ALGORITHMIC RECOGNITION OF QUASIPOSITIVE
4-BRAIDS OF ALGEBRAIC LENGTH THREE

S.Yu. OREVKOV

ABSTRACT. We give an algorithm to decide whether a given braid with four strings
is a product of three factors which are conjugates of standard generators of the braid
group. The algorithm is of polynomial time. It is based on the Garside theory.
We give also a polynomial algorithm to decide if a given braid with any number of
strings is a product of two factors which are conjugates of given powers of the stan-
dard generators (in my previous paper this problem was solved without polynomial
estimates).

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this paper we continue the study started in [18] and [20]. Let G be a Garside
group with set of atoms A, for example, G = Br,, — the braid group and A =
{o1,...,0n—1} — the set of its standard generators (called also Artin generators).
Recall that Br, is generated by A subject to the relations

oi0j = ojo; for |i — j| > 1; oi0;0; = 00,05 for |i — j| = 1.

If an element of G is a product of conjugates of atoms, we say that it is A-
quasipositive or just quasipositive when it is clear which A is meant. Note that for
Artin-Tits groups (in particular, for braid groups) the notion of quasipositivity does
not depend on the choice between the standard or the dual Garside structure. We
are looking for a solution to the Quasipositivity Problem — the algorithmic problem
to decide whether a given element of GG is quasipositive or not. This problem arises
in the study of plane complex algebraic or pseudoholomorphic curves, see, e. g.,
[22, 6, 15-17, 19].

Let e : G — Z be the homomorphism which takes all atoms to 1. The value e(X)
is called the algebraic length or exponent sum of X. The quasipositivity problem
for n-braids is solved in [18] for n = 3 and in [20] for any n but only for braids of
algebraic length two. Note that the case n < 3 is trivial and the case e(X) < 2 is
the simplest particular case of the conjugacy problem. The case n =4, e(X) = 3
is done in the present paper, see Theorem 1.4.

In fact, a slightly more general problem is solved in [20]. We found an algorithm
to decide whether a given braid X is a product of two conjugates of atom powers.
The algorithm in [20] is rather efficient in practice but no polynomial time bounds
are known for it. Here we give a polynomial time solution to this problem; in the
case of braid groups, it is also polynomial with respect to the number of strings.
Namely, Theorem 1.1 states that if X is a product of two conjugates of atom
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powers, then each element of the super summit set SSS(X) for the Birman-Ko—
Lee Garside structure satisfies a certain quickly checkable condition (see Corollary
1.2 and Proposition 3.10), and it is known [5] that an element of SSS(X) can be
computed in polynomial time.

Theorem 1.1 also plays a central role in our proof of Theorem 1.4 (the main
result of the paper) which states that if a 4-braid X with e(X) = 3 is quasipositive,
then SSS(X) contains an element of the form zY for an atom = and a quasipositive
braid Y of algebraic length 2. So, Theorem 1.4 solves the quasipositivity problem
for 4-braids X with e(X) = 3. This solution is of polynomial time provided a
polynomial upper bound for the size of SSS(X). Such a bound is given by S.-
J. Lee [14; Corollary 4.5.4]. Note that recently Calvez and Wiest [7] independently
obtained the main result of [14; Chapter 4] (a polynomial time solution to the
conjugacy problem in Bry) by similar methods.

Let us give precise statements of the main results. For elements a, b of a group
G we set b® = a"'ba, b = {b° | ¢ € G}, and we write a ~ b if a € b¥. When
speaking of Garside groups, we use the terminology and notation from [20] which
is mostly the same as in [13]; see Section 2.1 for a very brief summary.

Theorem 1.1. Let (G,P,d) be a homogeneous symmetric square free Garside
structure of finite type (for example, the Birman-Ko-Lee Garside structure on Bry,)
and let A be the set of atoms.

Let Z € SSS(Z) N ((xk)G(yl)G) where k,l > 1 and x,y € A. Then, up to
exchange of x* and y', one of the following possibilities takes place:

(i) Z = XY where X ~ 2% Y ~y, and {(Z) = 4(X) + £(Y);
(i) Z=a2PYa" P where Y ~yl, 21 € 26 NA, 0<p <k, and ((Z) = k+L(Y);
(ili) Z = 2Pylal ™ where 2y € 29N A, y1 €y“ N A, and 0 < p < k.

Using the blocking property [20; Corollary 7.2] (see Theorem 3.3 below), Theo-
rem 1.1 implies the following result.

Corollary 1.2. Let the hypothesis of Theorem 1.1 hold and inf Z < 0.

If Case (i) occurs, i. e., if Z = (x§)F (y})Q with x, € 2 N A, y1 €y“ N A, and
U(P)+ Q) > 1 (we may assume also that inf P = inf Q = 0 and that ||P|| and
Q|| are minimal possible) then the left normal form of Z is

P Ay - A, O - Crypig Yt - Bi-... - B (1.1)
where Ay - ...+ Ay, Ci-... - Cripiq, and By - ... By are the left normal forms of

SPT=(P~1), §92¥ PQ ™Y, and Q respectively.

If Case (ii) occurs, i. e., if Z = a2(y)) Qa7 with 1 € 29N A, y1 € y© N A,
and £(Q) = n > 1 (we may assume also that inf Q = 0 and that ||Q|| is minimal
possible) then the left normal of Z is

57" Ch. . Cpyn -y Bye... By -2t ? (1.2)

where Cy - ... - Cpyp and By - ... B, are the left normal forms of 6”%}@_1 and Q)
respectively. [

All possibilities for the left normal forms of Z in Case (iii) of Theorem 1.1 are
listed in Proposition 3.10.
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Note that due to Corollary 1.2, it is very fast to check whether Z satisfies Con-
ditions (i) or (ii): it is enough to recognize the pattern 3} in the left normal form
of Z and to check (using Theorem 3.2) whether we obtain a conjugate of z* after
its removal; then, of course, the same should be done with z* and y' swapped. If
inf Z > 0, then Condition (iii) can be checked for all pairs of atoms (z1,%7) from
(x9) x (y%) (Proposition 3.10 can be used to reduce the number of tests).

Corollary 1.3. Let the hypothesis of Theorem 1.1 holds and inf Z < 0. Then
any cycling orbit of USS(Z) and any decycling orbit of USS(Z~1)~! contains an
element whose left normal form is as in [20; Theorem 1b], i. e., of the form (1.2)
with p = 0.

This fact was conjectured in [20; Remark (4) on p. 1083]. In particular, it gives a
proof of [20; Theorem 1b] independent of the transport properties of cyclic sliding.
Theorem 1.1 and Corollary 1.3 are proven in Section 3. An important ingredient of
the proof is the blocking property of square free homogeneous symmetric Garside
structures [20; Section 7] (see Theorem 3.3).

Theorem 1.4. Let (G,P,d) be a square free homogeneous symmetric Garside
structure of finite type such that ||6|| = 3 (for example, the Birman-Ko-Lee Garside
structure on Bry) and let A be the set of atoms.

Let X € a{aSa$ with a1, as, a3 € A. Then there exists a permutation (x,y,2) of
(a1, as,asz) such that SSS(X) contains an element of the form x1Y with x1 € %NA,
Y € y©2& such that either infY = infx,Y orY € P.

So, this theorem reduces the quasipositivity problem for the case e(X) = 3 to
the quasipositivity problem for the case e(X) = 2. Theorem 1.4 is an immediate
consequence of Lemmas 5.1 — 5.4.

Remark 1.5. It seems plausible that Theorem 1.4 holds with minor changes for
products of three conjugates of given powers of atoms.

Remark 1.6. The following example shows that SSS(X) cannot be replaced by
USS(X) in Theorem 1.4. We consider the 4-braid
o102 20t
X =05"""0y""2 032
Then, for the Birman-Ko—Lee Garside structure on Bry, we have: (4(X) = 12,
inf; X = —5, sup, X =7, all elements of USS(X) are rigid, and | USS(X)| =48. A
computation shows that 2717 is not quasipositive for any x € A, Z € USS(X).

In Section 6 we give a summary of those results from Lee’s thesis [14] about
the structure of SSS(X) which extend to any homogeneous Garside group with
|A|| = 3. This section is independent of the rest of the paper.

2. (GARSIDE GROUPS

2.1. Notation and some definitions. Given two elements a, b of a group G, we
set b® = a~'ba and b® = {b¢ | c € G}.

Garside groups were introduced in [10, 9] as a class of groups to which Garside’s
methods [12] extend. We use the definitions and notation for Garside structures
introduced in [13] and reproduced almost without changes in [20]. So, a Garside
structure on a group G is (G, P,A) where A is the Garside element and P =
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{X | X = 1}; we set 7(X) = X?; we denote the infimum, supremum, canonical
length, and (when X € P) letter length of X € G by inf X, sup X, ¢(X), and
| X || respectively; we denote the minimal values of inf Y, sup Y, and ¢(Y") over all
Y € X% by inf, X, sup, X, and £,(X) (see details in [13, 20]).

The only difference between the notation in [13] and in [20] is that we denote
the set of simple elements by [1, A] instead of the commonly used notation [0, 1].
We set also |1, A] = [1, A]\ {1}, [, A[ = [1,A]\ {A}, |1, A] = [1, A]\ {1}.

The only new terminology introduced in [20] is the following. We say that a
Garside structure is homogeneous if | XY || = || X|| + ||V for any X,Y € P. In
this case we define a group homomorphism e : G — Z by setting e(X) = || X||
for X € P. A Garside structure is called symmetric if A <X B & B > A for
any simple elements A, B and it is called square free if 22 £ A for any atom x.
The main example of symmetric homogeneous square free Garside structures are
the dual Garside structures on Artin-Tits groups of spherical type introduced by
Bessis [1], in particular, the Birman-Ko-Lee Garside structure [4] on Br,. Another
example is the Garside structure on the braid extension of the complex reflection
group G(e, e, r) introduced in [2].

In this paper we denote the Garside element by A when we speak of an arbitrary
Garside structure, but we denote it by ¢ (as in [4]) if the Garside structure under
consideration is supposed to be homogeneous and symmetric.

We denote the left (resp. right) ged and lem of X and Y by X AY and X VY
(resp. by X A'Y and X V'Y). We denote the usual (i. e., left) cycling, decycling,
and cyclic sliding operators by c, d, and s respectively. We denote the initial factor,
final factor, and preferred prefix of X by +(X), ¢(X), and p(X). So, ¢(X) = XX,
d(X) = X0 s(X) = X?(X) We denote the right counterparts of ¢, d, ¢, ¢ by
c,d", ., 0" i e, if Ay ... A, - AP, > 1, is the right normal form of X, then

O(X) =P(A), @'(X) =4y, (X)=X"0T d(X)=x¢0,

2.2. Some facts about general Garside groups. Let (G, P, A) be any Garside
structure of finite type.

Lemma 2.1. Let XY € G. Then:
(a). inf XY > inf X +inf Y if and only if A < (X)u(Y
(b). sup XY < sup X +supY if and only if p(X)e"(Y)

Proof. (a). See [20; Lemma 2.4].

(b). Follows from (a) applied to Y ~! and X ~!. Indeed, suppose that sup XY <
sup X +supY. Then inf Y 71X ! =inf(XY)™ ! = —sup XY > —sup X —supY =
inf X! +infY~'. Hence A < ¢"(Y™1)(X~1) by (a). Note that p(X)u(X 1) =
J(Y D (Y) = A, thus A <OV DX = (Ap"(Y) ) (p(X)"TA) whence
1< ¢ (V) lo(X) A and, finally, o(X)p (V) < A. O

Lemma 2.2. Let sup XsY < sup X +supY where X,Y € G, s € [1,A]. Then
there exist u,v € [1, A] such that s = uv, sup Xu = sup X, and supvY =supY.

Proof. 1f sup Xs < sup X, then we just set u = s, v = 1 and we are done. So,
assume that sup X s = sup X +1. Then, by Lemma 2.1b, we have ¢(Xs)¢ (V) < A.
Let v = ¢(Xs). Then s = v by Lemma 2.5, i. e., s = uv for some u € [1, A]. Since
v = @(Xuv), we have sup Xuv = sup Xu+ sup v, hence sup Xu = sup Xs—supv =
sup Xs — 1 =sup X. Since vp"(Y) < A, we have supvY =supY. 0O
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Lemma 2.3. [8; Prop. 3.1]. Suppose that X = Ay-As-...- A, isin left normal form
(A; €]1,A[,i=1,...,7r), and let Ay be a simple element. Then the decomposition
ApX = Aj- Al -. . .- Al is left weighted where the AL’s are defined recursively together
with simple elements to, ..., t,. by the conditions that to = Ao, A,_, - t; is the left
normal form of t;_1A; fori=1,...,r, and A, =t,. We have A, # A fori >0
and A, # 1 for i <r (but it is possible that Ay = A or Al =1). O

Corollary 2.4. Under the hypothesis of Lemma 2.3, suppose that sup AgX =
sup Ao +sup X and ||A4;|| =1 for some i € {1,...,r}. Then p(AoX)=¢(X). O

Lemma 2.5. [8; Prop. 3.3]. Suppose that X = Ay - Ay -...- A, is in left normal
form with A; € ]1,Al andi = 1,...,r. Let A,11 be a simple element. Then the
decomposition X App1 = Af - ... - Al is left weighted where the A} are defined
recursively together with simple elements A%, ..., A} by the conditions that A, =
Apqr, Ay - ALy is the left normal form of A;Ai, fori=r,...,1, and A} = A7.
We have A # A fori>1 and A # 1 for i <r (but it is possible that A] = A or

3. SUPER SUMMIT SET OF A PRODUCT OF TWO CONJUGATES OF ATOM
POWERS IN SQUARE-FREE HOMOGENEOUS SYMMETRIC (GARSIDE GROUPS

In this section we prove Theorem 1.1 and Corollary 1.3. Throughout this section
(G,P,0) is a square free symmetric homogeneous Garside structure with set of
atoms A.

3.1. Preliminaries.

Lemma 3.1. [20; Lemma 3.1]. Letx € A and A€ P. If A <0, (resp. Ax < 9),
then there exists x1 € 2% N A such that tA = Az, (resp. Az = x1A).

Proof. Immediately follows from the fact that the Garside structure is symmetric
and homogeneous. [J

The following three results are proven in [20].

Theorem 3.2. [20; Theorem la]. Let X ~ z* where x € A, k > 1. Then the left
normal form of X is 6~ ™ - A, -...- A -x’f~Bl~...-Bn wheren >0, x1 € 2N A,
and A; 0" 1B; = 8 fori=1,...,n. In particular, {(X) =k+2n=k—2inf X. O

Theorem 3.3. (Blocking property [20; Corollary 7.2]). Let X ~ z* where x € A,
X &P, k>1. Let U € G be such that inf XU = inf X +infU. Then «(XU) =
uX). O

Lemma 3.4. [20; Lemma 7.5]. Let A € [1,6] and P € P. Then 6 N (AP) =6 A
(A2P). In particular, if X € G is such that inf AX = inf X, then 1(A2X) = 1(AX)
and inf A2X =inf AX =infX. O

Remark 3.5. The conclusion of [20; Lemma 7.5] was erroneously stated in the
form ((AP) = 1(A%P). This is wrong in general without the assumption § # AP as
one can see in the example G = Bry (with the Birman—Ko—Lee Garside structure,
thus § = 030201), A = 0901, P = 72(A), and hence ((AP) = 09, t(A%P) = A. The
statement and the proof of [20; Lemma 7.5] become correct if one replaces all ¢(. . .)
by d A (...). This mistake does not affect the usage of the lemma in the proof of
the blocking property.
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Lemma 3.6. Let x € A, k > 1, X € (2%)9, s € [1,8]. If £(Xs) < U(X) or
((s71X) < UX), then £(X*) < 4(X).

Proof. If £(Xs) < £(X), then £(X?®) = £(s71Xs) < l(s71) +4(Xs) <1+ 4(X5s)
14 4(X). We have also £(X?®) = k= {¢(X) mod 2 by Theorem 3.2. Hence £(X*)
¢(X). The case £(s71X) < ¢(X) is similar. O
Lemma 3.7. Letz € A, k>1, X € (z*)%, U € G, s € [1,5]. Suppose that

supUXs <supUX =supU + sup X. (3.1)
Then £(X?%) < 0(X).
Proof. The case s € {1,0} is trivial, so we assume that s € |1,4[. By Lemma 3.6,
it is enough to show that sup Xs < sup X. Suppose the contrary:

sup Xs =sup X + sups. (3.2)

<
<

The inequality in (3.1) can be rewritten as supUXs < supUX + sups. By com-
bining it with (3.2) and the equality in (3.1), we obtain

supUXs <supUX +sups =supU +sup X +sups =supU + sup Xs.

By Lemma 2.1b, this implies ¢(U)p"(Xs) < 6. By Corollary 2.4 combined with
(3.2) and Theorem 3.2, we have ¢"(Xs) = ¢"(X). Hence o(U)p"(X) < § which
contradicts the equality in (3.1). O

3.2. Products of two atoms. Normal forms in Case (iii) of Theorem 1.1.
Recall that (G,P,d) is a square free symmetric homogeneous Garside structure
with set of atoms A.

Proposition 3.8. Let x and y be two atoms such that xy < 0. Then there exist
m > 2 and pairwise distinct atoms ay,...,a, (we assume that the indices are
defined mod m) such that:
(i) z = a1, y = ag, and a;a;+1 = xy for any i;
(ii) ajqo = ai? for any i;
(iii) the product a; - a; is left weighted unless j =i+ 1 mod m.

Proof. We define aq, as, ... recursively by a; = z, as = y, a;a,4+1 = a;_1a;. Then
all a; are atoms by Lemma 3.1 and (i) holds; (ii) follows from (i). Let us prove (iii).
Suppose that a; - a; is not left weighted, i.e., a;a; < 0. Note that a; V a; = zy.
Since the Garside structure is symmetric, we have a; < a;a; and a; < a;a;. Hence
xy = a; V aj < a;a;. Since ||zy|| = ||a;q ], it follows that a;a; = 2y = a;a,41
whence a; = a;41. U

For z,y € A, we set
0, if x -y is left weighted,

My = 1, if = Y,
m, if zy < 0 and m is as in Proposition 3.8.

Remark 3.9. It follows from Proposition 3.8 that the submonoid of G generated
by any pair of atoms is either free or isomorphic to the positive monoid of the
dual Garside structure in an Artin-Tits group of type Iz(m) (see [21; Proposition
1.2]). It is interesting to study if the same is true for the subgroup of G' generated
by a pair of atoms. Note that the subgroup generated by a submonoid M of a
group is not necessarily isomorphic to the group of fractions of M. For example,
the submonoid M of Brs generated by o; and o 1'is free whereas the subgroup
generated by M is the whole Brs which is not a free group.
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Proposition 3.10. (a). Let Z = z*y' where k,1 > 1 and x,y € A, x # y. Then
Z & SSS(Z) if and only if one of the following conditions holds:
(i) My,z = 3;
(ii) poy =3, k=1, andl > 3;
(iii) pay=3,1=1, and k > 3.
If Z € SSS(Z), then the left normal form of Z is

xk.yl Z.me’y:Hy:xZO’

(zy)h -yl =k if poy =2 and k <1 (the case | < k is similar),
Ty - (xy)k:—l : yl_l ifﬂx,y Z 3.

(b). Let Z = xPy'x? where p,q,1 > 1 and x,y € A, vy # yx. Then Z ¢ SSS(Z) if
and only if one of the following conditions holds:

(i) poy =3, p=1=1, and g > 2;

(i) pyz=3,qg=101=1, andp > 2.
If Z € SSS(Z), then the left normal form of Z, is

(1P . yl . x4 if Py = Py = 0,
Ty - x’f_l cyt=l. 2 if either Py =>4, 0T flpy =3 and | > 2,

yr - ah - ys L oxth i either puy . > 4, or iy, =3 and 1 > 2,
(xy)?-yP=2 - 297 iy, =3 andl =1,

L (yz)2-yo ! g2 if pyo =3 andl =1

where x1, To, and ys are defined by ry = yr1 and yxr = xys = Ysxs.

Proof. A straightforward computation using Proposition 3.8. To see that the listed
elements Z are in the super summit set, it is enough to check that in each case
s(Z) belongs to the same list and ¢(s(Z)) = ¢(Z). Thus £(s™(Z)) = ¢(Z) for any
m whence Z € SSS(Z) by [13]. O

3.3. Proof of Theorem 1.1 and Corollary 1.3. Recall that (G, P, ) is a square
free symmetric homogeneous Garside structure with set of atoms A.
For x,y € A and k,l > 1, we set:
=1 I AN k l _ —
((XY) = {(X) + ((Y)},
g_;'m(mk,yl) —{Z =Y P Y ~ gl a2 NANY) =204+,
ts(Z) = k+£(Y)},

V(b oy ={Z = Pyt Py e NA y ey© N A ZeSSS(2)}

and G(z",y") = (2%, y') U G"(a*,y") UG (2", y') where

¢O=U a.0 0= U 6&.0, ¢"0= U &0,

p,q>0 0<p<k;n=>0 0<p<k

G*(z", ") = G*(«*, 4" UG (i, ") where * stands for * or " or ””.

=1

It is clear that Z € G(x*,y') implies Z € SSS(Z). In this notation, the conclusion
of Theorem 1.1 reads as SSS(Z) C G(a,y!). Let us fix k,1 > 1 and z,y € A.
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Lemma 3.11. Let Z € G’ 2%, yY) and let s be a simple element such that Z° €
SSS(Z). Then Z° € G(z*,y').

Proof. Let Z = XY, X ~a2F Y ~ o', 0(Z) = £(X) + £(Y). Since Z, Z* € SSS(Z),
we have ((Z) = ¢(Z°), hence {(X?®) + ¢(Y?®) > ((X°Y?®) = £(Z°) = ¢(Z). On
the other hand, we have £(X®) < £(s71) + £(X) + £(s) = £(X) + 2 and, similarly,
0(Y?®) < L(Y)+ 2. We have also /(X?®) =k =/¢(X) and /(Y*) =1 =/¢(Y) mod 2
by Theorem 3.2. Hence

UZ) < UX5)+ Y3 <0(Z)+4, X5 +6Y®)=0Z) mod 2.

Thus ¢(X*®) 4+ £(Y®) may take only three values: ¢(Z), {(Z) + 2, and ¢(Z) + 4. We
consider separately these three cases.

Case 1. ¢(X®) 4+ £(Y?®) = £(Z). The result immediately follows.

Case 2. {(X®)+£(Y®) = ¢(Z) + 2. Then, for (U, V) = (X,Y) or (Y,X), we
have £(U®) = £(U) and £(V?*) = £(V) + 2, hence inf U® = inf U, supU® = sup U,
infV*=infV — 1, supV?® =supV + 1 and we obtain

inf X°+infY® =inf Z° — 1 and supX°®+supY®=supZ°+1. (3.3)

Case 2.1. inf X® = 0 or inf Y* = 0. Without loss of generality we may assume
that inf X* = 0, i. e., X® = 2% where 21 € 2% N A. In this case we have ((X*) =
0(X) and £(Y?®) = 0(Y) + 2. Let (A,B) = («(Y?®), ¢(Y*)). Then, by Theorem
3.2, we have Y* = A5~V B with £(Y;) = £(Y*) — 2 = {(Y), BA = §, and hence,
Y* = Y®. By (3.3) combined with Lemma 2.1b, we have 6 < ¢"(X*).(Y*). Since
L1(X*®) = x1, we obtain § < x1A. Since, moreover, ||6]| > ||lz1|| + ||A]|, this yields
1A = 4. Since BA = 0, we obtain B = x1, hence

78 =2hys = 2hy P = x]f_llel.

Since Y7 ~ y! and £(Y;) = £(Y), we conclude that Z° € G(x*, ).

Case 2.2. inf X* < 0 and infY® < 0. Let (4, B) = (¢"(X?®),."(X*)) and
(C,D) = (1(Y?),p(Y?)). Then, by Theorem 3.2, we have X® = A6 1X;B and
Y® = C6 V1D where BA=DC =6, X1 ~X,Y; ~ Y, {(X;) = {(X?) — 2, and
((Y1) = £(Y*) —2. By (3.3) combined with Lemma 2.1b we have :(X*)(Y*) = E§
for some F € [1,0]. Hence

7%= A5 'X,BCS'YiD = A5 ' X, EY,D = § *AX,EY.D

where A = f_l(A). SinceNAB = C7(D) = 4, we have 6> = ABCT(D) =
AESéT(D) = AEDGS whence AED = 6.

Case 2.2.1. ((AX,) < £(X,) or £(Y1D) < ¢(Y;). By symmetry, it is enough to
consider only the latter case. So, let /(Y1D) < ¢(Y7). Then, by Lemma 3.6, we
have £(YP) < £(Y7). Since

Z* =5 'AX EDYP = XFPyP

and

UXTP) +L(YP) < (0(Xq) +2) + £(Y1) = 6(X7) + (((Y?) = 2) = ((Z°),
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we conclude that Z° € G(x*, y).

Case 2.2.2. ((AX,) = £(X,)+1 and ¢(Y1D) = £(Y1)+1. Let us show that this is
impossible. Indeed, in this case we have sup AX; =sup A+sup X; =sup X;+1 =
sup X® and similarly sup Y1 D = sup Y*. By (3.3), this yields

sup AX; +sup¥iD =sup X* +supY® =sup Z° + 1 = sup AX; EY; D.

By Lemma 2.2, this implies that there exist u,v € [1,4] such that £ = wwv,

sup AX u = sup AX;, and supvY1 D = sup Y1 D. Then, by Lemma 3.7, we have
0(X5) < 4(X1) and £(Ys) < £(Y7) where X = u=' X u and Yo = vYjv~ L. Since

7 = 5 PAXuvY1 D = 6L AuXoYouD = (XoY5)P,

we obtain (4(Z) < £(X2Ys) < U(Xo) +4(Yse) < U(X1)+L4(Y1) =4(X®)+4(Y®)—4 =
0(Z°) — 2, a contradiction.

Case 3. U(X®)+£(Y®) =4(Z) + 4. Let us show that this case is impossible. We
have £(s71Xs) = £(s™1) +4(X) +£(s) and £(s71Ys) = £(s71) + £(Y) + £(s), hence

(s71X) =£(s7Y) +4(X) and  L(Ys)=L0Y)+L(s) (3.4)

whence
sups X =sups +supX =supX and supYs=supY +sups=supY + 1.
Thus

sups ' X +supYs=supX +supY +1>supX +supY
=supZ =sup Z° =sups ' XVs.
By Lemma 2.1b, this implies ¢(s7'X)¢"(Ys) < 8. We have p(s™'X) = p(X) by

(3.4) combined with Corollary 2.4. Similarly, »"(Y's) = ¢"(Y). Thus we obtain
©(X)p " (Y) < 6 which contradicts the condition £(XY) = £(X) +£(Y). O

Lemma 3.12. Let Z € G'(zF,y") and let s be a simple element such that Z* €
SSS(Z). Then Z* € G(z*,y").

Proof. Let Z = 2}Yxd where z1 € 2 N A Y ~ 9l p+q=Fk, £(Z) = L(Y) + k.
If p =0 or ¢ =0, then Lemma 3.11 applies. So, we assume that p,q > 0. Let us
show that

sups 17 < sups~! +supZ or sup Zs < sup Z + sup s. (3.5)

Indeed, suppose that the left inequality in (3.5) does not hold, i. e., sups 17 =
sups~' +sup Z =sup Z. Then

sups 1Z +sups=supZ+1>sup”Z = sup(s_lZ - S).

Hence p(s™1Z)s < § by Lemma 2.1b. Since p(s7'Z) = ¢(Z) by Corollary 2.4,
this means that ¢(Z)s < § which implies the right inequality in (3.5). Thus, (3.5)
holds.
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By symmetry, without loss of generality we may assume that the right inequality
in (3.5) holds. Then z1s = ¢p(Z)s < 0 by Lemma 2.1b. Hence, by Lemma 3. 1 we
have 15 = sz where zo = ] € % N A, and we obtain Z° = = 2hYszd I
0(Y®) < L(Y), then we are done. So, we suppose that £(Y*®) = ¢(Y) + 2. In this
case we have also inf Y* =inf Y — 1.

Let us show that

inf 25Y® > inf 28 + inf Y* or inf Yozd > inf Y° + inf 22. (3.6)

Indeed, Suppose that the right inequality in (3.6) does not hold, i. e., inf Y23 =
inf Y* + inf 2, hence

inf2b +inf Y®2d =infaf + inf Y° +infad =inf Y <infY = inf Z = inf Z°.

Then we have 6 < ¢'(2})u(Y°2z%) by Lemma 2.1a. By Theorem 3.3, we have
L(Yozd) = o(Y¥). Hence § < 1 (25)(Y®) which implies the left inequality in (3.6).
Thus, (3.6) holds.

By symmetry, without loss of generality we may assume that the left inequality
in (3.6) holds. The rest of the proof is almost the same as in Case 2.1 of Lemma
3.11. Namely, let (A, B) = (¢(Y®), ¢(Y®)). Then, by Theorem 3.2, we have Y* =
AS~YY 1B with £(Yy) = £(Y®) —2 =4(Y), BA =6, and hence, Y* = Y;®. Then we
have § < ¢"(2)u(Y®) = 22A by Lemma 2.1a combined with the left inequality in
(3.6). Since BA = 4, we obtain B = x4, hence

— S0 _ — g+1
7¢ = abYoxd = abYPad = 2f~ YmQ .

Since Y1 ~ ¢! and £(Y;) = £(Y), we conclude that Z* € G(2* y'). O

Lemma 3.13. Let Z € G (%, y') and let s be a simple element such that Z° €
SSS(Z). Then Z* € G"'(z*,y").

Proof. We shall assume that [|§]| > 3. In the case ||§]| = 2, the proof is the same
but the notation should be slightly changed.

By the same arguments as in the proof of Lemma 3.13, we may assume that the
right inequality in (3.5) holds. By Proposition 3.10, we have ||¢o(Z)] =1 or 2.

Case 1. ||p(Z2)|| = 1. Tt follows from Proposition 3.10 that, up to exchange of
the roles of 2* and 7', we may assume that Z = 27V 2? where Y =y}, z; € 29N A,
€y’ NA pt+q=k, q¢>1,and ¢(Z) = ;. The rest of the proof is the same as
in Lemma 3.12.

Note that the presentation of Z in the form as in the definition of G"'(x*, )
is not necessarily unique. For example, if k = 4, | = 1, and Z = zyx® where
xy = yz = 2z, z € A, then we work with Z = x1y1x3, cp(Z) = 2 when the right
equality in (3.5) holds, but we work with Z = 3*2'y°, ©"(Z) = y when the left
equality in (3.5) holds.

Case 2. [|p(Z)]| = 2. By Proposition 3.10, we may assume that Z = zbhy}xd
where p+q =k, 20 € 29N A, yo € y° N A, and p(Z) = uv where (u,v) is (x9, o)

r (yo,xo). By the right inequality in (3.5) combined with Lemma 2.1b, we have
w(Z)s < 9, thus uvs < 0. Hence vs < § and vs = svy, v = v® € A by Lemma 3.1.
Then we have usv; = uvs < § whence us < § and us = suq, u; = u® € A. Thus
x§ = r1 and y§ = y; with z1,y; € A, and we obtain Z° = 2yl z{ € G"'(2%,4"). O
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Proof of Theorem 1.1. As we already pointed out before Lemma 3.11, we need to
prove that SSS(Z) C G(z*,y'). We have SSS(Z)NG(x*,y!) # @. Indeed, if Z ¢ P,
then SSS(Z)NG" (z*,y') # @ by [20; Theorem 1b] (in fact, only [20; Corollary 3.5]
is needed here). If Z € P, then, again by [20; Theorem 1b], we have Z ~ Z; = 23!
where 1 € %N A, y1 € y“N.A. By Proposition 3.10a, it follows that Z; € SSS(Z),
and hence Z; € G"'(x*,y'), unless one of Cases (i)—(iii) of Proposition 3.10 occur.
However, in each of these three cases, a cyclic permutation of the word xfy! yeilds
an element Z, of SSS(Z). Then we have Zy € SSS(Z) N G" (z*, ).

By the convexity theorem [11; Corollary 4.2], any element of SSS(Z) can be
obtained from any other by successive conjugations by simple elements. Thus the
result follows from Lemmas 3.11 — 3.13. [

The following proposition shows that the cycling operator acts on the sets
G, (x",y") and G, (2¥,¢") in the most natural and expected way.

Proposition 3.14. Ifp > 0, then
C( _Z),q(xk7 yl)) - g;—l,q+1(xk7 yl) and c(g;/,n(xk7 yl)) - é;/—l,n(xk7 yl)

Note that G, (%, ') = Gl (a*,4) and Y. (%, ") = G o (4, 2%).

Proof. The first inclusion follows from Corollary 1.2. Let us prove the second one.
Let Z be as in the definition of g}’,'m(xk, y!). We may suppose that the left normal

form of Z is as in (1.2). We see from (1.2) that «(Z) = +(2?Y) = C;, = 7*(C}). By
Lemma 3.4, we have ¢(2]Y) = 1(21Y). Hence C; = 215 = sxo where s < «(Y) and
o9 € 2 N A. Thus

Z =aPsY' P = saBY 2P = Crab Ty 2b P

and

_ p—1Ix kA o p—1Ixsr k—p+1  p—1x,1_ _k—p+1 =1 k 1
c(Z)=uaf Y] PCr =25 Y'x] s=uay Y'sz, €G, 1,%y) O

Corollary 1.3 follows from Proposition 3.14.

4. HOMOGENEOUS SYMMETRIC GARSIDE GROUPS WITH ||§]] = 3
In this section we assume that (G, P, d) is a square free homogeneous symmetric
Garside structure with set of atoms A and we assume that ||d|| = 3.
If 6P - Ay -...- A, is the left normal form of X, then we denote:
01(X) = Card{i | |A;| =1}, lo(X) = Card{i | ||Ai|l = 2}. (4.1)
Lemma 4.1. Let X € G. Then

(1(X) =inf X +2sup X — e(X) and  lo(X) = —2inf X —sup X + e(X).

Proof. Follows from nq +ny = ¢(X) and nq +2ny = e¢(X) —3inf X, n; = £;(X). O
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Lemma 4.2. LetY =46P- Ay -...- A, be in left normal form, n > 3. Suppose that
infsY > p.

(a). If u(c(Y)) = 77P(Az), then infc(Y) > p.

(b). If (|| Az|l, ..., |Anl]) # (1,...,1), then infc(Y) > p.

Proof. (a). If t(c(Y)) = Ag, then c2(Y) = 6PAsz... A, Aj Ay where A; = 77P(A;).
Since inf, Y > p, it follows from [5] that inf c?(Y) > p. Hence § < A3z... A4, Ay As.
Then, by Lemma 2.1a, we have 6§ < +"(A5.. .An)fll, hence § < Ay ... A, Ay which
means that inf c(Y) > p.

(b). Suppose that (||Az||,...,[|An]) # (1,...,1). Let i > 2 be such that || A4;|| =
2. Suppose that inf c(Y) = p. Then, by Lemma 2.5, the left normal form of c(Y)
starts with 07 - Ay -...- A;. Hence infc(Y') > p by (a). Contradiction [

Lemma 4.3. LetY =46P- Ay -...- A, be in left normal form, n > 3. Suppose that
sup, Y <p-+n.

(a). If o(d(Y)) = A1, then supd(Y) < p+n.

(b). If (A1l - -, | An-1l]) # (2,...,2), then supd(Y) < p+n.

Proof. Apply Lemma 4.2 to Y~!. [0

Lemma 4.4.
(a). Let inf Y <infc(Y) andsupc(Y) =supY. Then l5(Y) > 2.
(b). Let inf Y =infd(Y) and supd(Y) <supY. Then ¢1(Y) > 2.

Proof. (a). Let A = «(Y), Y = AY;, and B = /'(Y;). The condition infY <

infc(Y) = inf Y1 A combined with Lemma 2.1a implies 6 < BA. The condition

supc(Y) = sup Y implies § # BA. Hence || BA|| > ||d]| = 3 whence || B|| = ||A|| = 2.
(b). Apply (a) to Y~ L. O

Lemma 4.5. Let /(Y) > 3 (note that this is so when e(Y) > 2 and inf Y < 0).
(a). If inf Y < inf,Y and sup, Y =supY, then inf Y < infc(Y).
(b). If inf Y =inf, Y and sup, Y <supY, then supd(Y) <supY.
(c). If Y & SSS(Y), then inf Y < infc(Y) orsupd(Y) <supY.

Proof. (a). If inf Y < infy Y, then inf Y = inf X < infc(X) where X = ¢™(Y") for
some m > 0 (see [5]). If, moreover, sup,Y = supY, then ¢5(X) > 2 by Lemma
4.4. We have l3(X) = l2(Y) by Lemma 4.1, thus ¢2(Y) > 2, and the result follows
from Lemma 4.2b.

(b). Apply (a) to Y 1.

(c¢). If infY =inf,Y or sup, Y = supY, then the result follows from (a), (b).
Otherwise it follows from Lemmas 4.2b, 4.3b because ¢2(Y) > 1 or £1(Y) > 1. O

Lemma 4.6. Let Y € a®b® where a,b € A. Suppose that inf,Y < 0 and infY =
inf, Y (i. e., Y is in its summit set). Then there exist U,V € G such that, up to
exchange of a and b, we have Y = UyV withy € a®NA, UV ~ b and the following
conditions hold: £(U) > 1, £(V) > 1, the product p(U)-y- (V) is left weighted, and
hence L(Y) =L(U) + 1+ (V).

Proof. Induction on supY —sup,Y. If supY —sup,Y = 0, then ¥ € SSS(Y),
and the result follows from Corollary 1.2. Indeed, if Y = 2zPy? with £(Y) =
2+ 20(P) +20(Q) and £(Q) > 1, then we set U = 2PQ L and V = Q; if Y = yF'2
with £(Y) = 2 + 24(P), then we set U = P~ and V = Pz.
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Suppose that supY —sup, Y > 0. Then supd(Y) =supY — 1 by Lemma 4.5b.
So, by the induction hypothesis, we assume that d(Y) = U’y’V’ with the required
properties. Without loss of generality we may assume also that inf V' = 0.

Let 6P - Ay - ... - A, be the left normal form of Y. Then the left normal
form By - ... B,_1 of §7Pd(Y) is obtained from 7P(A4,) - Ay -...- A,_1 by the
procedure described in Lemma 2.3. It follows that for some i > 1, we have
(||An||7 ||A1||7 SRR ||Ai—1||7 ||Al||) - (17 2,...,2, 1>7 (||B1||7 SR ||Bl||) - (27 .- '72)7 and

A, = B, for v > i; see Figure 1 (left). Hence we have U’ = 6?B;...B;_1, y = Bj,
V' = Bj41...By_ for some j in the range ¢ < j < n—1 and we obtain the desired
decomposition Y = UyV by setting U = AU’ = ?A;... Aj_1, y =y = Aj,
V:V/An:Aj+1---An- [

TP(A,) Ay A1 A Ay Ajpr .. A TTP(A)

Bl . Bi—l Bz 0 Bz Bi—l—l . Bn

FiGure 1. lustration to the proof of Lemma 4.6 (on the left) and
Lemma 4.7 (on the right)

Lemma 4.7. Let Y € a®b% where a,b € A. Suppose that sup,Y > 1, supY =
sup, Y (i. e., Y1 is in its summit set), and ||p(Y)|| = 1. Then there exist U,V € G
such that, up to exchange of a and b, we have Y = UyV withy € a® N A, UV ~ b
and the following conditions hold:

(i) V) = 1;

(ii) L(yV) =1+ L£(V);

(iii) if £(U) > 0, then the product p(U) - «(yV') is left weighted;

(iv) if £(U) > 0, then Lo (o(U)yV) > 1.
Note that (ii) and (iii) imply £(Y) = L(U) + 1+ £(V).

Proof. Induction on inf, Y —infY. If inf,Y —infY = 0, then Y € SSS(Y),
and the result follows from Corollary 1.2. Indeed, if Y = yP2®@ with £(Y) =
2 4 20(P) + 20(Q), then we set U = P~ and V = Pz,

Suppose that infg Y —inf Y > 0. Then infc(Y) = inf Y +1 by Lemma 4.5a. Let
6P - Ay -...- A, be the left normal form of Y. We set A; = 771(4;). TheP the left
normal form 6 - By - ...- B, of 6 Pc(Y) is obtained from (A4s -...- A,)A; by the
procedure described in Lemma 2.5:

(Ag ... ApAT =(Ag-...- Ay 1)(Cr - By) = ...
(AQ et Ai—l . Az)(CH—l . Bi_|_1 ot Bn>
(0-Bg-...-Bi—1-Bj-...-By)

where 2 < ¢ < n, all the products in the parentheses are left weighted, and
B, =71(Ay)) for v=2,...,i— 1. It follows that (||A:|[, [|Ait1ll,---,||Axl; ||A1]]) =
(2,1,...,1,2) and (|| Bil|,-.., ||Bnll) = (1,...,1); see Figure 1 (right).Note that the

condition ||p(Y)|| =1 reads as ||A,|| = 1. Since || 4;|| = 2, this yields i < n.
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Since ¢(c(Y)) = By, and || B, || = 1, we may assume that the induction hypothesis
holds, so, we have a decomposition ¢(Y) = U'y’V’ with the required properties.
Without loss of generality we may assume also that inf V/ = 0. We shall refer to
Conditions (i)—(iv) applied to the decomposition c¢(Y) = U’y'V’ by writing (i)'-
(iv)’. Condition (iii)’ means that U’ = P By...B;_; and y'V’ = Bj... B, for
some j > 2. Condition (iv)" combined with || B;|| = -+ = ||B,|| = 1 implies j < 1.

Let U =06PA;...A; 1, y=7171(y), and V =yt A;... A,. First, let us show
that y < A;. Indeed, if j < i, then y = 771(y') < 774(B;) = A;. If j =i, then
yCit1 S yd =0y =0B; = A;C;+1 whence y < A; = A;. Thus

Aj=ys, V=s-(Ajt1-...-Ayn), s € [1,9]. (4.2)

We have y ~ ¢ ~ a and UV = A\U'V'AT" ~ U'V' ~ b. Let us show that the
decomposition Y = UyV satisfies (i)—(iv). Indeed, i < n implies (i), ||A;|| = 2
implies (iv), and the fact that Ay - ... A, is left weighted implies (iii). So, it
remains to check that (ii) holds. By (4.2) we have {(V) < {(yV) < (V) + 1, thus
it is enough to exclude the case (V) = £(yV), that is (V) =n — j + 1.

Suppose that £(V) =n — j 4+ 1. The product of n — j factors in the parentheses
in (4.2) is left weighted, hence A,, = (V) by Lemma 2.3. Since A,, = ¢(Y), we
have ||A,| = 1 by the hypothesis of the lemma. Thus the condition A,, = ¢(V)
implies A,, = (V). We have

supVA; =supV’' +1 because VA; = 6V’
=supy'V’ because £(y' V') = (V') + 1 by (ii)’
=n—j5+1 because y'V' = B; ... B,

hence sup VA; = sup V which implies A, A; = gp(V)fll < 0 by Lemma 2.1b. Hence
supc(Y) < supY which is impossible because supY =sup,Y. O
Lemma 4.8. Let V € G and x,y € A be such that:
(i) £yV) =1+L(V) = 2;

(ii) infyVax = infyV;

(iii) supyVax =supyV.
Let t = p(yVx) and yVa = Wt. Theny < @ (W).
Proof. Without loss of generality we may assume that inf yVx = inf V= 0. Then

we have ((U) = sup U for elements U of G considered in this proof. Let r = ¢(V).
The fact that t = p(Wt) implies (W) = ¢(Wt) — 1, hence

(W) =L(yVz)—1=LyV)—1=4LV)=r. (4.3)
Let Ay -...- A, and By ...- B,, r > 1, be the left normal form of V' and of yV
respectively. By (ii) and (iii) we have § > B,z. Since B,z > t, we may write
B,x = st with s € [1,0][. It follows from Lemma 2.5 that B,_1s-t is the left normal
form of B,_1 - B,x, in particular,

Br_ls < ) (44)

Let 7 be the minimal non-negative integer such that A; = B; for all j > i.
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Case 1. i = r. Then we have ||By|| = --- = || Br-1|| = 2 by Lemma 2.3. Hence
the left normal form of yVx is By-...- B,_1 - B,x. Therefore the right normal form
of Wis By-...-B,_1, and we obtain y < By = ¢ (W).

Case 2. i=r—land s=1. Thent=A,x=B,zand W =y-A;-...- A1,
hence y = (W) by (4.3).

Case 3. i =r—1 and s # 1. Then we have |By|| = - -- = || By—2|| = 2 by Lemma
2.3. Hence the left normal form of yVa is By ... - B._o - B,_1s -t and the left
normal form of W is By -...- B._o - B,._15. The right normal form of W coincides

with the left normal form because the letter length of each canonical factor is 2.
Hence y < By = ¢ (W),

Cased. i <r—2. Then B, =A,,B,_1=A,_1,and W =y-A;-...-A,_5-B,_1s.
By (4.4), this is a decomposition of W into a product of r simple elements. Hence
y=¢'(W)by (43). O

5. PROOF OF THEOREM 1.4

Let the hypothesis of Theorem 1.4 hold. For a permutation (A, i, v) of (1,2,3)
and an integer n, we set

QN ={(z,Y)|2Y ~ X, z€a{ NA, Y €afal, {(Y) <n, infY > p},

ptvo

1 2 3
Qnp = Q%’;, U Q;’% U Q%’;ﬂ Q, = Up Qnp- and Q= Un On-

Till the end of the section (z,y,z) will always denote some permutation of
(b1, ba,b3) with b; € a¥ N A, and z1,29,... (resp. yi1,¥a,... O 21,22,...) will
stand for some atoms which are conjugate to x (resp. to y or to z). All these new
atoms will be obtained from z, y, z by applying Lemma 3.1.

Lemma 5.1. Let (z,Y) € Q,, and p < 0. Suppose that inf xY > p orinf Yo > p.
Then Q,, 1 # &.

Proof. By symmetry, it is enough to consider the case when infxY > inf Y. Let
A =(Y). Then 6 < A by Lemma 2.1a. Since ||z|| =1 and [|A| < 2, this means

Case 1. Y € SSS(Y). Then, by Corollary 1.2, we have Y = AUyV with
0Y) = LU)+£V)+2 and AUV ~ z. Hence, for Z = Va AU = VoU, we
have yZ = yVaz AU ~ zAUyV = 2Y ~ X and Z = V2 AU ~ zAUV € z(z%).
Since (Z) = L(VOU) < L(V)+L(U) =4(Y) —2 <n—2, we obtain (y,Z) € Q,_2.

Case 2. Y ¢ SSS(Y). By Lemma 4.5¢, inf Y < infc(Y) or supd(Y) <supY. If
inf Y < inf ¢(Y), then (2Y)? = z1¢(Y) by (5.1), whence (z1,c(Y)) € Q1.

Suppose that supd(Y) < supY. Let B = ¢(Y), Y = Y1 B. Then d(Y) = BY;
and £(Y7) = £(Y)—1. Let C = (Y1), Y1 = CYa. Then £(Ys) = £(Y1)—1 = £(Y)—2.
Since

sup(BY7) =supd(Y) < supY = sup B + sup Y7,
we obtain BC' < § by Lemma 2.1b. We have C = ¢'(V1) < (Y1) = «(Y) = A
whence xC < £A = § by (5.1). Hence xC = Cxy and we obtain (2Y)¢ = 2, ¢
with
YY) = 0(YaBC) < U(Yy) + L(BC) = £(Ya) + 1 =£(Y) — 1,

thus (z2,Y%) € Q,_1. O
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Lemma 5.2. Let (z,Y) € Q,, and p < 0. Suppose that supzY < supY or
supYx <supY. Then either Y € SSS(X), or Yo € SSS(X), or Q,,—1 # 9.

Proof. By symmetry, it is enough to consider only the case supYz < supY. Then
we have Az = 1A < § withz; € 2N Aand A= p(Y), Y = Y1 A. By Lemma 5.1
we may assume that

infzY =inf Yz = infY. (5.2)

Let B = "(Yz). Since the simple element Az divides 0 PYx from the right but
9 does not due to (5.2), we conclude that B = Ax. Since ||Az| = 2, this means
that B = Ax. Then c'(Yz) = BY;. If B-1(Y}) is not left weighted, then inf BY; >
inf Y7 = p and the result follows from Lemma 5.1 applied to (z1,d(Y’)) because
r1d(Y) = z1AY; = BY;. So, we assume that B - ((Y7) is left weighted whence
inf BY; = infY; which means that infc'(Yz) = infYz. By Lemma 4.2b this
implies that either

inf Yo =inf,Yx (5.3)

or l5(Y) = 0.

Case 1. £o(Y) =0. Let C = 1(Y), Y = CYA. If A-C is left weighted, then Y
is rigid, hence Y € SSS(Y') which contradicts [20; Corollary 3]. Hence AC' < ¢ and
we obtain (z1,d(Y)) € Q,,—1 because

xld(Y) = xld(Y1A> = LE‘lAYl = ALE‘Yl ~ CEYlA =zY¥ ~ X
and

Case 2. £5(Y) > 0, thus (5.3) holds. If sup, Yo = sup Yz, then Yz € SSS(X)
and we are done. So, we assume that sup,Yz < sup Yx which implies by Lemma
4.5b

supd(Yz) < supYu. (5.4)

Case 2.1. sup,Y = supY. Suppose that sup,Y < 1. Then inf; Y = 0 and
sup, Y =1 by [20; Theorem 1b] (or by Corollary 1.2). By Lemma 4.1, this yields

p=infY =e(Y) —2supY +41(Y)=2-2x1+/4,(Y)>0

which contradicts the hypothesis p < 0. Thus sup, Y > 1. Recall also that ¢(Y) =
A and Az < § whence ||A| = 1.

So, we may use Lemma 4.7. Hence Y = UyV where UV ~ z and Conditions
(i)—(iv) of Lemma 4.7 hold. Condition (iii) implies p(yV) = ¢(Y) = A. Condition
(iv) implies that the left normal form of Vx coincides with the tail of the left normal
form of Yz, in particular, o(Yz) = ¢(yVz); we denote this element by ¢ and we
set yVax = Wt as in Lemma 4.8. Then we have y < ¢"(W) by Lemma 4.8 and we
set (W) =ys = sy;, W = ysWywith s € [1,4].

We are going to prove that (y1,2) € Q,,—1 for Z = W;tUs. We evidently have:

Y14 = y1WitUs ~ sy WitU = ysWitU = WitU = yVaU ~ xUyV = zY ~ X,
Z = WitUs ~ sWitU = VU ~ 2UV € 2929,



ALGORITHMIC RECOGNITION OF QUASIPOSITIVE BRAIDS 17

So, it remains to show that ¢(Z) < n. We have d(Yz) = d(UWt) = tUW and
sup(d(Yz)) < sup(Yz) = sup(Y) by (5.4), thus

suptUW < supY. (5.5)
If suptU 4+ sup W < sup Y, then
UZ) =Lb(WitUs) < L(W1) +L(tU) + 1 =L(W)+L(tU) < £(Y)=n
and we are done. So, we assume that sup tU +sup W > sup Y. Since

suptU +supW <1+ supU +supW =supU + sup Wt
=supU +supyVax =supU + supyV =supV,
it follows that suptU + sup W = supY. Then (5.5) combined with Lemma 2.1b
yields o(tU)p (W) < 6 whence Bs < Bsy; = By (W) < 0 where B = o(tU).
Thus, by setting tU = U; B, we obtain

U(Z)

Z(WltUS) < Z(WlUlBS) < Z(WlUl) + g(BS) = Z(WlUl) +1
(W) + £(UL) + 1 = 6(W) + £(UL) = 6(WE) + £(U) — 1
(yVa)+LU)—1=LU)+4(yV)—-1=4Y)—-1=n—1.

</
14

Case 2.2. supd(Y) < supY. Recall that Yz = Y1 Az = Y1 B where A = ¢(Y)
and B = Az = " (Yz). So, we have d(Y) = AY;. Thus the condition sup d(Y) <
sup Y reads as sup AY; < sup Y1 A = sup A+sup Y7, hence, by Lemma 2.1b, we have
AC < 6§ where we set C = gpﬁ(Yl), Y; = CY5. Since B = L(-l(Y.CIJ) and Yz = Y1 B,
we have o (Yz) = 0 (Y1B) = ¢"(Y1) = C. Thus (z1,d(Y)) € Q,_1 because

.’131(1(Y) = .’,Eld(YlA) = .’L‘lAyl = A.’L‘Yl ~ YlA.’L‘ =Yxr~X
and d(Y) =d(Y14) = AY; = ACY5 whence

0d(Y)) < LUAC) +£(Ya) = 1+ £(Ys) = £(Y7) = £(Y) — 1.

Case 2.3. sup, Y <supd(Y) =supY. Let us show that this case is impossible.
Indeed, the condition supd(Y’) = sup Y combined with Lemma 4.3b yields ¢; (Y1) =
0. Since, moreover, Yo = Y1B, B = Az = "'(Yz) and |B| = 2, we obtain
¢1(Yz) = 0. By (5.3) this implies that Yz is rigid which contradicts (5.4). O

Lemma 5.3. Let (x,Y) € Q,p, p < 0. Suppose that £(zY) = ¢(Yx) =1+ L(Y).
Then either Y € SSS(X), or Yo € SSS(X), or Qpn_1 # D, or Qppt1 # D

Proof. The condition ¢(Yx) = ¢(Y')+1 implies p(Yx) = = and hence d(Yz) = zY.
Case 1. supYx > sup, Yz. By [5] we then have

supd(zY) =supd?(Yz) < sup Y. (5.6)

Since ¢(zY) = {(Yx), we have supd(Yz) = supzY = supYz. Hence ¢1(Y) =0
by Lemma 4.3b. Let A = ¢o(Y), B = ¢(zY), C = v(zY), and let 2Y = CUB.
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We have A # B (otherwise we would obtain supd(Yz) < sup Yz by Lemma 4.3a)
and we have A > B by Lemma 2.3. Hence ||B|| = 1. By combining this fact
with ¢1(CUB) = {1(2Y) = {1(Yz) = 1, we obtain ¢,(CU) = 0. It follows that
the left normal form of 6 PCU coincides with its right normal form, in particular,
¢!(CU) = 1(CU) = C. By (5.6), we have

sup BCU = supd(zY) < supzY = supCUB = sup B + sup CU.

Hence, by Lemma 2.1b, we have By'(CU) < 6, that is BC < 6. This implies
BC = § because ||C|| = 2 (recall that ¢;(CU) = 0) and ||B|| = 1. We have
r < u(xY) = C, hence Bz < BC = § which yields Bx = 2, B with z; € 2¢ N A.
Since z < C, we may write C' = zC’, C' € [1,4]. So, for Z = BC'U, we obtain

212 = 21BC'U = BxC'U = BCU = d(CUB) = d(zY) ~ X
and Z = BCO'U ~C'UB =z 'CUB =Y. We have
UZ) < UBC)+LU)=1+LU)=L(zY)—-1=L(Y) =mn,

hence (z1,%2) € Q. Since 1Z = x1BC'U = BxC'U = BCU = U, we have
inf 217 > inf U = p, thus the result follows from Lemma 5.1.

Case 2. supYx = sup, Y. If inf Yo = inf, Yz, then Yz € SSS(X) and we are
done. So, we suppose that inf Yz < inf, Y. Then, by Lemma 4.5a, we have
inf Yo <infe(Yz). (5.7)

Let A= u(Y), Y = AY;. The condition ¢(Yx) = ¢(Y) + 1 implies that p(Y) - z is
left weighted whence «(Yz) = ¢(Y) = A. Thus c(Y) = Y14, c(Yz) = Y1z A, and

oY) = p(Y12) = x. (5.8)

Case 2.1. infY = inf, Y. Let t = p(Yx), A =tA’, thus s(Yz) = A’Y1at. Then
xt < 6, hence zt = txy, 2o € 2% N A, and we obtain s§(Yz) = Y'z,. By (5.7)
combined with [13; Lemma 4] we have

inf Yo < infs(Yx). (5.9)

Since t < A = «(Y), we have £(Y?) < 4(Y) + 1. If £(Y?) < £(Y), then the result
follows from Lemma 5.1 applied to (z2,Y"), because z2Y" ~ Yizs = 5(Yz) ~ X
and inf Y'zy > p by (5.9). So, we assume that

YY) =4(Y) + 1. (5.10)

The condition ¢t < A = (Y implies inf Y* > inf Y. Since inf Y = inf, Y, it follows
that inf Y* = inf, Y. Hence, by the ‘right-to-left’ version of Lemma 4.6, we have
Yt = UyV with UV ~ 2, ((U)+L(V)+1 = £(Y?), £(V) > 1, and . "(Uy)-¢ (V) right
weighted. The last two conditions imply :"(Y*) = +"(V); we denote this element
by B and we set V =V, B. By (5.9) and (5.10) we have

inf Y! +infzy =inf Y' =inf Y = inf Yz < infs5(Yz) = inf Y,
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hence § < ¢(Y*)zy = Bxy by Lemma 2.1a. Since ||Bxs|| < ||§]|, this means that
Bxo = 0, and we obtain

5(Yz) =UyVay =UyViBxy = UyVid ~ yZ

where Z = V46U. Since UV ~ z, we have Z ~ UV1d = UVi By = UV sy € 292C.

Since, moreover,
UZ)<U)+ (V) =LU)+ V) =1 =L") —2=£Y) -1,

we conclude that (y, Z) € Q,—1.

Case 2.2. infY < infc(Y). Recall that Y = AY; and A = «(Y) = «(Yz). Let
B =."(Y1), Y1 = Y3B. Since

inf Y7 +inf A =inf Y < infc(Y) =inf Y7 4,

we have § < BA by Lemma 2.1a. Hence B = C'D and DA = ¢ for some simple
elements C' and D. By Theorem 3.2, the left normal form of DxA is D' - x; - A’
with A’, D' € P, 21 € 29N A, and D’'A’ = 6.

Since «(Yz) = «(Y) = A, we have c(Yz) = YizA = (Y2C)(DzA). Hence,
§ 2 Y2C (DzA) = Yo2CD' by (5.7) combined with Lemma 2.1a. Hence, for Z =
A'YoCD', we have inf Z > inf Y and

UZ) <U(A")+L(Y2) + L(C)+ L(D") =1 < L(Y).
Since Z ~ YoCD'A' =Y5C6 = Yo,CDA =Y{A~Y and
.T1Z ~ YQCD/.TlA/ = YQCD.TA = leA ~Yx~ X,

we conclude that (z1,2) € Qp py1-

Case 2.3. inf Y = infc(Y) < infs Y. Then ¢5(Y7) = 0 by Lemma 4.2b. By (5.8),
this implies £5(Y12) = 0 whence (" (Y12) = ¢(Y12) = z. By (5.7), we have

inf YizA = infc(Yz) > inf Yo = inf Y12 + inf A.

Hence § < +"(Y12)A = zA by Lemma 2.1a. Since ||zA| < 3, this means that
A = 0. Hence zA = Az, 1 € A, and we obtain c¢(Yz) = Zz; where Z =
Y1A=c(Y) ~Y and § < Zx1, so, the result follows from Lemma 5.1 applied to
(CL’l, Z) [

Lemma 5.4. Let (z,Y) € Q and Yz € SSS(X). Then there exists (x1,Y1) € Q
such that x1Y7 € SSS(X).

Proof. Let A = 1"(Yx) and Yz = UA. Then A = = whence A = sz = x5 and
Y = Us for a simple element 5. Let X; = ¢'(Yz) and Y; = sU. Then we have
X1 = AU = 218U = x1Y7, hence (z1,Y7) € Q and 21Y; € SSS(X). O

Theorem 1.4 immediately follows from Lemmas 5.1 — 5.4.
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6. STRUCTURE OF SSS(X) WHEN ||A|| = 3 (AFTER S.-J. LEE)

Here we give a summary of those results from [14; Chapter 4] which extend to
any homogeneous Garside group with Garside element of letter length 3.

Let (G, P, A) be a homogeneous Garside structure with set of atoms A such that
[A]] = 3.

We say that X € G is rigid if ¢(X) - ¢(X) is left weighted. Following [14], we
say that X is strictly rigid if it is rigid and ¢1(X) = 0 or ¢2(X) = 0 (see (4.1)). If
X € USS(X), then we define the cycling orbit of X as Ox = {¢™7¥(X) | k,m > 0}.

Proposition 6.1. Let X € USS(X), {(X) > 2. Then:
(a). SC(X) = USS(X).
(b). SSS(X) =U,se€" (USS(X)).

(c). One and only one of the following alternatives holds:
(i) each element of USS(X) is strictly rigid and SSS(X) = USS(X);
(ii) each element of USS(X) is rigid but not strictly rigid, and USS(X) = Ox;
(iii) no element of SSS(X) is rigid and SSS(X) = USS(X) = Ox.

Lemma 6.2. If X is not rigid and X € SSS(X), then c¢'(c(X)) =d"(d(X)) = X.

Proof. If /(X ) = 1, the statement is evident. Assume that ¢(X) > 1. Since X is
not rigid, the product ¢(X) - ¢(X) is not left weighted. Since X € SSS(X), this
implies ||p(X)|| =1 and [|¢(X)|| = 2. Let X = «(X)U. Then ¢(X) = Ut(X), hence
1"(c(X)) = ¢(X). This fact combined with [|¢(X)|| = 2 implies ¢"(c(X)) = ¢(X)
whence ¢'(c(X)) = X. Similarly d"(d(X)) = X. O

Lemma 6.3. Let X € G, /(X) > 1. Suppose that X does not contain any rigid
element. Then SC(X) = SC™(X) = SSS(X).

Proof. Lemma 6.2 implies that ¢ and d are bijective mappings from SSS(X) to itself
and that ¢' and d” are their inverse mappings. Hence s and s also are bijective
mappings from SSS(X) to itself. O

Proof of Proposition 6.1. (a). If X% does not contain a rigid element, then the
result follows from Lemma 6.3. Otherwise it follows from [3; Theorem 3.15] which
states that if X contains a rigid element, then all elements of USS(X) are rigid.

(b). Let X € SSS(X) and let m > 0 be the minimal number such that ¥ =
c™(X) € USS(X). Then ¢'™(Y) = X by Lemma 6.2.

(c). The fact that USS(X) = Ox when X is not strictly rigid is proven in [14;
Theorem 4.4.1]. All the other statements follow from (a) and [3; Theorem 3.15]. [
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