DIFFUSION ORTHOGONAL POLYNOMIALS
IN 3-DIMENSIONAL DOMAINS BOUNDED
BY DEVELOPABLE SURFACES

S. Yu. OREVKOV

ABSTRACT. The following problem is studied: describe the triplets (2, g, 1), u =
pdx, where g = (g% (z)) is the (co)metric associated with the symmetric second
order differential operator L(f) = % Zij 9;(g"p9; f) defined on a domain 2 of R™

and such that there exists an orthonormal basis of £2(u) made of polynomials which
are eigenvectors of L, and the basis is compatible with the filtration of the space of
polynomials with respect to some weighted degree.

In a joint paper with D. Bakry and M. Zani this problem was solved in dimension
2 for the usual degree. In the author’s subsequent paper this problem was solved in
dimension 2 for any weighted degree. In the present paper this problem is solved in
dimension 3 for the usual degree under the condition that 0Q2 contains a piece of a
tangent developable surface. The proof is based on Pliicker-like formulas in the form
given by Ragni Piene. All the found solutions are generalized for any dimension.

1. INTRODUCTION

This paper continues the study of the diffusion orthogonal polynomials started
in [3] (see also [1], [7], [11], [12]). It is devoted to the following problem posed by
Dominique Bakry (we refer to [1] and to the introduction of [3] for the motivation):
describe all triples (2, L, ) where € is a domain in R” such that Q = IntQ, L is a
diffusion operator, that is an elliptic second order operator of the form

L(f) = 2_ g7 (@i f + > _b'(@)d:f (1)

with ¢ and b’ continuous in €2, and u = pdx a probability measure on  with
C'-smooth density p, and such that there exists a polynomial orthogonal basis of
L2(Q, p) formed by eigenvectors of L, which is also a basis (in the algebraic sense)
of Rlz], z = (x1,...,x,), and which is compatible with the filtration of R[z]| by the
degree (a variant: by a weighted degree, see [1], [7]). The latter condition means
that the space P,, of polynomials of degree < m is L-invariant for any m. We
say that such a triple (2, L, i) is a solution of the Diffusion Orthogonal Polynomial
problem (DOP problem for short). If in addition [, fiLfs du = [ foLf1 du for any
pair of compactly supported functions (for bounded domains this condition follows
from the other ones), we say that (€2, L, ) is a solution of the strong DOP problem
(SDOP problem for short). In this case

L(f) = %Za (47900:). )

Typeset by ApS-TEX
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thus L is determined by g = (¢%) and p, and we therefore talk about (2, g, p) as
a solution of the SDOP problem. If p = (detg)~'/2, then L given by (2) is the
Laplace-Beltrami operator for the metric (g;;) = g~

As shown in [3, Thm. 2.21], (2, g, p) is a solution of the SDOP problem (and
hence of the DOP problem when (2 is bounded) if and only if there exists a squarefree

polynomial I" such that:

(A1) g9 € Py foreach i,j =1,...,n;

(A2) T divides det g;

(A3) T divides Zj g7o,T foreach i =1,...,m;
(A4) 99 C {T' = 0} and g|q is positive definite;
(A5) >, g“0;logp € Py for each i =1,...,m;

(A6) polynomials are dense in £2(Q, pdx).

Condition (A3) is equivalent to the fact that for any germ £ : (R*! 0) — (R", z)
of rank n — 1 such that I' o £ = 0, one has

£ (w;)) =0, w;= Z(—l)jgijdxl /\-~-/\c/l§j Ao Ndxy, i=1,...,n. (3)
J
Note that Conditions (A1)—(A3) are purely algebraic and they make sense for poly-
nomials with coefficient in any field K. If they are satisfied for a field K, we say
that (g,I") is a solution of the algebraic counterpart of the DOP problem over K
(AlgDOP/K problem for short).

In dimension 2, all solutions of the DOP problem are found in [3] for the usual
degree and in [7] for any weighted degree. In the present paper we attack the
classification of the solutions in dimension 3 for the usual degree. By (A3), 0f2 sits
on an algebraic hypersurface of degree at most 2n, thus on a quartic curve when
n = 2. The arguments in [3] essentially rely on the Pliicker-like formulas relating
the singularities of this curve and those of its projectively dual curve. It seems that
this approach can be also applied at least in dimension 3. Here we take the first
step in this direction. Namely, we describe all irreducible surfaces ¥ in R? whose
projective dual has dimension 1 (i.e., is a curve, which we denote by C) and such
that a relatively open piece of ¥ appears in 92 for some solution (£, g, p) of the
SDOP problem. Moreover, in the case when C is not contained in any plane (in this
case Y is the tangent developable of another curve C' called the dual curve of C’),
we describe all such solutions (€2, g, p) (Theorems 5.1 and 5.2). If C is contained
in some plane, then ¥ is a cylinder or a cone over some planar curve A. If 3 is
a cylinder, then it is easy to show that a piece of A occurs in the boundary of a
two-dimensional solution. If ¥ is a cone, we prove in Theorem 7.1 that deg A = 2,
thus ¥ is a standard quadratic cone. In the conical case there indeed exist some
solutions (see Remark 7.2) but we do not know if this list is exhaustive.

To prove Theorems 5.1 and 5.2, we follow the strategy similar to that in [3, §3].
Condition (3) yields equations for the coefficients of the polynomials g% and those
of local parametrizations of the curve C'. By solving them we obtain in §3 rather
strong restrictions on a priori possible types of local branches (real and complex)
of C. Then in §4, using Pliicker-like formulas due to Ragni Piene [8] (introduced in
§2), we find all solutions of the AlgDOP problem over C, and then (in §5) we find
Q, p, and the real form of g satisfying the remaining conditions (A4)—(A6).

In §6, for each bounded domain in Theorem 5.1, we show that the Laplace-
Beltrami solution is the image of Euclidean or spherical Laplace operator through
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on an appropriate realization of quotient of R? or S by a Coxeter group, and we
generalize this construction to any dimension. In §7 we prove the aforementioned
result about conical surfaces.

2. TANGENT DEVELOPABLES.

Let C = v(C) be an irreducible algebraic curve in P? of genus g which is not
contained in a plane (here C is a smooth compact Riemann surface and v : C — P3
an analytic mapping). Let X be the tangent developable surface of C, i.e., X is the
union of all lines tangent to C. B

Following [8], we introduce the following notation. For any point p € C there
exists a local affine chart of P? centered at v(p) such that the corresponding local
branch of C' is parametrized by t — (™0, ¢™1 ¢™2) with

(mo,my,me) = (14+1o, 2+ 1o+ 11, 3+ 1o+ 11 + 12), lj =1;(p) > 0.

Then we say that p is a point of type (mg,mi1,ms) and we set k; = k;(C) =
Zpeé li(p), j = 0,1,2. We also denote the osculating plane at p by O,. In the
above coordinates, this is the plane spanned by (1,0,0) and (0, 1, 0).

The curve C in the dual projective space P? parametrized by o : C — P3, p— O,
is called the dual curve of C. Let rg, r1, ro be the degrees of C, ¥, C respectively
(see [8] for a more uniform definition). It is immediate to check that the dual of C is

C and k;(C) = ka—;(C), 7;(C) = re—;(C), j = 0,1, 2. The classical Pliicker-Cayley
equations in the form given by Ragni Piene in [8], [9, Eq. (1)] read as follows:

7‘1:2T0—|—29—2—]€0, 7‘1:27‘2—|—29—2—k2,
re = 3(ro + 29 — 2) — 2ko — k1, 1o =3(r2 + 29 — 2) — 2k2 — K, (4)
]{32:4(T0+3g—3)—3k0—2k1, ]{30:4(7“2-1-39—3)—3]{32—2]{31.

Any three of these equations imply the others.

Proposition 2.1. If r; <6, then one of the cases listed in Table 1 takes place.

Proof. If 7o < 3 (recall that ro = deg(C'), then the only non-planar curve (up to
automorphism of P?) is the rational cubic parametrized by t — (1 : ¢ : % : ¢3). Tt
corresponds to Case 1°. Then assume that 79 > 4 and (by the duality) ro > 4.

We assume for simplicity that lo(p)+11(p) +l2(p) < 1 for each point p of C, i. e.,
each point of C' contributes at most 1 to kg + k1 4+ ko. It is not difficult to adapt
the proof for the general case.

The degree of the cuspidal edge of ¥ is ro + k1 (see [9, p. 112, 1. 15 ff]), hence
the genus formula for a generic plane section of ¥ yields

T0+I€1§(T1—1>(T1—2)/2. (5)

If kg > 0, then we consider the plane projection of C' from one of its cusps. Its
degree is ryp — 2 and it has ky — 1 cusps. Hence, by the genus formula,

ko >0 = g+k0—1§(r0—3)(r0—4)/2. (6)

One can easily check that in Table 1 there listed all non-negative integer solutions
(9, ko, k1, k1,70,71,72) Of the equations (4) combined with the inequalities (5), (6),
r024,7’224,and3§7’1§6. O
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no. g ko k1 ke To T1 T2
1° Twisted cubic 0 0O 0 O 3 4 3
2°  Cuspidal quartic 0 1 0 1 4 5 4
3°  Once inflected quartic 0 0o 1 2 4 6 5
4°  Twice inflected quartic 0 0o 2 0 4 6 4
5°  Inflected bicuspidal quintic 0 2 1 0 5 6 4
6° Generic quartic 0 0O 0 4 4 6 6
7°  Non-inflected bicuspidal quintic 0 2 0 2 5 6 5
8°  Four-cuspidal sextic 0 4 0 0 6 6 4

TABLE 1. Curves whose tangent developables have degree at most 6

Lemma 2.2. Suppose that C' s rational. Let p,q € 5, p # q, be points of the types
(mo, my,ma) and (my, m}, mb). Recall that ro = deg C'.

(a). If mh < mi 4+ mo =mi+my = mg =19, then C has parametrization t —
(Z;OZBmQ ajtj 8 ACCI ALLE th), aoQry—m/, # 0, in some homogeneous coordinates.
(b). Ifro = 4 and v(p) = v(q), then C has parametrizationt — (1+t*: ¢ : ¢ : t3)

in some homogeneous coordinates.

Proof. We have C = P! and we may assume that p = (0: 1), ¢ = (1 : 0), and the

mapping v is given by (¢ :s) — (fo(t,s) : --- : f3(t,s)), where f; are homogeneous
polynomials of degree rg and ord:(fo, ..., f3) = (0, mg, m1, ms2).
(a). The condition ms = r¢ implies that f3 = ¢™2 up to rescaling. By a

coordinate change f; — f; —¢;f3, j = 0,1,2, we may attain ords f; > my for
j > 2. Then the condition m{ 4+ m; = r¢ implies that fo = M1 gMo up to rescaling.
Proceeding in this way we arrive to the required parametrization.

(b). The condition v(p) = v(q) implies fi(q) = f2(q) = f3(q) =0, i.e., deg, f; <
3 for j = 1,2,3. Then by coordinate changes f; — f; — ¢;;f;, ¢ < j, we arrive to
the required parametrization. [

3. RESTRICTIONS ON LOCAL BRANCHES

Let the notation be as in §2 but we fix an affine chart in P? with coordinates
(x,y,2). We denote the plane at infinity by P.,. Let I'(z,y, z) = 0 be the equation
of ¥. Suppose that there exists a cometric g = (g%/) such that (g, T) is a solution
of the SDOP problem. We denote the coefficient of z*y'z™ in ¢* by gklm Let

t=y(t) = (§1(t),&(), &3(1))

be a local meromorphic branch of C' at a finite or infinite point. Then ¥ admits
parametrization

(t7u> = (él(t7u>7£2(t7u)?é?)(t7u>)7 éj - gj + uéj?

at a neighbourhood of the line tangent to C at v(0). Then the equations (3) take
the form F; = F5 = F3 = 0 where

< aéj-l-l?gj 1) i 3 . . . ii2 & o2
E; = ZT 3(51752753 Z §g+1§j—1—fj—1§j+1)93(§1752753)
Jj=1 ’ j=1
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(here the indices are considered mod. 3). We have E; = > °7 235):1 EopuP

a=aog
where the E, g ; are linear forms in g,?lm whose coeflicients are polynomial functions
of the coefficients of the &;’s.

In the following Lemmas 3.1-3.12, for several a priori possible values of ord(7),
we either exclude them or (in Lemma 3.3) show that the given value implies a
certain explicit form of C. In all the proofs (except those of Lemmas 3.1-3.2) we
assume that v is parametrized by t — (x,vy, z),

=t y=tr 4y bt z=th Y gt 1> > s,
i>d2 >33

and, moreover, by = b;, = ¢y = ¢j, = ¢j, = 0. The latter condition can be
easily achieved by the change of variables (y,z) — (y1,21), y1 = y — by — bj, x,
21 = 2z —cg — Cj,y1 — ¢j;x. Then we solve a system of some n linear equations
E, g, = 0 for some n unknowns g,i]l'm whose determinant is a nonzero constant.
The number n and the choice of the equations and unknowns is indicated in each
proof. In most cases the solution plugged into ¢ implies that x? divides det g
which contradicts the condition degI" > 5. In other cases we then solve some few
additional equations.

Lemma 3.1. IfdegI’ > 5, then ord.(vy) # (1, 3,4).

Proof. We choose a parametrization of the form x = ¢, y = 3+, b, t", z =
t+ > ,>5 cut”. By the change of variables y — y — bsz we make by = 0.

All variables g,i]l.m except gp},, with k+1+m =2, gi2  with l+m = 2, g{3,, and
g1, (thus 49 variables) can be found by solving the following system of 49 equations:
Ei i (all B, 1); B394, E334, Ea2i, Ea3i, Es3: (1 =1,2,3); Ea14, Ea24, E23.,
Es14, Es 24y Ee1,iy Ee2,i, Er1,i (1 =1,2); Eg34, Er3i (1 =2,3); Eg11, E72,2,
Eg 29, Eg 32, Eg32. The determinant of this system is a non-zero constant. By
plugging the solution to Fg 3 3 we obtain the equation 36c5g1g; = 0. This equation
implies that z? divides det g which contradicts the condition degl’ > 5. [

Lemma 3.2. Ifdegl' > 5, then ord.(y) # (1,2,4).

Proof. We choose a parametrization of the form = = t, y = t2 + Dosg bt z =
t+ >-.>5 cut”. By the change of variables y — y — byz we make by — 0. We solve
40 equatfons for 40 unknowns. The equations: Ey g; (all 3, 7); E1 2.4, E13.i, F23.,
B30 B33, Easi (6 =1,2,3); B2, Ea o4, Ea1y Eaos Esai (6= 1,2,3); Bz,
Es 2.3, E5 3 3. The unknowns: g,ijl.o (1<i<j<2 kl+#2), gi2y, 9350, and all the
g3 except g3, 9itas Jooe, Jose- The determinant is a nonzero constant. Plugging
the solution to g, we obtain that z? divides det g which contradicts degl’ > 5. [

Lemma 3.3. If degI’ > 5 and ord,(vy) = (—1,1,2) (i.e., v is a generic branch
transverse to P, ), then C' is parametrized by

tes (71t 3t — 3 2t — %) (7)

in some affine coordinates.

Proof. n = 58. The equations: E_3 5., E_13,, Eop,: (all 8, 1); E_73, E_52,
E_53:, F_a3,, E_234, F12: (1 =1,2,3); E_634, F_42:, F—21,i, E1,1,4, F13,,
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Es1, (i=2,3); E233. The unknowns are all the gfjm except gasy and g37; which
we denote by h and h; respectively. Plugging the solution into g, we see that 2
divides det g when h; = 0. This contradicts degI' > 5, hence we may set h; = 1.
Then E_» 5 3 yields by = 0. Putting this into 1 31, F22.1, E222, E2 31 we obtain
a linear system with constant coefficients for c3, ¢4, b5, bg which yields

cs = 16bsh — 2b3, bs = —3bsh — 103, ca =bg = 0.

Plugging this solution into 5 3 2 and F3 5 2, we obtain a linear system with constant
coefficients for the unknowns c5 and b7y which yields

cs = by — 28b3n + 1888p,02 by = 203 + 40050 — B0bsh2.

Putting this into E3 5 3, we obtain the equation b3h?(3b3 — 2h) = 0. If h = 0, then
det g = 0. If b3 = 0, then 2 divides det g. Hence b3 # 0 and we may set b3 = 2 by
rescaling the parameter t. Then h = 3 and this gives us all coefficients of g.

Thus the curve C is uniquely determined up to an affine linear change of vari-

ables. It remains to observe that (7) has the required branch at ¢t = 0, and to check
that (7) gives a solution of the AlgDOP problem. [

Lemma 3.4. If degl’ > 5, then ords(y) # (—1,2,3), i.e., v cannot be of type
(1,3,4) (flex) with v - Ps = 1.

PT’OOf. n = 45 The equations: E—6,3,i7 E_4’2’i, E_g’g’i, E—Q,l,i; E—2,3,i7 E—1,2,i7
E 134, Eo2i Eosi (i = 1,2,3); E_s34 B304, E_11,i, Bi34, E234, E33,
(2 = 2,3), EO,1,37 ELLQ, EQ’Q’Q, Eg’g’g. The unknowns: gllcjlm (1 S 1 S] S 2), gé?m
with (k,1,m) € {200,110}, and ¢33 = with (k,l,m) & {020,110,200}. Plugging the
solution into Ey 29 and Ey4 31, we obtain the equations (58bs + 2301)98’8’2 =0 and
(8by + c1)gisy = 0. If g33, = 0 or by = ¢; = 0, then x? divides detg. O

Lemma 3.5. If deg' > 5, then ords(vy) # (—1,1,3), i.e., v cannot be of type
(1,2,4) (flat branch) with 7y - Poo = 1.

PT’OOf. n = 42. The equations: E—B,B,i (all B, 2), E—?,B,i7 E—5,2,i7 E—5,3,i7 E—2,2,i7
E 10, (1=1,2,3); E_a24, E_o14, E_114, Eop (0= 2,3); E_134, Eo2,, Ersi
(i = 1,2); E11,2, F12,2, F212, F221. The unknowns: 9882, 98817 and QZJZm with
(i,7) # (3,3) except 9300, 9300: 9110+ 9500+ Iit0s 9300» Iitos Joits 9iors 9io- The
solution implies that x? divides detg. [

Lemma 3.6. If deg' > 5, then ords(vy) # (—1,1,4), i.e., v cannot be of type
(1,2,5) (doubly flat branch) with v - Psx, = 1.

Proof. n = 31. The equations: E_3 5, (all 8, i); E_73:, E_52, E_53, E_23;
(1=1,2,3); E_434, F_22,i, E_12,, Fo, (i =2,3); Eo2,1, Fo,3,1. The unknowns:
9100 9tor 9101 (7 = 1,2.3), 950, Yob1> 9oi1s Yoo (7 = 2,3), and all the ggf,. The
solution implies that 22 divides detg. [

Lemma 3.7. If degl’ > 5, then ord¢(y) # (—2,—1,1), i.e., v cannot be of type

(1,2,3) (generic branch) with ~ - Ps = 2.

Proof. n = 43. The equations: E_123;, F_113,, F_10,3,i, £—-9,2,i, E_934, E_g2.,

E g3 E_61,is E—62,, E—63,: (1 =1,2,3), E_s 14, E_71,i, E_724, E_73:, E_51,

(i =2,3), E_521, E_531, E_421. The unknowns: gé{m (1 =1,2,3), 98317 géi’l,
. . ..

Gonas Goeo (1 =2,3), 9381, 9830, 9521, 9331, 92%s- We obtain that 22 divides det g. [
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Lemma 3.8. If degl' > 5, then ord:(y) # (—2,—1,2), i.e., v cannot be of type
(1,2,4) (flat branch) with 7y - Poo = 2.

Proof. n = 29. The equations: E_123, E_11,3,i, F_10,3,ss F—9,24, F_83,:, E_g2,,
E_7’3’i, E—G,l,i (2 = 1,2,3); E_g’g’i, E_7’2’i (2 = 2,3); E_5’2’1. The unknowns:
14 14 . 27 27 . 1j 1
911> 9110 (3 = 1,2,3), 9520y 9511 (G = 2,3), gido, and all the Joim- The solution

implies that 22 divides detg. O

Lemma 3.9. If degl’ > 5, then ord¢(y) # (—2,—1,3), i.e., v cannot be of type
(1,2,5) (doubly flat branch) with v - Psx, = 2.

Proof. n =43. The equations: E_123, F_11,3.4, F—10,3,is F—924, F_82,:, E_73,
E 614, E_63i, E_a0: (i = 1,2,3); E_g34, F_ 62, E_52i, E_53: F_41,,
E_36, (1 = 2,3). The unknowns: 9(%17 93%07 gti)]ip 93%2 (2 <i<j <3); 9o
g3, (i =2,3); and all the gé{m with k # 2. We obtain that 22 divides detg. [

Lemma 3.10. If degl’ > 5, then ord¢(y) # (—2,1,2), i.e., v cannot be of type
(2,3,4) (cusp) with v - Poo = 2.

Proof. n = 43. The equations: E_4 g, (all 5, i), E_103.i, F_72i F_73, F_ 63
(1 =1,2,3), E_934, E_62 E-52, E_53: E_31: (i =2,3), E_324, E_33
(2 = 1,2), E_276327 E_1’572 (5 = 1,2,3), E—2,3,17 EO,2,2~ The unknowns: g;cjlm
(1<i<j<2),g}3 with (k,m) ¢ {001,011,002}, and ¢g23 with (k,I,m) &
{100,110, 020,200}. Plugging the solution into E_; 31, we obtain the equation
c_1g53, = 0. If g33, = 0, then det g = 0. Hence c_; = 0 and we may set ggoy = 1.
Putting this into Ey 3,1, we obtain b3 = 0. Then 2?2 divides det g. [

Lemma 3.11. If degl’ > 5, then ord¢(y) # (—2,1,3), i.e., v cannot be of type
(2,3,5) (flat cusp) with v - Py, = 2.

Proof. n = 36. The equations: E_4 g, (all 5, i), E_103, F_72i F_73i, F_53,
(1 =1,2,3); E_g 3, E524 E_31,i, E_21 (1 =2,3); B2, E_03,; (i =1,2);
E_332, E_11,2, E_122. The unknowns: gl (G =1,2,3), g%o’, gily (G =1,2),
9(2)607 93(3)17 93{17 9(2)62 (j = 2,3), 95t0, 950> 9igr» and all the géljm' Plugging the
solution into E_353 and E_j 39, we obtain the equations (40by — Tc_1)giss = 0
and (10by — c_1)gass = 0. If g33, = 0 or by = ¢_1 = 0, then x? divides detg. O

Lemma 3.12. Ifdegl' > 5, then ord:(y) # (=3,—1,1), i.e., v cannot be of type
(2,3,4) (cusp) with v - Poo = 3.

PTOOf. n = 42. The equations: E_157371', E_137371', E_117271', E—11,3,i7 E—lO,Q,i,
E 99 E 934, E_71,; (i =1,2,3); E_122, F_914, E_s14, E_g2,; (i = 2,3);
E 724 E_734, E_62: (i = 1,2); E_612, E_512, E_631, E_421. The un-
knowns: ¢, with 1 <4 < j < 2 (except ¢33, and g35,); gis,, (except gig, and
9380); 9851, 9i8s, B8y 9831, gin1, o3, Plugging the solution into E_g 31, we obtain
c_2gosy = 0. Then z? divides detg. O

4. TANGENT DEVELOPABLES WHICH ADMIT
SOLUTIONS OF THE ALGDOP PROBLEM

Let the notation be as in §3. Thus C is an irreducible curve in C? not lying in
any plane, and I'(x,y, z) = 0 is the equation of its tangent developable.
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Proposition 4.1. Suppose that there exists g = (9*) such that (g,T) is a solution
of the AlgDOP problem over C. Then C admits one of the following parametriza-
tions in some affine coordinates in C3:

(1) t— (t,t2,13);

(i) t— (71 t,t%);

(iii) > (22, 2t3, 3t4); cusp at t = 0;
(iv) t— (71 +t, 3t —t3, 2t2 —tY) (cf. Lemma 3.3); cusps at t = *1;
(v) t— (3t — 13, 442 — 24, 53 — 3t5); cusps at t = +1;

(vi) 0 — (3cos@ + cos 30, 3sinf — sin 30, 6 cos 26); cusps at 0 = 0,7, £m/2.
They correspond respectively to Cases 1°, 1°, 2°, 5° 7°, 8° of Table 1.

Proof. By Proposition 2.1 one of the cases in Table 1 takes place.

If deg C' = 3, then C' is the rational normal curve, i.e., it admits a parametrization
t+— (1:¢t:t%: 1) in some projective coordinates. In these coordinates, H, is
uniquely determined by the divisor D which it cuts on C'. Thus there are only three
possibilities: D = 3p; (then Case (i) occurs); D = p; + 2p, (then Case (ii) occurs);
D = p1 + pa + ps and then there is no solution (we compute g by solving a linear
system (3), and see that det g = 0).

Let degC' > 4 and then degI’ > 5 (see Table 1). We assume also that Case
(iv) does not occur. We see in Table 1 that either C' or C' has degree at most 5.
Hence each branch of C has type (mi,ma, mg) with ms < 5 (i.e. contributes at
most 2 into ko + k1 + ko) and ms = 5 (i.e. the contribution 2) is possible in Case 7°
only. Then Lemmas 3.3-3.11 imply that C' does not have any branch ~ such that
v - Py =1 or 2. Thus one of the following three cases occurs.

Case 1. degC = 4 and C' has a branch + such that v - P, = 4. Cases 6°, 3°,
and 4° of Table 1 are impossible because C' cannot have branches of type (1,3,4)
or (1,2,4) (flex or flat branch) in C3 by Lemmas 3.1 and 3.2. In Case 2° we obtain
(iii) by Lemma 2.2(a).

Case 2. deg C =5 and C' has a branch « such that v- P,, = 5. As above, Case 5°
of Table 1 is impossible by Lemmas 3.1 and 3.2, thus Case 7° takes place. Then
~ is of the type (3,4,5), (2,3,5), or (1,2,5) which corresponds to (lg,l2) = (2,0),
(1,1), or (0, 2) respectively. If there is an affine branch with lo+1s = 2, i.e., of type
(my, me,ms) = (1,2,5), (2,3,5), or (3,4,5), then Lemma 2.2(a) implies that C is
parametrized by ¢ — (™1, ¢"2 t™3). Solving the corresponding linear systems (3),
we obtain that det g = 0 in all the three cases.

Thus C has two affine branches v and 2, each contributing 1 to kg + k2. By
Lemma 3.2, C' does not have any ordinary flat branch in C2, hence v is of type
(1,2,5), and 71, 72 are of type (2,3,4). Then the dual branches ¥, 31, 52 of C are
of type (3,4,5), (1,2,4), (1,2,4). By Lemma 2.2(a) applied to ¥ and 47, the dual
curve C is parametrized by ¢ — (1+t : 3 : t* : £5) in some homogeneous coordinates.
Thus C (and hence C as well) is uniquely determined up to automorphism of P3.
The choice of P, is also unique because it is the osculating plane at . It remains
to check that the curve in (v) gives a solution of the AlgDOP problem and its
non-generic branches are of the required types.

Case 3. deg C = 6 and C has branches 71, o such that v; - Py = 72 - Py = 3.
Then C' is a 4-cuspidal sextic (see. Table 1). Since deg C' = 4, all cusps are ordinary.
Then Lemma 3.12 implies that v; and 2 are of type (1,2,3) and P, is the the
osculating plane for each of them. Hence C has a point with two local branches.
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Then Lemma 2.2(b) implies that C' is uniquely determined, and we obtain (vi) by
the same argument as in Case 2. [

Proposition 4.2. Suppose that C is real and there exists g = (g*) such that (g,T")
is a solution of the AlgDOP problem over R. Then C' admits one of the following
parametrizations in some affine coordinates in R3: (i)—(vi) of Proposition 4.1 or
(iv') t— (t7F —t, 3t + 13, 262 + t4); cusps at t = +i;
(V') t— (3t + 13, 412 + 2t 5¢3 + 3t5); cusps at t = +i;
(vi") s (3t71 4¢3, 3t72 + 3t2,¢t73 + 3t); cusps at t = £1, +i;
")t

(vi” 3t=1 —¢3,3t72 — 3t2,¢t73 — 3t); cusps at the roots of t* + 1.

Proof. 1t is easy to see that the real form of C' is determined by the involution
of complex conjugation on C. The latter must preserve the set of points of each
type and the divisor v*(Py) on C. This implies that the list is exhaustive. A
computation shows that all the cases are realizable. []

The tangent developable of the twisted cubic t + (t,2,3) is given by the equa-
tion I'y = 0 where I'y is the discriminant of P(u) = u> + 3zu® + 3yu + z, i.e.,

Iy = 32%y? — 493 — 4232 + 6ayz — 22 (8)

Lemma 4.3. (cf. Prop. 4.1(1)) Let (g,I") be a solution of the AlgDOP problem
over R such that the surface I' = 0 contains the tangent developable of the curve C'
parametrized by t — (t,t%,t3). Then

0 20 0 1 2z 3y z 222 3zy
g=a| *2("—y) 3(@y—2) | +b| x42” 62y | +c| % 52y—2 6y
* * 18(y2—$z) % 9y * * 9yz

z 2y 3z z? 2zy 3wz 2(z?—y) xy—z O
+d (* 3ry+z 6902) +el « a6y |+ f * 2(y%—z2) 0 | »
* 0

* * 9yz £ % 922 %
det g = T'yI's where T'y is as in (8) and

I's :a2b+a2cw—2abcx+a2dw+2abd$—2acz$2+a26w2 +2ab6$2+2a2 f$2—|—4abf$2+b02y—2bcdy+2ad2y
+bd?y—2abey—2a? fy—2abfy+cdzy—c?dey—2acexy—becexy+2adexy+bdery+2acfry—2befry
+dadf xy+2bdf xy—2¢? fy?+4daefy®+2befy?+2af2y?+bf2y? —cd?z+d3 z4+becez—bdez—2adf z+c2exz
—2cdexz+d?exz+2d> faz—2aefrz—2befrz—2af2xz—2cefyz+2defyz+cflyz+dfiyz+ef2z?

and one of the following cases occurs up to affine linear change of coordinates:

(i) T =Ty and (a,c—d, f) # (0,0,0), (b,c+d,e,af —d*) # (0,0,0,0); in this
case I'y is a mon-zero constant if and only if c=d=e= f =0 and ab # 0;

(i) b=d= f =0, (c,ae) # (0,0), and I" = 'y, then we have I'ys = zI"y where
Iy = a’c+ a(ae — 2¢®)x + c(c? — 2ae)y + c?ez; in this case 'y cannot be a
nonzero constant, and we have I'y = x if and only if c =0 and ae # 0;

(is) a=b=c=0, (d,ef) # (0,0), and I" = zI'y, then we have I'y = zI'y where
[y =d3+d*(e+2f)x +df(2e + f)y + ef?z; in this case T'y is a nonzero
constant if and only if e = f =0 and d # 0; we have I'y = z if and only if
d=0 and ef # 0;

(ig) (a,...,f)=1(0,0,0,1,—-1,0), I'=(z —1)zTy;

(i5) (a,...,f) = (1,1,0,0,—1,—-1), T' = P(1)P(—1)Ty, therefore {T's = 0} is
the union of two osculating planes of C; recall that T'y = discr, P(u);

(ig) (a,...,f)=(2,1,0,0,%£1,0), a« #0, ' = (a + 1)2? — y £ a.

(i7) (a,...,f)=(1,0,1, 1,0, 0), T = (z—a®+y)ly;
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Proof. Step 1. We find g by solving the system of linear equations (3). If I' = I'y, we
arrive to (iy) where the indicated condition on (a, ..., f) is equivalent to det g # 0.
We have

Do(t,t2,t%) = (b+ ct + dt + et®)(a — ct + dt + ft*).

Hence {T'y = 0} is disjoint from the curve C (in C?) if and only ifc=d =e = f =0,
i.e., if and only if I'y is a non-zero constant.

Step 2. The variable changes ¢, : (z,y,2) — (z, y + 2uz, z + 3py + 3u*x) and
Yy (1,9, 2) = (Ax, A2y, A32) preserve {T'y = 0} and replace (a, ..., f) with

(a+plc—d)+p?f, b—plc+d) + pPe, c+p(f—e), d—u(f+e) e f) (9

and (A\2a, A\?b, Ac, \d, e, f) respectively. Thus, if f # 0 or ¢ —d # 0, we may assume
that a = 0; if e # 0 or ¢ 4+ d # 0, we may assume that b = 0.

Step 3. Here we suppose that I' = I'yI"; with degI'y = 1. Any affine plane cuts
the curve C. Hence, up to affine change of coordinates, we may assume that the
plane P = {I'; = 0} passes through the origin.

Case 3.1. P is transverse to C at the origin, i.e., P is parametrized by (¢, u) —
(z,y,2) = (At + Bu,t,u). Then (3) has three solutions:
e A=B=b=d=f =0 (this is (i2));
eb=c=0,c=—d=aA, f=aA? B:—%A2 (then det g = 0);
eb=f=B=0,c=d= —aA, e =2aA?.
In the latter case we have I'y = 2a3A(z — Ay), thus A # 0, and the variable change
¢, followed by ©x, A = pu = —1/(2A) (see Step 2) gives (i) with a = —1.

Case 3.2. P has an ordinary tangency with C at the origin, i.e., up to rescaling
of the coordinates, I'y = z —y. Then (3) does not have any non-zero solution.

Case 3.3. P is the osculating plane of C' at the origin, i.e., I'y = 2. Then the
only non-zero solution of (3) is (is).

Step 4. Suppose that degl’ = 6 and 'y = Flfl with degl'y = degfl = 1.
According to the result of Step 3, each of the planes {I'; = 0}, {I'; = 0} is either
an osculating plane for C' (Case (i3)) or a plane of the form {z = z¢} (Case (i2)).
Any two distinct points on C' can be mapped to any fixed positions by an affine
linear automorphism which preserves C' (see Step 2). Thus I'y is as in (ig) or
(i5) unless I'y = 2% — 1 or 'y = xz. In the latter two cases the system (3) does
not have any nonzero solution. Notice that this fact can be checked without any
computations. Indeed, I'y = 22 — 1 would imply that the ¢g*' are divisible by 22 — 1
and I'y = 2z would imply that the g*! (resp. ¢g%3) are divisible by z (resp. by 2). It
is immediately seen from the form of g that this is impossible.

Step 5. Suppose that deg'y = 2 and I'5 is irreducible.

Case 5.1. ef # 0. Then deg, I's = 2 and its coefficient of 22 is ef? (a nonzero
constant). By the result of Step 2 we may assume that a = 0. Then we compute the
remainders of the division of g'19,T'1 + ¢*29,T'1 + ¢'39.T; (viewed as a polynomial
in z) by I's and equate its coefficients to zero (see (A3) in §1). The obtained system
of equations has only two solutions with ef # 0. These are: (S1) b=c=0,e = f
and (S2) b =c=d = 0. In both cases I'y reducible.

Case 5.2. ef =a=0. Then I'y = po(y, 2) + p1(y, 2)z.
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Case 5.2.1. p1(y,z) = 0. If f =0, then p; = ((d—c)((c* —be)y + (c — d)ez)). If
it is zero, then d = ¢ (then I'y = 0) or ¢ = e = 0 (then degI's < 2). If e = 0 and
f #0, then p; = (d—c)(c® —2bf)y — 2d? fz. If it is zero, then cd = 0 which implies
that Ty =TT deg T < 1.

Case 5.2.2. p1(y,z) # 0. Then we solve the system (3) for the parametrization

(t,u) — (po(t,u)/p1(t,w), t, u) of {T'y = 0}. If f =0, the solutions are: (S1) d =
(S2) b# 0, e = cd/b; (S )b:c:O; (S4) b =d = 0. If e = 0, the solutions are:
(S5) c=d=0; (S6)c=f=0;(S7)d=0, f#0,b=c?/(2f); (S8) f =d — ¢ = 0;
(S9) d = f = 0. In all these cases we have I'y = anrgz), deg ng) <1.
Case 5.3. ef = 0 and a # 0. By the result of Step 1 we know that C and
{T's = 0} have a common point in C3. Suppose first that there is a real common
point. By an affine linear change of coordinates in R? we can achieve that this is the
origin. Since I'y(0,0,0) = a?b, we then have b = 0. By the result of Step 2 we may
assume that f = O and d = ¢ (otherwise we reduce to Case 5.2). Then ¢ # 0 because
otherwise I'y = 2. Thus we have b= f =0and d = ¢ # 0. One can check that this
is a solution of AlgDOP problem. If e = 0 we obtain (i7) by the coordinate change
¥ (see Step 2) with A = c¢/a. If e # 0, the coordinate change ¢, with 1 = c/e
followed by 1) with A\ = e/c, we obtain (ig) with (a, ..., f) = (—ae/c?,1,0,0,—1,0).
In the case when C and {I'y = 0} do not have common real points, one can show
that (a,...,f) = (2¢,,1,0,0,1,0), @« € R (we omit the details). In both cases we
have a # 0 (otherwise I'y = 0). O

The following lemma is a direct computation.

Lemma 4.4. (cf. Prop. 4.1(ii)) Let (g,T") be a solution of the AlgDOP problem
over R such that the surface I' = 0 contains the tangent developable of the curve
t— (71 t,t%). Then

0 0 0 z? —xy —2xz
g=a <* 2(1—zy) 3(y—wz) ) +0b ( x y? 2yz ) y ab 7£ O,

* * 18(y2—z) * % 422

det g = 9a?bx?(3y? — 4xy> — 42 + 6zyz — 2%22). The coordinate change (z,y,z) —
(A Lz, Ay, A%2) preserves det g and transforms (a,b) into (a,A\2b). Thus we can
reduce to (a,b) = (1,£1). O
The tangent developable of the cuspidal quartic curve t + (¢2,2t3, 3t) is given
by the equation I's = 0 where I's is the discriminant of P(u) = u* — 6zu? — dyu — z,
ie.,
['s = —54a3y? 4+ 27y* + 812tz — bdwy?z + 182222 + 2. (10)
Lemma 4.5. (cf. Prop. 4.1(iii)) Let (g,I") be a solution of the AlgDOP problem

over R such that the surface I' = 0 contains the tangent developable of the curve
t — (t2,2t3,3tY), i.e., T's a factor of T'. Then

4z 6y 8z 4y 2(92%42) 24zy 422 6zy 8zz
g=al| * 3(9z2+2) 36xy +b| = 36zy 36y | +cC x 9y? 12yz |,
* * 144(y? —z2) * * 48yz * % 1622
det g = T'sT"; where T'y = 3a® + 3(a?c — 3ab?)z + 3(b> — abc)y + bcz, and one of the
following cases occurs up to rescaling of the coordinates:

(iiiy) (a,b) # (0,0), I' = T's, in this case I'1 is a nonzero constant if and only if
a#0 andb=c=0;
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(iii2) (a,b,c) = (3,1,—1), ' =T'1I'5, in this case {I'y = 0} is the osculating plane
at t = 3, and we have T'y = P(3) (recall that P(u) = u* — 6zu® — dyu — z);
(iii3) (a,b,¢) = (1,0,£1), T = (x £ 1)T.

Proof. We find g by solving the linear system of equations (3). Then det g is as
stated. It vanishes identically if and only if @ = b = 0. Since I'; divides I and
I' divides det g, we have either I' = I's or I' = det g = I'sI'y. In the former case
everything is done. So, we suppose that I' = I'5T';.

The change (r,v, 2) — (A\z, A3y, \*2) transforms (a, b, ¢) to (a, \b, \2c). Thus,
if abc # 0, we may assume that (a,b) = (3,1). Then the remainder of the division
of g*9,T'1 + ¢g*?0,T1 + ¢'39.T (viewed as a polynomial in z) by I'; is equal to
(¢ + 1)q(z,y) where g(x,y) is a polynomial in x,y such that ¢(0,0) # 0, and we
arrive to solution (iiiz).

If abc = 0, we may rescale the coordinates so that each of a,b,cis 0 or +1. In
each case we check if (3) is satisfied. [

The following lemma is a direct computation based on Proposition 4.2. In Cases
(v), (v') instead of C we consider its image under (z,y,z) — (z, 3y, 2z).

Lemma 4.6. Let (g,T") be a solution of the AlgDOP problem over R such that the
surface I' = 0 contains the tangent developable of the curves in Props. 4.1(iv)—(vi)
and 4.2(iv) )-(vi" ). Then T = det g and one of the following cases takes place:

(iv) g is given by (11) with € = 1:

z2 3zy—12 4dxz—4y —4 0 0
x O9y2—122 12yz | +e| * T72-24zy 24y—36zz | ; (11)
* * 1622 * * 32¢y%—1442

(iv') g is given by (11) with e = —1;
(v) g is given by (12) with € = 1:

4y—9z% 22—12zy —15z2 24 32z 40y
* —16y> —20yz | +&| * 16(62°—5y) 120(zy—=2) |, (12)
* * —2522 * * 400(y* —zz)

1 det(5g) is the discriminant of u® — 10u® — 10zu? — Syu — z;
(v') g is given by (12) with e = —1;

(vi)

8+y2+4z—2w2 —3zy 12x—2xz
g = * 8—4Z—|—w2—2y2 —12y—2yz y
* * 16—|—83¢2—|—8y2—4z2

% det g is the discriminant of u* — su® + zu? —s5u+1, s = x + iy;
(vi") g is given by (138) with ¢ = —1:

3x2—8y 2xy—12z xz 0 0 16
* 4y?—8zz 2yz | + € 0 16 12z | (13)
* * 322 16 12x 8y

(vi") g is given by (138) with e = 1.
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5. SOLUTIONS OF SDOP PROBLEM BOUNDED BY TANGENT DEVELOPABLES

5.1. Bounded solutions.

Theorem 5.1. Up to affine linear change of coordinates, the following is a com-
plete list of solutions (2, g,p) of DOP problem in R such that Q is a bounded
domain whose boundary 0S) contains a piece of a tangent developable surface. In
each case g is as in the corresponding case of Lemmas 4.3, 4.5, 4.6 (sometimes with
additional restrictions on the parameters) and S is the only bounded component of
the complement of {det g = 0}; see Figures 1-5 and comments on them in §5.35.

(ig) p= Fﬁ_lzq_l(l —x)" L 6p>1,¢>0,r>0,2p+q>1;
(i5) p=T2'P(1)11P(=1)"" 1, 6p>1,¢>0,r>0,2p+q>1, 2p+7>1;
(i) «>0ande=—1, p=T2"'TT" 6p>1, ¢>0 (see Remark 5.3);

(ilig) p=T27'T9 " 4p>1,¢>0,2p+q>1;

(iii3) ¢ =—1, p= 1;1;’—1(1 —2)T 1 4p > 1, ¢ >0;

(v,vi) p=(detg)?™", 4p > 1;

FIGURE 1. (iii3) and (i4): the quotients of S* by the reflection groups
A1 + Az (the truncated swallow tail) and A, + Bs.

2,2

FIGURE 2. (ig): the quotient of S? by the reflection group A; + A
(the projection on the xy-plane is on the left hand side).

Proof. Boundedness of Q. Let us show that R\ ¥ where ¥ = {I" = 0} does not
have any bounded component in all other cases of Lemmas 4.3-4.6. For (i1), (i2),
(i3), (iii;) this fact is evident because I' is quasihomogeneous. In other cases we
consider the projection 7 : (z,y, z) — (x,y) and find the regions on the xy-plane



14 S. YU. OREVKOV

AN
1 < |

FIGURE 3. (vi): the quotient of R3 by the affine reflection group As.

FIGURE 4. (i5): the quotient of R3 by the affine reflection group Cs.
The faces ABC and BC'D are on the osculating planes at A and D resp.

/.

D VAV
/7 /
VA
/
3
3
3
3 3 4
3
2 A C

FIGURE 5. (v), (iiiz), §6.5: the quotients of S® by the reflection groups
Ay, By, Dy. The face BC'D belongs to the osculating plane at D.

over which ¥ is a disjoint union of graphs of smooth functions (i.e. over which 7|y
is a covering). This is the complement of the real curve R = {D,(x,y)C.(z,y) = 0}
where D, is the discriminant of I' with respect to z, and C, is the coefficient of
the highest power of z in I'. This curve is depicted in Figure 6 in the respective
cases. The dashed line represents m(B_) where B_ is the part of the curve of self-
intersection of (the complexification of) ¥ such that two non-real local branches of
¥ cross at points of B_ (that is ¥ has the equation u? 4+ v? = 0 in some local real
analytic coordinates (u, v, w) near each point of B_). We see in Figure 6 that all
components of R? \ (R \ 7(B_)) are unbounded. Hence so are all components of
R3\ ¥. It remains to exclude Case (ig) when o < 0 or e = 1. In this case we have
D,=y—2?and C, = (a+1)2? —y+ea, e = £1. If e = 1, then all components of
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R?\ R are unbounded. If e = —1 and a < 0, then there is a bounded component
Q, but 771(Q) N T is empty.

(v') (vi’) ’ (vi”)

FIGURE 6. Irrelevant solutions of the AlgDOP problem.

Integrability of p. In Case (ig), the integrability conditions at the origin, at
cuspidal edge, and at the z-axes (the line of tangency) are, respectively, 2p+¢q > 1,
p > 1/6, and p+ ¢ > 1/2 but the last condition follows from the first one because
g > 0. Let us prove the first condition. Let Q1 = {(y,2) | (1,y,2) € Q}. We
have T'y(z,y,2) = 25T4(1,y/22, z/23), hence, using the variable change y = 2%,
2z = 23(, we obtain

/ zq_lfﬁ_ldxdydz:/ dm/ (mSQ)q_l(x6F4(1,n,Q))p_1x5d77d§,
Qn{z<e} 0 951

which is finite if and only if 6(p — 1) +3(¢ — 1) +5 > —1 (i.e., 2p+ ¢ > 1) and
le ¢TIy (1,m, )P~ tdn d( is finite. The integrability conditions in dimension 2 are
obtained in the same way (in [3, Remark 2.28] they are stated as an evident fact).
In our case they are 6p > 1 and 2p + 2¢ > 1. The same or similar arguments work
in Cases (i), (i), (iii3) as well. In the remaining three cases the surface is not
quasihomogeneous, however, one can show that the restrictions are the same as in
the quasihomogeneous case (we omit the proof). [

5.2. Unbounded solutions.

Theorem 5.2. Up to affine linear change of coordinates, the following is a com-
plete list of solutions (2, g, p) of SDOP problem in R such that Q is an unbounded
domain whose boundary 02 contains a piece of a tangent developable surface. In
each case g is as in the corresponding case of Lemmas 4.3, 4.5 with additional
restrictions on the parameters.

(i1) (a,...,f)=(2,1,0,0,0,0), a > 0; Q is the component of R3\ {det g = 0}
containing (0, —1,0) (i.e., the domain in Figure 2 is QN{y > (a+1)x%—a}),
p= Fﬁ_l exp (A\y — A1 + @)z?), p > 1/6, XA > 0;
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(i3) (a,...,f) = (0,0,0,1,0,0); Q is the only component of R®\ {detg = 0}
such that QN {x = 1} is bounded (i.e., QN {x < 1} is the right domain in
Figure 1), p = Fz_lzq_l exp(—Az), p>1/6,¢>0,2p+qg>1, A >0;

(iiiy) (a,b,¢) = (1,0,0); Q is the only component of R3 \ {detg = 0} such that
QN {x =1} is bounded (i.e., QN {x < 1} is the left domain in Figure 1),
p= 1”5’5’_1 exp(—Az), p>1/4, A > 0.

Proof. Let I' be the minimal polynomial vanishing on 0€2. Then (g,I") is a solution
of the AlgDOP problem. Set A = detg and ¥ = {I" = 0}. If © is unbounded and
A does not have multiple components, then deg A < 6. This fact excludes all the
cases of Lemmas 4.3-4.6 for (g,I") except those considered below.

(i1). Then 092 C ¥4 = {I'y = 0} (recall that I'y is given in (8)). Let 7 be
the projection R3 — R?, (z,v,2) — (z,y). Then ¥4 cuts R? into two unbounded
components Q4, Q_. One of them (let it be €2, ) is projected by 7 onto the non-
convex set {y < z?}, and 7~ 1(m(p)) is a finite interval for any p € Q0 (see Figure 2).
Since €2 is one of Q, Q_, we have 002 = ¥4.

Let us show that any affine plane P intersects each of 4, Q2. The curve C
(whose tangent developable is 34) has only one point at infinity: the infinite point
of the z-axis. If the projective closure of P does not pass through this point, then
P cuts C in some finite real point because the degree of C is odd. Otherwise
P = 771(L) where L is a line in R?, hence P cuts ¥ because 7(X) = {y < z?}.
In both cases P cuts each of Q. This fact implies that A = I'y (up to a scalar
factor). Indeed, recall that either A has a multiple component, or deg A < 6.
Thus, if deg A > 4, then in both cases A would vanishes on some plane P. This is
impossible because Alg # 0 and PN # .

By solving the system of linear equations (3), we obtain the required form of p,
maybe, multiplied by e**, however, this factor can be killed by the transformation
¢, with a suitable p; see (9). We have Q = 1, because {)_ contains cylinders
parallel to the z-axis, which contradicts the integrability condition for the measure
of this form. The positive definiteness of g in €2 implies that a > 0 and b > 0. Then
we may set b = 1, a = 2a, o > 0. The integrability conditions near C' and at the
infinity are, respectively, p > 1/6 (see [3, Remark 2.28]) and A > 0.

(iz). Then deg A = 6, and A has multiple factors of A if and only if and
b=c=d=f=0,ae#0. In this case A = 2°T"y. No exponential factor of p.

(is) witha =b=c=e = f =0, d # 0. The solution is antisymmetric under
the rotation (z,y,z) — (—z,y, —z), hence we may set d = 1. Then g is positive
definite only in the indicated domain. Solving the linear equations, we obtain that
the measure is of the required form. The integrability condition at the infinity is
A > 0. The others are the same as in Theorem 5.1(i4).

(i) with a =b=c¢=d =0, ef # 0. Solving the linear equations, we obtain
that p has an exponential factor only when e = f, and it is exp(Ay/z). Since
Ly(Az, A2y, A\32) = X°Ty(z, 9, 2), using the variable change y; = y/2?%, 21 = z/23,
one can easily show that the integrability condition fails for any choice of (2.

(ig) with @ = —1. No exponential factor of p.

(iii; ) with b = ¢ = 0. Straightforward; see the bound for p in Theorem 5.1(iiiz). O

Remark 5.3. The solutions (i;) and (ig) with different values of the parameter
a (and in the latter case even the underlying domains) cannot be transformed to
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each other by any affine linear transformation. However, these solutions are also
solutions of the weighted DOP problem (see [1], [7]) with weights (1,2,3) and the
(1,2, 3)-admissible change of variables (see the definition in [7, §2.2])

(2,9,2) = (2, (@® —y)/a, (22° = 3zy + 2)/(2a°/%))

transforms (iy) and (ig) into, respectively,
(it) Q= {y> > 2%}, g = go (see below), and p = (y> — ZQ)P—le—/\a(wery);
(ig) Q is the only bounded component of R3\ {(y® — 22)(1 — 22 —y) = 0},
g=go—91, p=(y> —22)P71(1 — 2% — y)?~!, where

1 0 0 2 2xy 3z
g=10 4y 62 |, g1 = | 22y 4y? 6yz
0 6z 9y 3rz 6yz 922

(g1 is the coefficient of e in the matrix in Lemma 4.3). Thus we have one-parameter
families of pairwise non-equivalent solutions of the DOP problem such that the
members of each family become equivalent to each other when they are consid-
ered as solutions of the weighted DOP problem with suitable weights. The same
phenomenon was observed in dimension 2 in [3, §4.5], [7, Remark 6.5].

5.3. Comments on the figures. In Figures 1-5 we show the bounded domains
appearing in Theorem 5.1 and the domain discussed in §6.5. All the domains are
curvilinear polyhedra (all but one being tetrahedra), so we present them by the
planar projections of their edges. When the axes are not shown, the projection is
assumed to be (z,y, 2) — (z,y) (or (x,y, 2) — (z, z) in Figure 5 on the right). The
number n near an edge means that the surface is given by the equation v? = u”
in some local curvilinear coordinates (u,v,w) in a neighbourhood of this edge. In
all the cases the metric (g;;) = g~ ' is of constant non-negative curvature and the
boundary of 2 is totally geodesic (which well agrees with Soukhanov’s results [11],
[12]). Thus Q can be identified with the quotient of R? or S? by a group generated
by reflections (a Coxeter group) and L is the image of the Laplace operator. The
types of the groups are indicated in the figure captions. The explicit formulas for
these identifications are given in §6. Note that if an edge of (2 is marked by a
number n, then the angle at the corresponding edge of the fundamental polyhedron
in R3 or S? is 7/n. For affine Coxeter groups (Figures 3 and 4) we also present the
fundamental tetrahedra and the corresponding Coxeter graphs. Notice also that the
curves on the right hand sides of Figures 3 and 5 are (4, 1)- and (3, 1)-hypocycloids.

6. HIGHER DIMENSIONAL SOLUTIONS OF THE DOP PROBLEM
ON THE QUOTIENTS OF S™ OrR R"™ BY COXETER GROUPS

Using the approach from [3, §4], in this section we realize each solution from
Theorem 5.1 as an image of the Laplace operator on S? or R? through the quotient
by a discrete group generated by reflections (a Coxeter group). Moreover, we include
each of these solutions into an infinite series of solutions in all dimensions.

6.1. Generalities. With a second order differential operator L with no 0-order
term on a manifold M, is associated the operator “carré du champ”

Pe(fin ) = 5 (LUAR) — AL() — L())-
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(see [2]). Notice that the operator I'a (for the Laplace operator on R™) plays
a key role in [10] where it is denoted by (dfi,df2). If L is given by (1) in some
coordinates (z1,...,2,), then ¢ = I'y(z;,z;) and b* = L(z;). Let £ : M — R",
p+ (fi(p),..., fa(p)) be a mapping such that 'y (f;, fj) = GYof and L(f;) = B'of
for some functions G* and B* defined on f(M). Then a direct computation shows

that the operator
f.(L)=) GY0;+) B0
i i

is such that f,(L)(¢) = L(¢p o f) for any smooth ¢ : f(M) — R. We say that L,(f)
is the image of L through f.

Let G be a discrete group generated by orthogonal reflections acting on R"
(see [4] for a general introduction to the subject). We discuss here only bounded
solutions of the DOP problem. Therefore, when G is finite (a spherical Cozeter
group or just Cozeter group), we assume that the origin is a fixed point and we
restrict the action form R™ to the unit sphere S*~!. If G is infinite (an affine
Cozeter group), we assume that it contains a full rank subgroup of translations.
So, in both cases the orbit space M /G is compact (M is R™ or S*~1).

If G is finite, it is known (see [5], [4, Ch. V, §85-6]) that the ring of invariant
polynomials is freely generated by some invariant homogeneous forms Iy,..., I,.
The choice of the invariants I;’s is not unique (see, e.g., [6], [10] for different con-
crete choices) but their degrees dy, .. ., d,, are uniquely determined. These numbers
(called exponents in [4]) for each Coxeter group can be found in Tables (Planches)
I-X in [4]. One of the basic invariants is (if the action is irreducible) or can be
chosen to be #3 +---+22. Let it be I1. Then [3, Eq. (4.5)] implies that the image
of the Laplace operator Agn—1 for f : S*™1 — R" 1 p — (I1(p),..., I.(p)), is a
solution of the weighted DOP problem (see [1], [7] for the definition) with weights
(dg,...,d,) on f(S*1). However, in §§6.2-6.8 we show that for the Coxeter groups
of types A,, B,, and their direct products, as well as for D4, one can choose the
basic invariants so that the image of the Laplace operator is a solution of the DOP
problem (with weights (1,...,1)).

Consider now the case when G is an affine Coxeter group acting on £ = R".
It is shown in [4, Ch. VI, §3.4] that the ring of invariant Fourier polynomials is
freely generated by certain elements fi,..., f, which are explicitly described via
the fundamental weights wy, ..., w, corresponding to some Weyl chamber C'. One
can check that the image of Ag through p — (f1(p),- .., fn(p)) is a solution of the
weighted DOP problem with the weights a(w1),...,a(w,) where « is any linear
function positive on C. In §§6.9-6.11 we show that these are also solutions of the
DOP problem (with weights (1,...,1)) for the affine Coxeter groups of types A,
and C,,. It seems plausible that the quotients by other spherical or affine Coxeter
groups never give a solution of the DOP problem. In dimension 2 this fact follows
from the classification in [3].

For each solution (€2, g, p) obtained as the image of a Laplace operator through
the quotient by a Coxeter group, L is the Laplace-Beltrami operator for the metric
g~ ', hence p = (det g)~1/2.

6.2. Quotient of S" 2 by the Coxeter group A4,,_.

Let £ = R™ with coordinates x1,...,x,, let H C E be the hyperplane z; +- - -+
x, = 0, and S"~2 be the unit sphere in H. The Coxeter group A,,_; acting on S"~2
is generated by the orthogonal reflections in the hyperplanes x; = z;. The ring of
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invariants is freely generated by the elementary symmetric polynomials so, ..., S,.
So, we consider the mapping ® : S*72 — R" 2, (xq,...,2,) — (83,...,8,) where
P(u) = (u+m1) ... (u+zn) = > p_o sku™*. Note that (s, s1,52)|gn—2 = (1,0, —1)
and we set s; = 0 for k & [0,n]. Then Q = ®(S"~?) is bounded by the hypersurface

discr,, (u™ — 3u" 72 + Xau™ P+ 4+ Xpqu+ X,,) = 0.

(cf. Thm. 5.1(v)). Here (X3,..., X,,) are the coordinates in the target space R"~2.
Let A = Agn—2 and let I' be the corresponding carré du champ. We are going to
check that ®,(A) is a Laplace-Beltrami solution of the DOP problem on 2. We
have T'(sk, $m) = Tu(sk, Sm) — kmsgs, (see [3, Eq. (4.5)]) and T' g (sk, Si,) is the
coefficient of u"~*v"~™ in T g (P(u), P(v)). We have

Ap=Apg+210] where (9022(%. (14)
Hence Ty (f1, f2) = Te(f1, f2) — 2(80f1)(00 f2). It is clear that

doP(u) = Z Plu) _ P'(u), (15)

U+ x;
thus Ty (P(u), P(v)) = Tg(P(u), P(v)) — 1 P'(u)P’(v). Finally, by [3, p. 1033],

T(P(u), P(v) = 3 (3:P(w)) (8, P(0)) T (i ) = Y (8:P(u)) (0,P(v))

P(u)P(v) ] _ P(u)P(v) 1 1
_Z (u+z)(v+z)  v—u ;(u+xi_v+xi>
(15) P/( ) (U) ( ) ('LL) yn—k—1yn—m _ yn—k=1, n—m
= =Y (n—k)sgsm

v kz;n " v—u

m—k—

k—m k—1
— E (n o ]C)Sksm E :un—k+l—1vn—m—l—1 . E un—k—l—lvn—m+l—1 :
k,m =0

1=1
hence for a < b we have

T'(s4,8p) = (a—1)(1 — b_Tl)sa_lsb_l — absysp + Z(a —b—20)Sq—1-1Sp+1—1-
1>1

Thus the coefficients g%°, a < b, of ®,(A) are given by the same expression where
S0, 81, - --,Sn are replaced by 1,0,—%,X3,...,Xn and s is set to zero when k &
[0,n]. Here X3, ..., X, are coordinates in the target space R" 2.

By [3, Eq. (4.5)] we have A(s,) = Apn(sq)—a(n+a—3)s,. Counting the number
of monomials, one obtains

00(8q4) = (n—a+1)sq_1. (16)
These formulae combined with (14) and with Ag(s,) = 0 yield

A(sq)=—2(n—a+1)(n—a+2)s,—2 —a(n+a— 3)s,. (17)
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6.3. Quotient of S”~! by the Coxeter group B,,.

Let E be R™ with coordinates z1, ..., x, and S*! be the unit sphere in E. The
Coxeter group B,, acting on FE is generated by the reflections in the hyperplanes
z; = x; and x; = 0. The ring of polynomial invariants is generated by the elemen-
tary symmetric polynomials in x?. We consider the mapping ® : "1 — R"~1,
(T1,..-,@p) = (S2,...,8,) where P(u) = (u—+t1)...(u+t,) = D ppspu™ ",
t; = x2. We have (so, s1)|sn-1 = (1,1) and we set s = 0 for k& & [0,n]. Then
®(S"1) is bounded by the hypersurface

X, discr, (u™ +u" "+ Xou" 2 4+ X qu+ X,) =0

(cf. Thm. 5.1(iliz) and Figure 5). Its component X,, = 0 is the image of the
hyperplanes x; = 0 and the other component is the image of the planes x; = x;.

Let A = Agn-1 and let T’ be the corresponding carré du champ. I'(sg, s,,) is
the coefficient of u™~*v™~™ in T'(P(u), P(v)). The s; are homogeneous of degree
2k, hence (see [3, Eq. (4.5)]) T'(sk, $m) = T'r(sk, Sm) — 4kmsys,, and

177

Then (cf. [10, Prop. 2.2.2])

1 1 " y N t; P(u)P(v)
1T (Pu), Pv)) = zj: (00 P(w)) (9, D) (tis ) = Z (u+t:) (v +t;)
P(u)P(v u v uwP'(u)P(v) — vP'(v)P(u
I EERER

un—kvn—m _Un—k:un—m
= Z(n—k)sksm p—
k,m

m—k k—m
— E (n _ k)SkSm E un—k—lvn—m—‘,—l—l _2 :Un_k+l_1?]n_m_l
=1 =1

k,m
Hence for a < b we have

IT'(sq,sp) = —4absgspy + Z 4b—a+2l —1)Sq—1Spti-1- (18)
1>1

The coefficients g%°, a < b, of ®,(A) are given by the same expression where
S0, 81, - - -, Sp, are replaced by 1,1, X, ..., X,, and s is set to zero when k & [0, n].

We have A(s,) = Ag(sq) — 2a(n + 2a — 2)s, (see [3, Eq. (4.5)]). Similarly to
(16) one obtains Ag(s,) =2(n —a + 1)s,_1, hence

A(sq) =2(n—a+1)sq—1 —2a(n + 2a — 2)s,. (19)
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6.4. Quotient of S"~! by the Coxeter group B, (another mapping).
In this subsection we compute ®,(Agn-1) for another polynomial mapping &
invariant under the action of B,,. This time = ®(S""!) is bounded by

{X = (Xa,...,X,) | Px(1)diser, Px(u) =0}, Px(u)=u"+Y Xpu"*
k=2

Up to rescaling of the coordinates, we obtain the solution in Thm. 5.1(iiis) (see
Figure 5) when n = 4, and the solution in [3, §4.10] when n = 3.

The mapping ® : S"~1 — R"~! is given by (x1,...,2,) — (s2,...,8,) where
Pu) = (u+t1)...(u+t,) = > p_gseu™ %, t; = nz? — 1. It factors through
D1 1 (w2,...,mn) = (ta,...,t,) and ®1(S* 1) is the (n — 1)-simplex o given by
> t; =0, t; > —1. The image of do is the hyperplane Px (1) = 0, and the image of
the (n — 2)-planes o N {t; = t;} is the discriminantal hypersurface. This solution is
obtained from the one in §6.3 by the change of variable u — u—% which corresponds
to an evident affine linear transformation in the coefficient space. It seems, however,
that it is easier to recompute @, (A) rather than to perform this change of variables.
Let us do it. By linearity, T'(sg, s;,) is the coefficient of u™~*v™~™ in T'(P(u), P(v)).
We have (see [3, Eq. (4.2)])

Lt t;) = T'(nz?, nx?) = 4n2$i$j(6ij —xx;) = 4n25z’j$? - 4n2x?x?.

Hence
I‘(P(ZL,QP(U)) _ Z (00, P(w)) (91, P(1)) I‘(i;,;j)
_ N P@POT(tnt)  ~ _PP)a?  ~ P)P)eie]
B %: dn2(u+t;) (v +t;) Z (u+t;)(v+t;) %: (u+t;)(v+tj)
_ P(u)P(v)? 1 1 P(u)ziP(v)x?
B TZ <u+tz~ - U+ti> _; (u+t;)(v+t5)
_ Q(U)P(Ug - S(U)P(U) — O(u)Q()
where
Pu)z? 1 Pu)(t; +1 1 u—1)P(u
o= T = L S = (re - M)
= P(u) — %(u —1)P'(u) = % Z Sk (ku"_k + (n — k)u”_k_1>
k

Thus (Q(u)P(v) — Q(v)P(u))/(v — u) is equal to

n—k,n—m n—k, n—m n—k—1, n—m n—k—lun—m
v—u v—u )

SLSm U v - U U v -
k —k
S )

k,m

Sksm{ (k_m —k+l—1, n—m—l1 = —k—1, n— +z-1)
_ Z k Zun o™ _Zun o™
k,m n =1 =1
k—m m—k—1
+ (n _ k) (Zun—k—i—l—lvn—m—l—l . un—k—l—lvn—m—l—l—l) }

=0 =1
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If a < b, then

%F(sa, Sp) = Zn(a —b—2)sq—1—18p+1—1 + Zn(b —a+2l—1)sq_1Spr1-1
1>1 1>1

+nn—>b+1)s4-15p—1 — (asa +(n—a+ 1)sa_1> (bsb +(n—->b+ 1)sb_1).

The coefficients g%°, a < b, of ®,(A) are given by the same expression where
S0, 81, - - -, S, are replaced by 1,0, Xo, ..., X, and s is set to zero when k & [0, n].

We have A = Ag — (r9,)? — (n — 2)rd, where rd, =Y x;0,, (see [3, Eq. (4.4)])
and AP =2nP’' r0,P =2nP + 2(1 — u)P’, hence

(roy)>P = 4n*P +4(2n — 1)(1 — u) P’ + 4(1 — u)*P",
AP =2nP" —2(3n*> —n)P — 2(5n — 3)(1 — u) P’ — 4(1 — u)*P”",
and we obtain
As,=2a(2—2a—n)sq +8(n—a+1)(1 —a)sq_1 —4(n—a+1)(n—a+2)sq_s.
6.5. Quotient of S"~! by the Coxeter group D,. Let the notation be as
in §6.3. The Coxeter group D, acting on E is generated by the reflections in
the hyperplanes x; £ x; = 0. The ring of polynomial invariants is generated by

S1y-+-y8p—1 and 8, = /S, = x1...x,. The values of I'(s,, sp) and A(s,) are
already computed in §6.3, and we have (recall that (sg, s1)[sn-1 = (1,1))

I'(sq,8n) = IT'(sq, S}/Q) = %sgl/QF(sa, Sn) (1 —2ansgS, +2(n —a+1)sq—15n,
T'(8p,8n) = I‘(s}/Q, 5711/2) = isglf(sn, Sn) (8 —n?8 + 5, 1,
A(5,) = Agp(8,) —2n(n—1)8, = —2n(n — 1), (by [3, Eq. (4.5)]).

Thus, for a given n, the image of A is a solution of the DOP problem if and only
if, for any a,b < n, I'(s,, $p) does not contain any monomial of the form sgs,, with
2 < k <n. This is the case for n = 4. The corresponding matrix g is

—162% + 42+ 12y  —24xy + Sy + 162>  —16x2 + 62
—24xy + 8y + 1622 —369? + 4oy + 1222 —24yz + 4az
—16x2 4 62 —24yz 4+ dxz —1622 +y

The projection of the cuspidal edge of the surface degg = 0 onto the zz-plane is
the deltoid (see Figure 5 and [3, §4.12]) up to affine transformation of R2.

If n > 5, then ®,(A) is not a solution of the DOP problem because, for example,

T(54,5,1) = —16(n — 1)s45,_1 +4(n — 4)s35,_1 + 4(n — 2)s95>

n

has a monomial of degree 3. However, for any n, it is, evidently, a solution of the
weighted DOP problem with weights (1,...,1, %)
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6.6. Direct products of Coxeter groups.

Let finite Coxeter groups G, a = 1,...,m, act on vector spaces F,, dim E, =
n,. We assume that these representations are irreducible or trivial. Consider the
diagonal action of G = G x --- x G, on E =@, Eo. Let n =3 no. We denote
the Laplace operator and the corresponding “carré du champ” on the unit sphere
in E (resp. in E,) by A and I' (resp. by A, and I'y). Let I 5, k=1,...,n4, be
sets of basic invariant homogeneous polynomials for the respective group actions,
do 1 = deg I, . We assume that d, ; is minimal among the d, x’s. Then d, 1 = 2
unless G, is trivial.

Let g}'xj (xa,l, .. ,xa’na) and bfx (xa’l, . ,xa’na) be the polynomials such that

Lollayi L) =97 (Iai, - Loy ) Ao(Ia) =0\ (Tan, - Tan,)-

We assume that deg g%/ < 2 and b?, < 1 for any i, j,« > 1 (notice that this condition
is fulfilled for A,, and B,,, but not for Dy; see §56.2-6.5).

First construction. Suppose that di 1 = -+ = dy,1 = 2, i.e. all the I, are
positive definite quadratic forms. Let S"~! be the sphere in E given by the equa-
tion > Io1 = 0 and let ® : S* ' — R""! be the mapping defined by p

(fl(p), Iy(p),..., Im(p)), where I, = (Io1,---,1an,) and I, = (11,25 L1py)-
It is easy to see that the image of A through & is a solution of the DOP prob-

lem. Denote the coordinates in the target space R"~! by (X1,Xa,...,X,,) where
Xo = (Ta1,- - Tan,) and Xo = (a2, - .., Ta,n, ). Then the corresponding matrix
g is the block matrix (gap)n 5= With the block dimensions (n1 —1,n2,...,ny) and

the blocks gng = (gijﬁ(il, X9, ... ,xm))i’j defined by

Qij(1—$2,1—---—xm’1,5<1), a=p8=1,
9;75: U (Xq), a=p>2,
_do‘:i dﬁ,j Ta,i La,jy « %ﬁ

Up to affine linear change of coordinates, ®.(A) does not depend on the order of
the summands. For example, if we exchange F7 and E5, then the resulting solution
is obtained from the initial one by the affine linear change of coordinates

(il,XQ,...,xm) — (ig, 1—.%2’1 —-'-—$m71,)~(1, X3,...,Xm>.
Second construction. Suppose now that G is trivial, do1 = -+ = dp1 =
2, and dim E,, = 1. Then Iy i,...,1;,, are just linear coordinates on F; and
dig = = din, = 1. Let S*~! be the sphere in E given by the equation

> 112,2' + > oso o =0 and let ® : S*1 — R"~! be the mapping defined by p
(Il (p)y.--s Im—_l(p)), where I, = (In,1,---,1an, ). Then ®,(A) is a solution of the
DOP problem. Denote the coordinates in the target space R”~! by (x1,...,Xm_1)
where x,, = (Za.1, - - 7$a,na)- Then the corresponding matrix g is the block matrix
(g(a,ﬂ));nﬁ:l with the block dimensions (ni,ns,...,n,—-1) and with the blocks

g(a, p) = (g;fﬂ)” defined by

51.7 — 371,2' .CELJ', o= 5 — 1,

_da,i dﬁ,] TailTa,j, & 7& 5
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6.7. Quotient of S”~! and S” by the Coxeter group A4; + A, _1.

Let the notation be as in §6.2. Let S*~! be the unit sphere in H. = R® H C
R @ E (we denote the coordinate on R by xp). Let A, be the Laplace operator
on S"~!. Consider the product G of the Coxeter groups A; and A,,_; diagonally
acting on H,. According to §6.6 (first construction), the image of A through the
mapping ®, : S"7t — R"1 (29, 21,...,2,) > (S2,...,5,), provides a solution of
the DOP problem on the domain & (S*~1!), which is bounded by the hypersurface

(14 2X,)F =0, F =discr, (u” + Xou" 2+ + X,_qu+ X,,) =0. (20)

Its component 142X, = 0 is the image of HNS™~!. For n = 4, this is the solution
in Thm. 5.1(iii3) (see Figure 1) up to rescaling of the coordinates. The entries

of the matrix g are given by the formulas in §6.3 with sg, s1,...,s, replaced by
1,0, Xo,..., X,. We have A, (s,) = A(sq) — as, with A(s,) as in (17).

Let S™ be the unit sphere in R @ H,. We denote the newly added coordinate
by Zo. Extend the above action of G to R & H, assuming that it acts trivially
on the first component. Consider the image of Agn through (g, o, z1,...,2,) —
(Zo, S2,---,5n). According to §6.6 (second construction), it gives a solution of the
DOP problem in the domain in R™ with coordinates (X7i,...,X,) bounded by the
hypersurface (1 + 2Xy — X2)F = 0; see (20). We have g'* = §'® — bX, X, g9
for 2 < a < b are as above, Agn(s,) = A(Sy) — 2as, (A(s,) is as in (17)), and
Agsn (Z9) = —nzo For n = 3 we obtain (i§) in Remark 5.3 up to rescaling.

The solution (ig) in Theorem 5.1 and its generalization for higher dimensions can
be obtained as the image of Agn through a quotient by A; + A,,_; using a more
direct (and somewhat more natural) construction as follows. Let the notation still
be as in §6.2. Let S™ be the unit sphere in R@® E. Consider the mapping S — R",
(o, T1,...,Tn) — (S1,...,8,). Its image is bounded by the hypersurface

(142X, — X?)discr, (u" + X X qut Xn) =0.
Using the computations in §6.2, for 1 < a < b < n, we obtain

g = (n—b+4+1)sq_15p—1 — absysp + Z(a —b—2)sq—1—15p+1—1
1>1
with sg,...,s, replaced by 1,X;,..., X, and s = 0 for & & [0,n]. We have
Agn(sq) = —a(n+a—1)s,. When n = 3, we obtain the solution in Theorem 5.1(ig)
with o = 1/2 (see Figure 2) after rescaling (z,y, 2) = (372X, X5, 3%/2X3).

6.8. Quotient of S” by the Coxeter group A; + B,,.

Let the notation be as in §6.3. Let S™ be the unit sphere in £, = R& E and let
A be the Laplace operator on S™. We denote the coordinate on R by zg (recall
that the coordinates on E are z1,...,x,). Consider the product of the Coxeter
groups A; and B, diagonally acting on FE,. It is generated by the reflections in
the hyperplanes ; =0 (0<i<n)and z; =z; (1 <i<j<n).

According to §6.6 (first construction), the image of A, through the mapping
o, : S" - R, (x9,21,-..,%n) — (S1,...,8n), provides a solution of the DOP
problem on the domain & (S™), which is bounded by the hypersurface

X, (1 — X;)discr, (u” + X X, qu+ Xn) =0.
Its component X; = 1 is the image of ENS™. The other components are as in §6.3.
In the case n = 3, this is the solution in Thm. 5.1(i4) (see Figure 1) up to rescaling

of the coordinates. The entries of g are as in §6.3, but with sg, s1,..., s, replaced
by 1, Xq1,..., Xn; A1 (Sq) = A(sa) — 2as, (with A(s,) as in (19)).
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6.9. Quotient of R"” by the affine Coxeter group 5'71-

Let £ = R™ with coordinates 64,...,6,,. The ring of invariant Fourier poly-
nomials for the affine Coxeter group B,_1 is freely generated by si,...,s, where
Pu)=(u+t1)...(u+t,) = > p_osku™", t; = cos;. We consider the mapping
®:R*” - R, (01,...,0,) — (S1,...,8,). Its image Q is the set of all n-tuples
X = (Xi,...,X,) such that all roots of the polynomial Px (u) = u"+> ,_, Xpu" "
are real and belong to the interval [—1, 1]. Therefore € is bounded by the union of
the hypersurface {X | discr, Px(u) = 0} and two hyperplanes {X | Px(+1) = 0}.
When the point X moves from €2 crossing the discriminantal hypersurface, two real
roots disappears. When it crosses the hyperplane X = +1, one of the roots gets out
from the interval [—1, 1]. One easily checks that 2 is the only bounded component
of the complement (cf. Thm. 5.1(i5), Figure 4, §5.3; for n = 2 see [3, §4.7]).

By linearity, I'(sg, s, ) is the coefficient of u™~*v"~™ in T'(P(u), P(v)). We have

F(ti,tj) = F(COS 91', COS QJ) = (52']' sin 91 sin Hj = 51J(1 — t?)

Hence

P(u)P(v)(1 - #2)
(u+t;)(v+t;)

I'(P(u), P(v)) = Z (01, P(w)) (8%, P(v))T (i, t5) = Z

,J

P(u)P(v) Z (1 +ut; 14 vti) Q(u)P(v) — Q(v)P(u)

vV—Uu - U+ t; v+ vV—Uu
where
P(u)(1 + ut;) 1—u?
Q) = Y PO 5 iy (4 L

k—m—1 m—k
:§ :Sksm k E : un—k+lvn—m—l_ un—k—lvn—m—H

Hence, for a < b, we have

I'(sq,50) =(n—b+1)sq_15p—1 — asasp + Z(b —a~+20)(Sq—15b+1 — Sa—i—15b41—1)
I>1

It is easy to see that A(s,) = —as,.
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6.10. Quotients of R” by the affine Coxeter groups B, and D,

Let the notation be as in §6.9. The ring of invariant Fourier polynomials for the
affine Coxeter group B, is freely generated by si,...,s,_1 and

= ﬁ \/§ COS(GZ'/Q) = ﬁ \/TOSGZ — P(1)1/2_

[(8q,sp) for a < b<mn—1 are as in §6.9 with the substitution s, = §2 — Z;é Sk
(recall that sp = 1). Using the computations in §6.9 we obtain
P P(1)-Q(1)P
r(ps,) - FPWLPW) _ QWP = QWP _ o\ o oy

P(1)/2 P21 —u)

hence 2T (54, 85,) = ((n —a +1)Ssq4—1 — asq)Sy, and

.. _T(P(1),P(1) 1 —PL21-1) (2P
A0 == py = ) Z (1+6)? Z <1 +t p(1)>

=2P'(1) —nP(1) = —ns2 + Y (n—k)s

We have A(s,) = —as, and A(8,) = —ins,.

The image of A through ® : R™ — R", (01,...,0,) — (s1,...,8n—1,8n) is not
a solution of the DOP problem when n > 3 (and B, is the same as C’g) Indeed,
['(s2, $,,—1) has monomial (n — 1)s182 of degree 3. However, ®,(A) is a solution of

the weighted DOP problem with weights (1,...,1, ;)

For the affine group ﬁn, all the computations are almost the same and we omit
the details. The ring of invariant Fourier polynomials is generated by s1,..., 8,2,

8p, and 8,1 = [ 1\/§s1n (0/2) = \/(=1)"P(—=1). Fora <b<n-—2, I‘(sa,sb)

I'(s4; $n), and I'($,, §,) are the same as above but Wlth the substitutions

Sn:%(‘gi_F( nAZ an 2k Spn—1 = (S +( nAZ an 2%k—1-

k>1 k>1

N

The values of T'(§,,_1, *) are computed similarly and we arrive to the same conclu-
sion as above: the quotient by D,,, n > 4, does not provide a solution of the DOP

problem, but it provides a solution of the weighted DOP problem with weights
(1,...,1,3,3).

6.11. Quotient of R"~! by the affine Coxeter group Zn_l.

Let E be R™ with coordinates 64,...,6, and H = {6; +--- + 0,, = 0}. The
affine Coxeter group Avn_l acting on H is generated by the orthogonal reflections
in the hyperplanes x; = x; and a suitable translation. The ring of invariant Fourier
polynomials is freely generated by s1,...,s,—1 where P(u) = (u+1t1)...(u+1t,) =
> ro spu™ "k t; = exp(ib;), i = v/—1. Notice that 5;|g = s,_x|m, in particular
snlg = 1 and s,,9|g is real when n is even. We consider the mapping ® : H —

“L(01,...,0,) — s = (81,-..,5n/2)) Where we identify R~ ! with C(»—1)/2
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(which we define as C("~2/2 x R when n is even). Then ®(H) is bounded by the
hypersurface discr, P(u, Z) =0, Z = (Z1,...,Z|n2)) € cn=1/2

w4+ Zyu o Zpub + Zp P o+ Ziu+ 1, o= 2k,

P(u,Z) = _ _
(v, 2) {u%“+Zlu2k+-~-+Zkuk+Zkuk+1+-~-+Z1u+1, n=2k+1

(cf. Thm. 5.1(vi) and Figure 3; for n = 2 see [3, §4.12]). Let A = Ay and let T’
be the associated carré du champ. Then I'(sg, s,,) is the coefficient of um~kyn—m
in I'(P(u), P(v)). For any functions f, g We have T'(f, ) =Tg(f,9) — 2 (90 f)(0og)

where 9y = 1, -2~ (see (14)). Denote - by 0;. We have

i=1 00;

P() =Y itdP=1)" utjii =iy (1 - i ti)P = i(nP(u) — uP'(u)),
thus T'(P(u), P(v)) = T (P( (v)) + £ (nP(u) — uP'(u )) (nP(v) —vP'(v)). We
also have ' (t;,t;) = (dt;/db; )(dt /d0;)T(0;,0;) = —d;;t2. Then

_ ‘ | PR P(u)P(v)t}
—T(P(u), P(v)) = — ZJ (0:P(u)) (0;P(v))Tp(ti, t;) = Z a6
un—k+1vn—m o Un—k+1vn—m
v)—l—Z(n—k)sksm p—

k—m—1 m—k
U) + E (n . k)SkSm un—k—i—lvn—m—l . un—k—lvn—m—i—l
k,m

=1 =0

Hence, for a < b, we have
alb—n
T'(sq,8) = %sasb + lél (b—a+2l)sq—1Sp41-

Setting sy = xk + iyk, ['(Sq, Sp) = A + 1B, and I'(s,, 5) = C 4+ iD, we obtain for
a<b<mn/2:

2 (xq,xp) = A+ C, 2T (x4, yp) = B— D, 2T (ya, xp) = B+ D, 2T (yq, ) = C — A,

a(b—mn)

A= ———(TaZp — Yalp) + > (b= a+20)(TamiTort — Ya1Yo41):
I>1
a(b—n
B = %(%yb +Yaws) + > (0= a+20)(Ta 1¥bs1 + Ya12541);
I>1
ab
C= —E(%xb +yayp) + Y _(n—a—b+20)(Ta1To—1 + Ya—iYo—1),
I>1
ab
D = —(2a¥y ~ Yap) = > (n—a—b+20)(TamiYo-1 — Ya—1To-1)-
I>1

For a < n/2 we have A(z,) = AaZa, AYa) = AaYa, Aa = ala —n)/n.
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7. CONICAL SURFACES

Theorem 7.1. Let (Q,g,p) be a solution of the SDOP problem in C* such that
0 contains a relatively open subset of an irreducible conical surface %, i.e. of a

surface ¥ = {I'(z,y,z) = 0} where I is an irreducible homogeneous polynomial.
Then degl’ < 2.

Remark 7.2. There exist solutions of the DOP problem in bounded domains
whose boundaries contain a piece of the quadratic cone. For example, the solutions

(1b), (1e), (3e), (3i), (bg), (6f) in [3, §7.2] (see Figure 7).

N
(1b) (le) (3e) By (g)  (6f)

FIGURE 7. Bounded domains €2 from [3, §7.2] admitting solutions of
the DOP problem, such that 0f) contains a piece of the quadratic cone.

Proposition 7.3. Let (g,T') be a solution of the AlgDOP problem in C3® such
that T' 1s an irreducible homogeneous polynomial and det g is not a homogeneous
polynomial of degree 6. Then deg’ < 2.

One can easily derive Theorem 7.1 from Proposition 7.3. Indeed, if det g (in the
setting of Theorem 7.1) were a homogeneous polynomial of degree 6, then affine
coordinates (x,y, z) could be chosen so that deg, det g = 6 and 2 contains a half-
cylinder {z > 0,y? + 22 < 1}, which contradicts [3, Cor. 2.19].

The rest of this section is devoted to the proof of Proposition 7.3. Let I' be as
in Proposition 7.3. Let ¥ be the surface in C? defined by the equation I' = 0, and
let C' be the curve in P? = P(C3) defined by the same equation. Any local branch
v of C has a parametrization of the form ¢t — (t7,t9 4+ 0(t?)), 1 < p < ¢, in some
affine coordinates. We then say that v is of type (p, q).

Lemma 7.4. Any local branch of C is of type (1,2) or (2,4).

Proof. The arguments are as in §3 but simpler. Let 7 : C3\ {(0,0,0)} — P2 be
the quotient map (then ¥ = 7~1(C)). Let v be a local branch of C' at p € CP?
parametrized by t — (t) = (&1(t) : &(t) : &3(t)). Then ¥ near the line 7~ 1(p)
is parametrized by (t,u) — (u&1(t), ué2(t), u€s(t)). Similarly to §3, we rewrite the
equations (3) in the form E; = Es = E3 = 0 where

3 [e%e) 3
b= UZ(€j+1§j—1 —&j-18i11)9" (uéy, uép, ués) = Z ¢ Z Ba,piu”
j=1 !

a=0 B=

(the indices j £ 1 are considered mod 3) and the E, g; are linear forms in g]ijl'm
whose coefficients are polynomial functions of the coefficients of the &;’s.

We have deg C' < 5 because otherwise det g would be homogeneous of degree 6.
Hence C' may have only local branches of type (p, ¢) with ¢ < 5. For each pair (p, q),
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1 <p<q<5,except (1,2) and (2,4) (thus for 8 pairs) we consider a branch v of
type (p,q) of the form ¢ — (1 : P : 19+ 37, axt®) with indeterminate coefficients
ay, and solve the maximal triangular subsystem of the system of equations F, 5,; = 0
for the unknowns gzm. This means that we find an equation implying that some
unknown is zero, replace this unknown by zero in all other equations, and repeat
this process as long as we can do. For all pairs (p, ¢) except (1,4), (1,5) we obtain
that deg g is homogeneous of degree 6. In the two exceptional cases we obtain that
22 divides det g. Since ¢ < degT’, this implies deg(z?T") > 6, hence det g = 2T up
to a scalar factor. This means that det g is homogeneous of degree 6. [J

Let d and g be the degree and the genus of C' respectively. Let asx, &k > 2,
be the number of local branches of type (2,4) which admit a parametrization ¢ —
(t2,2**1) in some local curvilinear coordinates (the Agj-singularity). Let d be the
degree of the projectively dual curve C. Let n = >, 0(7) + 22, . (71 72) where v
runs over all local branches of C, §(~) is the delta-invariant of v, and (71, 72) runs
over all unordered pairs of local branches (see [3, §3.2] for more details). Due to
Lemma 7.4, the Pliicker-like equations [3, Egs. (3.13)—(3.15)] take the form

g+n+ ) kagy = (d—1)(d—2)/2,
d=d(d—1)—2n-> (2k+ 1)ag,
2-2g=2d—d— ) ax

(all the summations run over k > 2). One easily checks that these equations do not
have any integer non-negative solution with 3 < d < 5. Proposition 7.3 is proven.

REFERENCES

1. D. Bakry, X. Bressaud, Diffusion with polynomials eigenvectors via finite subgroups of O(3),
Ann. fac. sci. Toulouse, Math. (6) 25 (2016), no. 2-3, 683—721.

2. D. Bakry, I. Gentil, M. Ledoux, Analysis and Geometry of Markov Diffusion Op-erators,
Grundlehren der Mathematischen Wissenschaften, vol. 348, Springer, 2013.

3. D. Bakry, S. Orevkov, M. Zani, Orthogonal polynomials and diffusion operators, Ann. fac.
sci. Toulouse, Math. (6) 30 (2021), no. 5, 985-1073.

4. N. Bourbaki, Eléments de mathématique. Groupes et algebres de Lie. Chapitres 4, 5 et 6,
Masson, Paris, 1981.

5. H. S. M. Coxeter, The product of the generators of a finite group generated by reflections,
Duke Math J. 18 (1951), 765-782.

6. M. L. Mehta, Basic sets of invariant polynomials for finite reflection groups, Comm. Algebra
16 (1988), 1083-1098.

7. S. Yu. Orevkov, Two-dimensional diffusion orthogonal polynomials ordered by a weighted
degree, arXiv:2205.04949.

8. R. Piene, Numerical characters of a curve in projective n-space, in: Real and complex singu-
larities (Proc. Ninth Nordic Summer School/NAVF Sympos. Math., Oslo, 1976), Sijthoff and
Noordhoff, Alphen aan den Rijn, 1977, pp. 475-495.

9. R. Piene, Cuspidal projections of space curves, Math. Ann. 256 (1981), 95-119.

10. K. Saito, T. Yano, J. Sekiguchi, On a certain generator system of the ring of invariants of a
finite reflection group, Comm. Algebra 8 (1980), 373—408.

11. L. Soukhanov, On the phenomena of constant curvature in the diffusion-orthogonal polyno-
maials, arXiv:1409.5332.



30 S. YU. OREVKOV

12. L. Soukhanov, Diffusion-orthogonal polynomial systems of maximal weighted degree, Ann. fac.
sci. Toulouse, Math. (6) 26 (2017), no. 2, 511-518.

IMT, Univ. PAUL SABATIER, 118 ROURE DE NARBONNE, TOULOUSE, FRANCE

STEKLOV MATH. INST., UL. GUBKINA 8, Moscow, AND CENTRE FOR PURE MATHEMATICS,
Moscow INSTITUTE OF PHYSICS AND TECHNOLOGY, RUSSIA



