉÀ

g(x; t) =

t

2

(t� x)	(x; t)

+

1

2�i

I

juj=1

x

2

t

3

(u� x)g(x; u) du

P (x; t; u)	(x; t)

: (18)

ðÒÉ ÌÀÂÏÍ ÆÉËÓÉÒÏ×ÁÎÎÏÍ x ÜÔÏ ÕÒÁ×ÎÅÎÉÅ æÒÅÄÇÏÌØÍÁ ×ÔÏÒÏÇÏ ÒÏÄÁ ÎÁ ÆÕÎË�ÉÀ

g(x; t), ÒÁÓÓÍÁÔÒÉ×ÁÅÍÕÀ ËÁË ÆÕÎË�ÉÑ ÏÔ t.

ìÅÍÍÁ 4.4. æÕÎË�ÉÑ g(x; t) ÁÎÁÌÉÔÉÞÅÓËÉ �ÒÏÄÏÌÖÁÅÔÓÑ × ÏËÒÅÓÔÎÏÓÔØ ÍÎÏÖÅÓÔ×Á

�

0

\ fx < x

+

0

g É ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ (18) × ÜÔÏÊ ÏÂÌÁÓÔÉ.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒÅ�ÉÛÅÍ (18) × ÂÏÌÅÅ �ÒÉ×ÙÞÎÏÍ ×ÉÄÅ:

'

g

(x; �) = f(x; �) +

Z

1

0

K(x; �; �)'

g

(x; �) d�; (19)
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ÇÄÅ ÍÙ �ÏÌÁÇÁÅÍ t = e

2�i�

, u = e

2�i�

É

'

g

(x; �) = g(x; t); f(x; �) =

t

2

(t� x)	(x; t)

; K(x; �; �) =

x

2

t

3

u(u� x)

P (x; t; u)	(x; t)

:

ëÁË ÍÙ ÏÔÍÅÔÉÌÉ ×ÙÛÅ, g ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ (18), É ÚÎÁÞÉÔ, '

g

ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ (19),

�ÒÉ ÍÁÌÙÈ x. �ÁËÉÍ ÏÂÒÁÚÏÍ, × ÓÉÌÕ ÔÅÏÒÅÍÙ ÅÄÉÎÓÔ×ÅÎÎÏÓÔÉ ÄÌÑ ÁÎÁÌÉÔÉÞÅÓËÉÈ

ÆÕÎË�ÉÊ ÄÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ �ÒÉ ×ÓÅÈ x 2 [0; x

+

0

℄ ÓÕÝÅÓÔ×ÕÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ

ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (19) É ÞÔÏ ÏÎÏ ÁÎÁÌÉÔÉÞÎÏ �Ï (x; �). ðÏ ÌÅÍÍÅ 5.6 ÄÌÑ ÜÔÏÇÏ

ÄÏÓÔÁÔÏÞÎÏ ÕÂÅÄÉÔØÓÑ × ÔÏÍ, ÞÔÏ 1 ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ Ï�ÅÒÁÔÏÒÁ K

x

�ÒÉ ×ÓÅÈ x 2 [0; x

+

0

℄, ÇÄÅ K

x

: C[0; 1℄! C[0; 1℄ | ÉÎÔÅÇÒÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ æÒÅÄÇÏÌØÍÁ,

ËÏÔÏÒÙÊ ÆÕÎË�ÉÉ '(�) ÓÏ�ÏÓÔÁ×ÌÑÅÔ  (�) =

R

1

0

K(x; �; �)'(�) d�. üÔÏ × Ó×ÏÀ ÏÞÅÒÅÄØ

ÓÌÅÄÕÅÔ ÉÚ Ï�ÅÎËÉ

max

0�x�x

+

0

N

2

(x) = N

2

(x

+

0

) = 0:88525;

ÇÄÅN

2

(x) =

R

[0;1℄

2

jK(x; �; �)j

2

d� d�. ïÎÁ �ÏÌÕÞÅÎÁ ÞÉÓÌÅÎÎÙÍ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÅÍ. þÔÏÂÙ

Ï�ÅÎÉÔØ �ÏÇÒÅÛÎÏÓÔØ �ÒÉÂÌÉÖÅÎÉÑ, ÎÕÖÎÙ ×ÅÒÈÎÉÅ Ï�ÅÎËÉ ÞÁÓÔÎÙÈ �ÒÏÉÚ×ÏÄÎÙÈ

ÑÄÒÁ K. éÈ ÎÅÓÌÏÖÎÏ �ÏÌÕÞÉÔØ ÉÚ ÎÉÖÎÉÈ Ï�ÅÎÏË (16) É (17) ÆÕÎË�ÉÊ j	j É jP j ×

ÓÏ×ÏËÕ�ÎÏÓÔÉ Ó ×ÅÒÈÎÉÍÉ Ï�ÅÎËÁÍÉ �ÒÏÉÚ×ÏÄÎÙÈ ÆÕÎË�ÉÉ 	, �ÏÌÕÞÅÎÎÙÈ ÉÚ ÅÅ ÉÎÔÅ-

ÇÒÁÌØÎÏÇÏ �ÒÅÄÓÔÁ×ÌÅÎÉÑ × (15). ÷ ËÁÞÅÓÔ×Å ×ÅÒÈÎÉÈ Ï�ÅÎÏË �ÒÏÉÚ×ÏÄÎÙÈ ÏÔ ÍÎÏÇÏ-

ÞÌÅÎÏ×, ÕÞÁÓÔ×ÕÀÝÉÈ × Ï�ÒÅÄÅÌÅÎÉÉ K, ÍÏÖÎÏ �ÒÏÓÔÏ ÂÒÁÔØ ÓÕÍÍÙ ×ÅÒÈÎÉÈ Ï�ÅÎÏË

ÍÏÎÏÍÏ×. �

úÁÍÅÎÑÑ ÉÎÔÅÇÒÁÌÙ ÉÎÔÅÇÒÁÌØÎÙÍÉ ÓÕÍÍÁÍÉ, ÕÒÁ×ÎÅÎÉÅ (18) ÍÏÖÎÏ ÒÅÛÉÔØ Ó ÌÀ-

ÂÏÊ ÔÏÞÎÏÓÔØÀ. úÁÔÅÍ ÉÚ (13) É (14) ÍÏÖÎÏ ÞÉÓÌÅÎÎÏ ÎÁÊÔÉ H(x), ×ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ

ÉÎÔÅÇÒÁÌÏÍ ëÏÛÉ

H(x

3

) =

x

2

2�i

I

jtj=1

g(x; t) dt

t

= x

2

Z

1

0

'

g

(x; �) d� (20)

(ÎÁ�ÏÍÎÉÍ, ÞÔÏ '

g

(x; �) := g(x; e

2�i�

); ÓÍ. (19)). éÚÌÏÖÅÎÎÏÅ × ÄÁÎÎÏÍ ÒÁÚÄÅÌÅ ÍÏÖÎÏ

�ÏÄÙÔÏÖÉÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ (ÎÁ�ÏÍÎÉÍ, ÞÔÏ f(m;n) | ÜÔÏ ÞÉÓÌÏ �ÒÉÍÉÔÉ×ÎÙÈ

�ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ �ÒÑÍÏÕÇÏÌØÎÉËÁ m� n).

ðÒÅÄÌÏÖÅÎÉÅ 4.5. lim

n!1

f(3; n)

1=n

= 1=x

2

0

, ÇÄÅ:

� x

0

| ÅÄÉÎÓÔ×ÅÎÎÏÅ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ H(x

3

) = 1 ÎÁ ÏÔÒÅÚËÅ [0; x

+

0

℄, x

+

0

=

17

35

;

� ÆÕÎË�ÉÑ H(x) ×ÙÒÁÖÁÅÔÓÑ ÞÅÒÅÚ g(x; t) ÆÏÒÍÕÌÏÊ (20), É ÏÎÁ ÍÏÎÏÔÏÎÎÁ ÎÁ

[0; x

+

0

℄;

� g(x; t) Ñ×ÌÑÅÔÓÑ ÒÅÛÅÎÉÅÍ ÕÒÁ×ÎÅÎÉÑ æÒÅÄÇÏÌØÍÁ (18), × ËÏÔÏÒÏÍ P ÚÁÄÁÅÔÓÑ

ÆÏÒÍÕÌÏÊ (10), Á 	 ÚÁÄÁÅÔÓÑ ËÁË 	(x; t) = 1�x

2

(t�x)�(x; t) Ó ÆÕÎË�ÉÅÊ �, ÚÁ-

ÄÁÎÎÏÊ ÆÏÒÍÕÌÏÊ (15); �ÒÉ ×ÓÅÈ x 2 [0; x

+

0

℄ ÕÒÁ×ÎÅÎÉÅ (18) ÉÍÅÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ

ÒÅÛÅÎÉÅ.

îÁ ÒÉÓ. 7 ÍÙ �ÒÉ×ÏÄÉÍ ÆÕÎË�ÉÀ H ÎÁ ÑÚÙËÅ Mathematia, ËÏÔÏÒÁÑ ×ÙÞÉÓÌÑÅÔ

H(x) Ó ÌÀÂÏÊ ÚÁÄÁÎÎÏÊ ÔÏÞÎÏÓÔØÀ. ïÛÉÂËÕ �ÒÉÂÌÉÖÅÎÉÑ ÍÏÖÎÏ Ï�ÅÎÉÔØ Ó �ÏÍÏÝØÀ
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 P = u^2*t^2-(u+t)u*t*x+(1-t^3-u^3)u*t*x^2+(t^4+u^4)x^3;  

 Psi = Function[{x0,t0,prec},Module[{P0,u0,i},            

   P0=P/.{x->x0,t->t0}; u0 = NRoots[0==P0,u,prec];        

   u0=Sort[Table[{Abs[u0[[i,2]]],u0[[i,2]]},{i,4}]];      

   1-x0^2(t0-x0)Sum[(u^3/D[P0,u])/.u->u0[[i,2]],{i,2}] ]];

 H = Function[{x3,n,prec},                                

   Module[{x0,z,P0,Id,K,F,G,j,k,Tj,Uk,PsiTj,Pjk},         

     x0=N[x3^(1/3),prec]; z=N[Exp[2Pi*I/n],prec];         

     K=Id=IdentityMatrix[n]; F=K[[1]]; P0=P/.x->x0;       

     Do[ Tj = z^j; PsiTj=Psi[x0,Tj,prec];                 

       F[[j]] = Tj^2/(Tj-x0)/PsiTj;                       

       Do[ Uk = z^k; Pjk=P0/.{t->Tj,u->Uk};               

         K[[j,k]] = x0^2*Tj^3(Uk-x0)Uk/Pjk/PsiTj/n,       

       {k,n}],                                            

     {j,n}];                                              

     G = Inverse[Id-K].F; x0^2*(Plus@@G)/n ]];            

òÉÓ. 7. ëÏÄ ÎÁ ÑÚÙËÅ Mathematia, ×ÙÞÉÓÌÑÀÝÉÊ H(x)

ÌÅÍÍÙ 5.4. íÏÖÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÆÕÎË�ÉÉ P (x; t; u) É 	(x; t) ÎÅ ÏÂÒÁÝÁÀÔÓÑ × ÎÏÌØ

�ÒÉ x < x

+

0

, juj = 1 É

10

13

< jtj <

13

10

(ÎÁ ÒÉÓ. 8 É 9 ÉÚÏÂÒÁÖÅÎ ÏÂÒÁÚ ËÏÌØ�Å×ÏÊ ÏÂÌÁÓÔÉ

10

13

< jtj <

13

10

�ÒÉ ÏÔÏÂÒÁÖÅÎÉÉ t 7! 	(x

0

; t)). ðÏÜÔÏÍÕ ÍÏÖÎÏ �ÒÉÍÅÎÉÔØ Ï�ÅÎËÕ

ÏÛÉÂËÉ (27), �ÏÌÏÖÉ× r = 10=13, É ÚÎÁÞÉÔ, a = �

log r

2�

= 0:04176. ï�ÅÎÉ×ÁÑ H(x) �ÒÉ

x � x

0

, × (27) ÍÏÖÎÏ �ÏÌÏÖÉÔØ

C � 1;

1

n

kBk

1

� 3:05; M � 3910; M

0

� 94:6; M

f

� 258:

üÔÏ ÄÁÅÔ Ï�ÅÎËÕ �ÏÇÒÅÛÎÏÓÔÉ, �ÒÉ×ÅÄÅÎÎÕÀ × �ÏÓÌÅÄÎÅÍ ÓÔÏÌÂ�Å ÔÁÂÌÉ�Ù 7. íÙ

×ÉÄÉÍ, ÞÔÏ ÏÎÁ ÄÏÓÔÁÔÏÞÎÏ ÂÌÉÚËÁ Ë ÆÁËÔÉÞÅÓËÏÊ �ÏÇÒÅÛÎÏÓÔÉ, �ÒÉ×ÅÄÅÎÎÏÊ × ÞÅ-

Ô×ÅÒÔÏÍ ÓÔÏÌÂ�Å.

5. ðÒÉÂÌÉÖÅÎÎÏÅ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÊ

æÒÅÄÇÏÌØÍÁ Ó ÁÎÁÌÉÔÉÞÅÓËÉÍÉ ÑÄÒÁÍÉ

5.1. ï�ÅÎËÁ ÏÛÉÂËÉ. îÅËÏÔÏÒÙÅ ÏÂÝÉÅ ÆÁËÔÙ. ïÂÏÚÎÁÞÅÎÉÑ × ÜÔÏÍ ÒÁÚÄÅÌÅ

ÎÅÚÁ×ÉÓÉÍÙ ÏÔ ÏÂÏÚÎÁÞÅÎÉÊ × ÏÓÔÁÌØÎÙÈ ÞÁÓÔÑÈ ÓÔÁÔØÉ.

ìÅÍÍÙ 5.1. ðÕÓÔØ f | ÇÏÌÏÍÏÒÆÎÁÑ ÆÕÎË�ÉÑ × ÏËÒÅÓÔÎÏÓÔÉ ËÏÌØ�Á R

1

< jzj < R

2

,

É �ÕÓÔØ f(z) =

P

n2Z



n

z

n

| ÅÅ ÒÑÄ ìÏÒÁÎÁ. �ÏÇÄÁ �ÒÉ R

1

< r < R

2

É �ÒÉ ×ÓÅÈ n > 0

�

�

�

�

�



0

�

1

n

n

X

k=1

f(r!

k

)

�

�

�

�

�

=

�

�

�

�

�

Z

1

0

f(re

2�it

) dt�

1

n

n

X

k=1

f(r!

k

)

�

�

�

�

�

�

M

1

q

n

1

1� q

n

1

+

M

2

q

n

2

1� q

n

2

; (21)

ÇÄÅ ! = e

2�i=n

, q

1

= R

1

=r, q

2

= r=R

2

É M

j

= max

jzj=R

j

jf(z)j �ÒÉ j = 1; 2.

äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍÅÀÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Á

n

X

k=1

f(r!

k

) =

n

X

k=1

X

m2Z



m

(r!

k

)

m

É

n

X

k=1

!

km

=

�

n; n ÄÅÌÉÔ m;

0; ÉÎÁÞÅ,
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0.3i

0.2i

0.1i

0.0i

-0.1i

-0.2i

-0.3i

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1

|t|=10/13

|t|=13/10

|t|=1

òÉÓ. 8. òÅÁÌÉÓÔÉÞÎÏÅ ÉÚÏÂÒÁÖÅÎÉÅ ÏÂÒÁÚÁ ÏËÒÕÖÎÏÓÔÅÊ jtj =

10

13

,

jtj = 1 É jtj =

13

10

�ÒÉ ÏÔÏÂÒÁÖÅÎÉÉ t 7! 	(x

0

; t). ìÅ×ÙÊ ÚÕÍ ÒÁÓÔÑÎÕÔ

× ×ÅÒÔÉËÁÌØÎÏÍ ÎÁ�ÒÁ×ÌÅÎÉÉ.

Ψ

òÉÓ. 9. óÈÅÍÁÔÉÞÎÏÅ ÉÚÏÂÒÁÖÅÎÉÅ ÏÂÒÁÚÁ ×ÅÒÈÎÅÇÏ �ÏÌÕËÏÌØ�Á

f

10

13

� jtj �

13

10

; Im t � 0g �ÒÉ ÏÔÏÂÒÁÖÅÎÉÉ t 7! 	(x

0

; t). îÉÖÎÅÅ �Ï-

ÌÕËÏÌØ�Ï ÏÔÏÂÒÁÖÁÅÔÓÑ ÓÉÍÍÅÔÒÉÞÎÏ. óÅÒÙÍ �×ÅÔÏÍ �ÒÅÄÓÔÁ×ÌÅÎÁ

ÏÂÌÁÓÔØ jtj < 1.

ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÌÅ×ÁÑ ÞÁÓÔØ × (21) ÒÁ×ÎÁ

�

�

P

p2Znf0g



pn

r

pn

�

�

, É ËÏÜÆÆÉ�ÉÅÎÔÙ ÍÏÖÎÏ

Ï�ÅÎÉÔØ ÞÅÒÅÚ ÉÎÔÅÇÒÁÌ ëÏÛÉ. �

ìÅÍÍÁ 5.2. ðÕÓÔØ h > 0 É D � R

d

| �ÒÏÉÚ×ÅÄÅÎÉÅ ÏÔÒÅÚËÏ× [0; n

1

h℄� � � � � [0; n

d

h℄

Ó �ÅÌÙÍÉ �ÏÌÏÖÉÔÅÌØÎÙÍÉ n

1

; : : : ; n

d

. ðÕÓÔØ f : D ! R | ÆÕÎË�ÉÑ ËÌÁÓÓÁ C

2

É

M = max

i;j

max

D

j�

i

�

j

f j. �ÏÇÄÁ

min

D

f � min

hZ

d

f �

1

8

Md

2

h

2

;

ÇÄÅ hZ

d

= fh~n j ~n 2 Z

n

g. áÎÁÌÏÇÉÞÎÁÑ Ï�ÅÎËÁ ÅÓÔØ ÄÌÑ max

D

f .

äÏËÁÚÁÔÅÌØÓÔ×Ï. éÎÄÕË�ÉÑ �Ï d. ðÕÓÔØ ÍÉÎÉÍÕÍ ÄÏÓÔÉÇÁÅÔÓÑ × x

0

2 D. åÓÌÉ x

0

ÌÅÖÉÔ ×ÎÕÔÒÉ D, ÍÙ Ï�ÅÎÉÍ jf(x) � f(x

0

)j ÄÌÑ ÂÌÉÖÁÊÛÅÊ Ë x

0

ÔÏÞËÉ ÒÅÛÅÔËÉ x

�ÒÉ �ÏÍÏÝÉ ÆÏÒÍÕÌÙ �ÅÊÌÏÒÁ{ìÁÇÒÁÎÖÁ ÄÌÑ ÒÁÚÌÏÖÅÎÉÑ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ ÆÕËÎ�ÉÉ
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�ÁÂÌÉ�Á 7

ÔÏÞ- ×ÒÅÍÑ n-ÏÅ �ÒÉÂÌ. Ï�ÅÎËÁ

n ÎÏÓÔØ (ÓÅË.) H(x

0

)� 1 �ÏÇÒÅÛÎÏÓÔÉ

100 24 0.299391 1:44� 10

�10

6:95� 10

�4

200 36 6.759046 5:01� 10

�22

5:60� 10

�15

300 48 21.77949 1:73� 10

�33

3:39� 10

�26

400 60 51.22560 6:02� 10

�45

1:82� 10

�37

500 72 115.5499 2:09� 10

�56

9:19� 10

�49

600 84 231.5893 7:26� 10

�68

4:45� 10

�60

700 96 380.6020 2:52� 10

�79

2:09� 10

�71

800 108 608.9937 8:78� 10

�91

9:65� 10

�83

900 120 869.7188 3:06� 10

�102

4:38� 10

�94

1000 132 1072.923 1:06� 10

�113

1:96� 10

�105

1100 144 1456.021 3:72� 10

�125

8:70� 10

�117

1200 156 1852.763 1:29� 10

�136

3:83� 10

�128

f(x

0

+ t(x� x

0

)) × ÔÏÞËÅ t = 0. åÓÌÉ x

0

ÌÅÖÉÔ ÎÁ ÇÒÁÎÉ�Å ÏÂÌÁÓÔÉ D, ÍÙ �ÒÉÍÅÎÉÍ

�ÒÅÄ�ÏÌÏÖÅÎÉÅ ÉÎÄÕË�ÉÉ Ë ÏÇÒÁÎÉÞÅÎÉÀ ÆÕÎË�ÉÉ f ÎÁ ÇÒÁÎØ ÏÂÌÁÓÔÉD, ÓÏÄÅÒÖÁÝÕÀ

x

0

. �

5.2. ïÛÉÂËÁ �ÏÇÒÅÛÎÏÓÔÉ �ÒÉÂÌÉÖÅÎÎÏÇÏ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ æÒÅÄÇÏÌØÍÁ.

ðÕÓÔØ ' : R ! C | ÎÅ�ÒÅÒÙ×ÎÏÅ ÒÅÛÅÎÉÅ ÉÎÔÅÇÒÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ æÒÅÄÇÏÌØÍÁ

'(x) =

Z

1

0

K(x; y)'(y) dy+ f(x) (22)

Ó ÁÎÁÌÉÔÉÞÅÓËÉÍÉ ËÏÍ�ÌÅËÓÎÏÚÎÁÞÎÙÍÉ ÆÕÎË�ÉÑÍÉ K É f , ËÏÔÏÒÙÅ (ÂÉ)�ÅÒÉÏÄÉÞÎÙ

Ó �ÅÒÉÏÄÏÍ 1, Ô. Å. K(x; y) = K(x + 1; y) = K(x; y + 1) É f(x) = f(x + 1). âÕÄÅÍ

�ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ K É f �ÒÏÄÏÌÖÁÀÔÓÑ ÄÏ ËÏÍ�ÌÅËÓÎÏ ÁÎÁÌÉÔÉÞÅÓËÉÈ ÆÕÎË�ÉÊ ×

ÏËÒÅÓÔÎÏÓÔÉ ÍÎÏÖÅÓÔ×Á (D � R) [ (R � D

1

) × C

2

É × ÏËÒÅÓÔÎÏÓÔÉ ÍÎÏÖÅÓÔ×Á D × C

ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÇÄÅ

D = fz 2 C j �a � Im z � ag; D

1

= fz 2 C j �a

1

� Im z � a

1

g; 0 < a

1

< a:

ðÏÌÏÖÉÍ

C =

Z

1

0

j'(x)j dx; M = max

D�R

jKj; M

0

1

= max

R�D

1

jKj; M

f

= max

D

jf j:

ìÅÍÍÁ 5.3. æÕÎË�ÉÑ ' ÁÎÁÌÉÔÉÞÅÓËÉ �ÒÏÄÏÌÖÁÅÔÓÑ × ÏËÒÅÓÔÎÏÓÔØ ÍÎÏÖÅÓÔ×Á D É

M

'

:= max

D

1

j'j �

a(CM +M

f

)

a� a

1

: (23)
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äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ ÌÀÂÏÍ (x

0

; y

0

) 2 R

2

É ÌÀÂÏÍ n

�

�

�

n

x

K(x

0

; y

0

)

�

�

�

�

�

�

�

�

n!

2�i

Z

jzj=a

K(z; y

0

) dz

z

n+1

�

�

�

�

�

�

Mn!

a

n

É ÁÎÁÌÏÇÉÞÎÏ jf

(n)

(x

0

)j �M

f

n!=a

n

. �ÏÇÄÁ, ÄÉÆÆÅÒÅÎ�ÉÒÕÑ (22) n ÒÁÚ �Ï x, �ÏÌÕÞÉÍ

�

�

'

(n)

(x

0

)

�

�

=

�

�

�

�

�

Z

1

0

�

n

x

K(x

0

; y)'(y) dy+ f

(n)

(x

0

)

�

�

�

�

�

�

(CM +M

f

)n!

a

n

: (24)

óÌÅÄÏ×ÁÔÅÌØÎÏ, ÒÑÄ �ÅÊÌÏÒÁ ÆÕÎË�ÉÉ ' × ÔÏÞËÅ x

0

ÓÈÏÄÉÔÓÑ × ËÒÕÇÅ jz � x

0

j < a, É

�ÒÉ jz � x

0

j � a

1

ÍÙ ÉÍÅÅÍ

j'(z)j =

�

�

�

X

n�0

'

(n)

(x

0

)

n!

(z � x

0

)

n

�

�

�

�

X

n�0

(CM +M

f

)a

n

1

a

n

=

a(CM +M

f

)

a� a

1

;

ÉÚ ÞÅÇÏ ×ÙÔÅËÁÅÔ ÔÒÅÂÕÅÍÁÑ Ï�ÅÎËÁ ÎÁ M

'

. �

äÌÑ �ÅÌÏÇÏ �ÏÌÏÖÉÔÅÌØÎÏÇÏ n �ÏÓÍÏÔÒÉÍ, ÞÔÏ �ÒÏÉÓÈÏÄÉÔ �ÒÉ ÚÁÍÅÎÅ ÉÎÔÅÇÒÁÌÁ ×

(22) ÎÁ n-À ÉÎÔÅÇÒÁÌØÎÕÀ ÓÕÍÍÕ. á ÉÍÅÎÎÏ, ÒÁÓÓÍÏÔÒÉÍ ×ÅËÔÏÒÙ '

[n℄

= ('

[n℄

1

; : : : ; '

[n℄

n

),

f

[n℄

= (f

[n℄

1

; : : : ; f

[n℄

n

), Á ÔÁËÖÅ n� n-ÍÁÔÒÉ�Õ K

[n℄

=

�

K

[n℄

jk

�

jk

, ÚÁÄÁÎÎÙÅ ËÁË

'

[n℄

j

= '(j=n); f

[n℄

j

= f(j=n); K

[n℄

jk

=

1

n

K(j=n; k=n):

ðÕÓÔØ '̂

[n℄

=

�

'̂

[n℄

1

; : : : ; '̂

[n℄

n

�

| ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ

'̂

[n℄

= K

[n℄

'̂

[n℄

+ f

[n℄

: (25)

üÔÏ ÕÒÁ×ÎÅÎÉÅ Ñ×ÌÑÅÔÓÑ ÄÉÓËÒÅÔÉÚÁ�ÉÅÊ ÕÒÁ×ÎÅÎÉÑ (22), �ÏÜÔÏÍÕ ÅÓÔÅÓÔ×ÅÎÎÏ ÏÖÉ-

ÄÁÔØ, ÞÔÏ '̂

[n℄

ÈÏÒÏÛÏ �ÒÉÂÌÉÖÁÅÔ '. éÓ�ÏÌØÚÕÑ �ÏÄÈÏÄ ÉÚ [5℄, Ï�ÅÎÉÍ ÓËÏÒÏÓÔØ ÓÈÏ-

ÄÉÍÏÓÔÉ. îÁÛÁ ËÏÎÅÞÎÁÑ �ÅÌØ | ÎÁÊÔÉ ÈÏÒÏÛÕÀ ×ÅÒÈÎÀÀ Ï�ÅÎËÕ ÄÌÑ �ÏÇÒÅÛÎÏÓÔÉ

�ÒÉÂÌÉÖÅÎÉÑ

E

n

:=

�

�

�

�

�

Z

1

0

'(x) dx�

1

n

n

X

j=1

'̂

[n℄

j

�

�

�

�

�

:

ï�ÒÅÄÅÌÉÍ ÎÏÒÍÙ k � k

p

, 1 � p � 1, ÎÁ C

n

ÏÂÙÞÎÙÍ Ó�ÏÓÏÂÏÍ. äÌÑ Ë×ÁÄÒÁÔÎÏÊ

ÍÁÔÒÉ�Ù A = (a

jk

)

jk

Ó ËÏÍ�ÌÅËÓÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ �ÏÌÏÖÉÍ

kAk

1

=

X

j;k

ja

jk

j; kAk

2

=

�

X

j;k

ja

jk

j

2

�

1=2

:
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ìÅÍÍÁ 5.4. (a). ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÍÁÔÒÉ�Á A

[n℄

= I �K

[n℄

ÏÂÒÁÔÉÍÁ, É ÏÂÏÚÎÁÞÉÍ

ÏÂÒÁÔÎÕÀ ÍÁÔÒÉ�Õ ÞÅÒÅÚ B

[n℄

. �ÏÇÄÁ

E

n

�

2a(CM +M

f

)r

n

1

(a� a

1

)(1� r

n

1

)

�

1 +

1

n

kB

[n℄

k

1

M

0

1

�

; r

1

= e

�2�a

1

: (26)

åÓÌÉK ÁÎÁÌÉÔÉÞÅÓËÉ �ÒÏÄÏÌÖÁÅÔÓÑ × ÏËÒÅÓÔÎÏÓÔØ ÍÎÏÖÅÓÔ×Á R�D ÉM

0

= max

R�D

K,

ÔÏ

E

n

� 4�e(CM +M

f

)

�

1 +

1

n

kB

[n℄

k

1

M

0

�

nar

n

1� er

n

; r = e

�2�a

: (27)

ðÒÉ n > �

n

ÉÍÅÅÔ ÍÅÓÔÏ Ï�ÅÎËÁ

C �

k'̂

[n℄

k

1

+ �

n

M

f

n� �

n

; ÇÄÅ �

n

=

2M

0

1

akB

[n℄

k

1

r

n

1

(a� a

1

)(1� r

n

1

)

+

1

4a

: (28)

(b). ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ kK

[n℄

k

2

= M

2

< 1. �ÏÇÄÁ ÍÁÔÒÉ�Á A

[n℄

ÏÂÒÁÔÉÍÁ É

1

n

kB

[n℄

k

1

� 1=(1 �M

2

), ÉÚ ÞÅÇÏ, × ÞÁÓÔÎÏÓÔÉ, ÓÌÅÄÕÅÔ, ÞÔÏ �

n

< �

0

ÄÌÑ ÎÅËÏÔÏÒÏÊ

ËÏÎÓÔÁÎÔÙ �

0

= �

0

(a; a

1

;M;M

0

1

;M

2

;M

f

), É ÚÎÁÞÉÔ, C ÍÏÖÎÏ Ï�ÅÎÉÔØ �ÒÉ �ÏÍÏÝÉ

(28) �ÒÉ n > �

0

.

äÏËÁÚÁÔÅÌØÓÔ×Ï. (a). ðÕÓÔØ J =

R

1

0

'(x) dx, S =

1

n

P

j

'(j=n),

^

S =

1

n

P

j

'̂(j=n),

� = '

[n℄

� '̂

[n℄

É � = A

[n℄

�. ÷ ÜÔÉÈ ÏÂÏÚÎÁÞÅÎÉÑÈ E

n

= jJ �

^

Sj. íÙ ÉÍÅÅÍ

k�k

1

=





A

[n℄

'

[n℄

� A

[n℄

'̂

[n℄





1

(25)

=





A

[n℄

'

[n℄

� f

[n℄





1

=





K

[n℄

'

[n℄

� ('

[n℄

� f

[n℄

)





1

É, × ÓÉÌÕ (22) ÍÙ ÉÍÅÅÍ '

[n℄

j

� f

[n℄

j

=

R

1

0

K(j=n; y)'(y) dy, �ÒÉÞÅÍ j-Ñ ËÏÍ�ÏÎÅÎÔÁ

×ÅËÔÏÒÁ K

[n℄

'

[n℄

ÅÓÔØ n-Ñ ÉÎÔÅÇÒÁÌØÎÁÑ ÓÕÍÍÁ ÄÌÑ ÜÔÏÇÏ ÉÎÔÅÇÒÁÌÁ. óÌÅÄÏ×ÁÔÅÌØÎÏ,

�ÒÉÍÅÎÑÑ ÌÅÍÍÕ 5.1 Ë ÆÕÎË�ÉÉK(j=n; z(�))'(z(�)) �ÏÓÌÅ ÚÁÍÅÎÙ �ÅÒÅÍÅÎÎÏÊ � = e

2�iz

,

ÍÙ �ÏÌÕÞÉÍ k�k

1

�M

0

1

C

1

, ÇÄÅ C

1

= 2M

'

r

n

1

=(1� r

n

1

), É ÔÏÇÄÁ

k�k

1

=





B

[n℄

�





1

�





B

[n℄





1

� k�k

1

�M

0

1

C

1





B

[n℄





1

: (30)

ìÅÍÍÁ 5.1, �ÒÉÍÅÎÅÎÎÁÑ Ë '(z(�)), ÄÁÅÔ jJ � Sj � C

1

. äÁÌÅÅ, jS �

^

Sj �

1

n

k�k

1

, ÓÌÅÄÏ-

×ÁÔÅÌØÎÏ,

E

n

= jJ �

^

Sj � jJ � Sj+ jS �

^

Sj � C

1

+

1

n

k�k

1

� C

1

+

1

n

M

0

1

C

1

kB

[n℄

k

1

;

ÞÔÏ ÄÁÅÔ (26) �ÏÓÌÅ �ÒÉÍÅÎÅÎÉÑ (23). ðÏÌÁÇÁÑ a

1

= a �

1

2�n

(É ÚÎÁÞÉÔ, r

1

= e

1=n

r) É

M

0

1

< M

0

× (26), �ÏÌÕÞÁÅÍ (27).

äÏËÁÖÅÍ (28). ìÅÇËÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ

nC � k'

[n℄

k

1

+

1

4

max

R

j'

0

j � k'̂

[n℄

k

1

+ k�k

1

+

1

4

max

R

j'

0

j:

éÓ�ÏÌØÚÕÑ Ï�ÅÎËÉ (30) É (24) �ÒÉ k�k

1

É j'

0

j ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, �ÏÌÕÞÁÅÍ

nC � k'̂

[n℄

k

1

+

2M

1

M

'

kB

[n℄

k

1

r

n

1

1� r

n

1

+

CM +M

f

4a

(23)

� k'̂

[n℄

k

1

+ (CM +M

f

)�

n

:

(b). ðÒÅÄ�ÏÌÏÖÉÍ ÔÅ�ÅÒØ, ÞÔÏ kK

[n℄

k

2

=M

2

< 1. �ÏÇÄÁ kB

[n℄

k

2

= k(I�K

[n℄

)

�1

k

2

=

kI+K

[n℄

+(K

[n℄

)

2

+ : : : k

2

� 1=(1�M

2

). ðÏ ÎÅÒÁ×ÅÎÓÔ×Õ ëÏÛÉ-âÕÎÑËÏ×ÓËÏÇÏ kB

[n℄

k

1

�

nkB

[n℄

k

2

�
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5.3. þÉÓÌÅÎÎÙÊ ËÒÉÔÅÒÉÊ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ É ÅÄÉÎÓÔ×ÅÎÎÏÓÔÉ ÒÅÛÅÎÉÑ. úÄÅÓØ

ÍÙ ÓÏÈÒÁÎÑÅÍ ×ÓÅ �ÒÅÄ�ÏÌÏÖÅÎÉÑ Ï ÆÕÎË�ÉÑÈ K(x; y) É f(x) ËÒÏÍÅ ÔÏÇÏ, ÞÔÏ ÍÙ

ÂÏÌØÛÅ ÎÅ �ÒÅÄ�ÏÌÁÇÁÅÍ Á�ÒÉÏÒÉ, ÞÔÏ ÕÒÁ×ÎÅÎÉÅ (22) ÉÍÅÅÔ ÎÅ�ÒÅÒÙ×ÎÏÅ ÒÅÛÅÎÉÅ '.

ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ K : C([0; 1℄)! C([0; 1℄) ÉÎÔÅÇÒÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ æÒÅÄÇÏÌØÍÁ Ó ÑÄÒÏÍ

K(x; y), Ô. Å. Ï�ÅÒÁÔÏÒ ' 7!  , ÇÄÅ  (x) =

R

1

0

K(x; y)'(y) dy.

ìÅÍÍÁ 5.5. (ÓÒ. Ó [5, ÇÌ. II, x1, ÕÒÁ×Î. (26)℄). ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ n ÔÁËÏÅ,

ÞÔÏ ÍÁÔÒÉ�Á I�K

[n℄

ÏÂÒÁÔÉÍÁ É �

n

< n, ÇÄÅ �

n

Ï�ÒÅÄÅÌÅÎÏ × (28) (ÚÁÍÅÔÉÍ, ÞÔÏ ÎÉ f ,

ÎÉ ' ÎÅ ÉÓ�ÏÌØÚÕÀÔÓÑ × Ï�ÒÅÄÅÌÅÎÉÉ ×ÅÌÉÞÉÎÙ �

n

). �ÏÇÄÁ 1 ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ

ÞÉÓÌÏÍ Ï�ÅÒÁÔÏÒÁ K, É ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ ÌÀÂÏÊ ÎÅ�ÒÅÒÙ×ÎÏÊ ÆÕÎË�ÉÉ f ÕÒÁ×ÎÅÎÉÅ

(22) ÉÍÅÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÎÅ�ÒÅÒÙ×ÎÏÅ ÒÅÛÅÎÉÅ '.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ n ÔÁËÏ×Ï, ÞÔÏ �

n

< n. ðÒÉÍÅÎÉÍ ÌÅÍÍÕ 5.4(a) ÄÌÑ ÓÌÕÞÁÑ,

ËÏÇÄÁ f = 0 É ÔÅÍ ÓÁÍÙÍ '̂

[n℄

= 0. �ÏÇÄÁ (28) �ÒÉÎÉÍÁÅÔ ×ÉÄ C � 0, ÉÚ ÞÅÇÏ ×ÙÔÅËÁÅÔ

ÏÔÓÕÔÓÔ×ÉÅ ÎÅÎÕÌÅ×ÙÈ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ K' = ', Á ÜÔÏ É ÚÎÁÞÉÔ, ÞÔÏ 1 ÎÅ Ñ×ÌÑÅÔÓÑ

ÓÏÂÓÔ×ÅÎÎÙÍ ÞÉÓÌÏÍ Ï�ÅÒÁÔÏÒÁ K. ðÏ ÔÅÏÒÅÍÅ æÒÅÄÇÏÌØÍÁ [2℄ × ÜÔÏÍ ÓÌÕÞÁÅ (22)

ÉÍÅÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÎÅ�ÒÅÒÙ×ÎÏÅ ÒÅÛÅÎÉÅ ÄÌÑ ÌÀÂÏÊ f . �

5.4. áÎÁÌÉÔÉÞÎÏÓÔØ ÒÅÛÅÎÉÑ �Ï �ÁÒÁÍÅÔÒÕ. ðÕÓÔØ � | ÏÂÌÁÓÔØ × C É U = fz 2

C j �a � Im z � ag, a > 0. ðÕÓÔØ K(�; x; y) | ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ × ÏËÒÅÓÔÎÏÓÔÉ

ÍÎÏÖÅÓÔ×Á � � U

2

× C

3

, É �ÕÓÔØ f(�; y) | ÁÎÁÌÉÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ × ÏËÒÅÓÔÎÏÓÔÉ

ÍÎÏÖÅÓÔ×Á � � U × C

2

. âÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ K(�

0

; x; y) (1; 1)-ÂÉ�ÅÒÉÏÄÉÞÎÁ É

f(�

0

; x) 1-�ÅÒÉÏÄÉÞÎÁ �ÒÉ ÌÀÂÏÍ ÆÉËÓÉÒÏ×ÁÎÎÏÍ �

0

2 �.

ðÒÉ � 2 � ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ K

�

: C([0; 1℄)! C([0; 1℄) ÉÎÔÅÇÒÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ æÒÅÄ-

ÇÏÌØÍÁ ' 7!  ,  (x) =

R

1

0

K(�; x; y)'(y)dy. óÌÅÄÕÀÝÁÑ ÌÅÍÍÁ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ×Ù-

ÔÅËÁÅÔ ÉÚ ÒÅÚÕÌØÔÁÔÏ× æÒÅÄÇÏÌØÍÁ × ÅÇÏ ÏÓÎÏ×Ï�ÏÌÁÇÁÀÝÅÊ ÓÔÁÔØÅ [2℄ (ÂÏÌÅÅ ÏÂÝÉÊ

ÆÁËÔ ÄÏËÁÚÁÎ × [11℄).

ìÅÍÍÁ 5.6. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ 1 ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÞÉÓÌÏÍ Ï�ÅÒÁÔÏÒÁ K

�

�ÒÉ ×ÓÅÈ � 2 �. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ � 2 � ÓÕÝÅÓÔ×ÕÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÒÅÛÅÎÉÅ '(�; x)

ÕÒÁ×ÎÅÎÉÑ

'(�; x) =

Z

1

0

K(�; x; y)'(�; y) dy+ f(�; x) (31)

É �ÒÉ ÜÔÏÍ ÆÕÎË�ÉÑ '(�; x) ÁÎÁÌÉÔÉÞÎÁ × ÏËÒÅÓÔÎÏÓÔÉ ÍÎÏÖÅÓÔ×Á �� U .

äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ÒÅÚÕÌØÔÁÔÏ× æÒÅÄÇÏÌØÍÁ [2℄ (ÓÍ. ÔÁËÖÅ [6℄) �ÒÉ ×ÓÅÈ � 2 �

ÒÅÛÅÎÉÅ '(�; x) ÓÕÝÅÓÔ×ÕÅÔ É ÅÄÉÎÓÔ×ÅÎÎÏ �ÒÉ ÎÁÛÉÈ �ÒÅÄ�ÏÌÏÖÅÎÉÑÈ, É ÅÇÏ ÍÏÖÎÏ

�ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ

'(�; x) = f(�; x) +

Z

1

0

D(�; x; y)

D(�)

f(�; y) dy;

ÇÄÅ

D(�) =

1

X

n=0

(�1)

n

A

n

(�)

n!

; D(�; x; y) =

1

X

n=0

(�1)

n

B

n

(�; x; y)

n!

; (32)

A

n

(�) =

Z

[0;1℄

n

K(�;x;x) dx; B

n

(�; x; y) =

Z

[0;1℄

n

K(�; x;x; y;x) dx;
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K(�; x

1

; : : : ; x

n

; y

1

; : : : ; y

n

) = det

�

K(�; x

i

; y

j

)

�

n

i;j=1

:

ëÁË �ÏËÁÚÁÎÏ × [2℄, D(�) ÎÅ ÏÂÒÁÝÁÅÔÓÑ × ÎÏÌØ ÎÁ U (�ÏÔÏÍÕ ÞÔÏ 1 ÎÅ Ñ×ÌÑÅÔÓÑ ÓÏÂ-

ÓÔ×ÅÎÎÙÍ ÞÉÓÌÏÍ Ï�ÅÒÁÔÏÒÁ K

�

�ÒÉ � 2 �). ñÓÎÏ ÔÁËÖÅ, ÞÔÏ ÆÕÎË�ÉÉ A

n

É B

n

ÁÎÁÌÉÔÉÞÎÙ × � É × � � U

2

ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, É �ÒÉ ÜÔÏÍ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á áÄÁÍÁÒÁ

j detN j � n

n=2

max

i;j

jN

ij

j ÓÌÅÄÕÅÔ ×ÅÒÈÎÑÑ Ï�ÅÎËÁ (ÓÒ. Ó [2, ÓÔÒ. 368, ÓÔÒÏËÁ 4℄):

jA

n

(�)j � n

n=2

M(�)

n

; jB

n�1

(�; x; y)j � n

n=2

M(�)

n

;

ÇÄÅ M(�) = sup

(x;y)2U

2

jK(�; x; y)j. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÒÑÄÙ (32) ÓÈÏÄÑÔÓÑ Ë ÁÎÁÌÉÔÉÞÅ-

ÓËÉÍ ÆÕÎË�ÉÑÍ, ÉÚ ÞÅÇÏ ×ÙÔÅËÁÅÔ ÄÏËÁÚÙ×ÁÅÍÙÊ ÒÅÚÕÌØÔÁÔ. �

6. îÅ�ÒÉÍÉÔÉ×ÎÙÅ �ÅÌÏÞÉÓÌÅÎÎÙÅ ÔÒÉÁÎÇÕÌÑ�ÉÉ

ïÂÏÚÎÁÞÉÍ ÞÉÓÌÏ ×ÓÅÈ (ÎÅÏÂÑÚÁÔÅÌØÎÏ �ÒÉÍÉÔÉ×ÎÙÈ) �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ

�ÒÑÍÏÕÇÏÌØÎÉËÁ m� n ÞÅÒÅÚ f

np

(m;n) É �ÏÌÏÖÉÍ



np

= lim

n!1

log

2

f

np

(n; n)

n

2

:

ðÒÅÄÌÏÖÅÎÉÅ 6.1. 

np

� 4:735820221:::

äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÂÏÚÎÁÞÉÍ N = n

2

. ìÀÂÕÀ �ÅÌÏÞÉÓÌÅÎÎÕÀ ÔÒÉÁÎÇÕÌÑ�ÉÀ ÍÏÖÎÏ

�ÏÄÒÁÚÂÉÔØ ÄÏ �ÒÉÍÉÔÉ×ÎÏÊ. óÌÅÄÏ×ÁÔÅÌØÎÏ, �ÅÌÏÞÉÓÌÅÎÎÁÑ ÔÒÉÁÎÇÕÌÑ�ÉÑ ÏÄÎÏÚÎÁÞÎÏ

Ï�ÒÅÄÅÌÑÅÔÓÑ ×ÙÂÏÒÏÍ �ÒÉÍÉÔÉ×ÎÏÊ ÔÒÉÁÎÇÕÌÑ�ÉÉ É ÍÎÏÖÅÓÔ×ÏÍ ÅÅ ÒÅÂÅÒ, �ÏÄÌÅÖÁ-

ÝÉÈ ÕÄÁÌÅÎÉÀ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ f

np

k

(n; n) ÞÉÓÌÏ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ Ë×Á-

ÄÒÁÔÁ n� n, ÉÍÅÀÝÉÈ k ×ÎÕÔÒÅÎÎÉÈ ×ÅÒÛÉÎ, É ÚÎÁÞÉÔ, � 3k ÒÅÂÅÒ. �ÏÇÄÁ

f

np

k

(n; n) � 2

N

C

3k

3N

(33)

(ÎÁ�ÏÍÎÉÍ, ÞÔÏ 2

N

| ÜÔÏ Ï�ÅÎËÁ ÞÉÓÌÁ �ÒÉÍÉÔÉ×ÎÙÈ �ÅÌÏÞÉÓÌÅÎÎÙÈ ÔÒÉÁÎÇÕÌÑ�ÉÊ).

ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÞÉÓÌÏ ÔÒÉÁÎÇÕÌÑ�ÉÊ Ó ×ÅÒÛÉÎÁÍÉ × �ÒÏÉÚ×ÏÌØÎÏÍ ÍÎÏÖÅÓÔ×Å ÉÚ

k ÔÏÞÅË ÎÁ �ÌÏÓËÏÓÔÉ ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ 30

k

(ÓÍ. [10℄), ÓÌÅÄÏ×ÁÔÅÌØÎÏ,

f

np

k

(n; n) � 30

k

C

k

N

: (34)

ï�ÅÎËÉ (33) É (34) × ÓÏ×ÏËÕ�ÎÏÓÔÉ Ó ÆÏÒÍÕÌÏÊ óÔÉÒÌÉÎÇÁ ÄÁÀÔ



np

� max

0�x�1

min

�

3h(x) + ; h(x) + x log

2

30

�

; (35)

h(x) = �x log

2

x� (1� x) log

2

(1� x):

ðÒÉÍÅÎÑÑ Ï�ÅÎËÕ  � 4 log

2

1+

p

5

2

(ÓÍ. [7℄, [12℄, [13℄), �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÙÊ ÒÅÚÕÌØÔÁÔ

(ÍÁËÓÉÍÕÍ × (35) ÄÏÓÔÉÇÁÅÔÓÑ �ÒÉ x = 0:83206855). �
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