
MARKOV THEOREM FOR TRANSVERSAL LINKSS. Yu. Orevkov, V. V. ShevhishinAbstrat. It is shown that two braids represent transversally isotopi links if andonly if one an pass from one braid to another by onjugations in braid groups, positiveMarkov moves, and their inverses.Revised version, 12 February 2002By a well-known theorem of Alexander [1℄, any oriented link in R3 is isotopito the losure of a braid. The question when two braids represent isotopi links isanswered by Markov's theorem [6℄ (see [3℄, [2℄, or [7℄ for proofs): It is so if and onlyif one an pass from one braid to another by onjugations in braid groups Bn, thetransformations M�n : Bn ! Bn+1, M+n : b 7! b � �n, M�n : b 7! b � ��1n alled posi-tive/negative Markov moves or stabilizations, and their inverses (destabilizations).In the seminal paper [2℄ Bennequin established, among other very important re-sults, the analogue of the Alexander theorem for transversal links (i.e., links trans-verse to the standard ontat struture; see below). Namely, any transversal linkis transversally isotopi to the losure of a braid. The purpose of this paper is toprove the orresponding analogue of Markov's theorem.Theorem. Two braids represent transversally isotopi links if and only if one anpass from one braid to another by onjugations in braid groups, positive Markovmoves, and their inverses.When this paper had been already �nished, we learned from Vitor Ginzburgthat he had announed this result around 1992. However, his proof has never beenpublished. Another proof of the theorem based on ompletely di�erent ideas wasindependently obtained by Nany Wrinkle in her PhD thesis [8℄.Let us reall the standard de�nitions (see e.g. [2℄). Consider the 1-form � =dz + x dy � y dx in R3 with oordinates x; y; z. It de�nes the standard ontatstruture in R3 . In the ylindri oordinates r; �; z with x = r os �, y = r sin � onehas � = dz + r2d�.A link L in R3 is transversal if the restrition �jL nowhere vanishes. In this ase�jL de�nes a anonial orientation on L.A geometri braid in R3 is an oriented link L suh that the restrition d�jL ispositive. In partiular, L is disjoint from the z-axis Oz. The degree of L, also alledthe number of strings of L, is the degree of the projetion (r; �; z) 7! � restritedto L. There is a anonial one-to-one orrespondene between isotopy lasses ofgeometri braids of degree n and onjugay lasses in the braid group Bn.Any onjugay lass in Bn de�nes a transversal isotopy lass of transversal links.Indeed, any braid b 2 Bn an be realized as a geometri braid suÆiently C1-loseto the standard irle r = 1, z = 0, whih is learly transversal. Typeset by AMS-TEX1



2 S. YU. OREVKOV, V. V. SHEVCHISHINThe rest of the paper is devoted to the proof of Theorem. Essentially, our proofis a parametri version of Bennequin's proof of his result ited above.Let L0 and L1 be two transversal geometri braids and fLtgt2[0;1℄ a transversalisotopy between L0 and L1. Denote the interval [0; 1℄ by I, the number of om-ponents of L0 by m, and the disjoint union of m abstrat irles by S. Abusingnotation, we shall denote by s a positively oriented (loal) oordinate on S, asalso a urrent point of S. The isotopy fLtgt2I an be parameterized by a smoothmap L : S � I ! R3 suh that for every t 2 I the map Lt : s 7! L(s; t) is aparameterization of Lt.De�nition 1. Let fLtgt2I be a transversal isotopy parameterized by a map L :S � I ! R3 . It is alled monotone near the axis if there exists a �nite number ofparameters 0 < t1 < � � � < tk < 1 suh that the following holds:(1) For any ti there exists a unique si 2 S suh that L(si; ti) lies on the z-axisOz, and L�1(Oz) = f(s1; t1); : : : ; (sk; tk)g.(2) Up to a rotation of R3 around Oz, the mapping L is given in a neighborhoodof every (si; ti) by x = ��3s2, y = s��s3, z = zi+s, where s is a positivelyoriented oordinate on S entered at si and � is a oordinate on I enteredat ti and oriented either positively or negatively.The isotopy fLtgt2I is monotone everywhere if additionally(3) Lt is a transversal geometri braid for every t 62 ft1; : : : ; tkg.Note, that if we �x t 6= 0 and substitute x = � � 3s2, y = s� � s3 into the 1-formr2d� = x dy� y dx, we get r2d� = (�2 +3s4)ds > 0. Thus, onditions (2) and (3) ofDe�nition 1 are onsistent.We shall always assume that isotopies we onsider are suÆiently generi outsidea small neighborhood of the axis Oz.Lemma 1. Let b0 and b1 be two braids, L0 and L1 the transversal geometri braidsde�ned by them. Assume that there exists an everywhere monotone isotopy betweenL0 and L1. Then one an pass from b0 to b1 by onjugations in braid groups, positiveMarkov moves, and their inverses.Proof. When passing through a ritial value t = ti, the projetion of Lt onto thehorizontal plane Oxy transforms near the origin as in Figure 1. This is a positiveMarkov move. �
τ < 0 τ = 0 τ > 0Figure 1. The urve s 7! (� � 3s2; s� � s3)



MARKOV THEOREM FOR TRANSVERSAL LINKS 3Lemma 2. Let fLtgt2I be a transversal isotopy between transversal geometribraids L0 and L1. Then it an be perturbed into an isotopy fL0tgt2I whih is mono-tone near the axis.Proof. Let L : S�I ! R3 be a smooth mapping whih parameterizes fLtg. Perturb-ing it if neessary, we an suppose that it is transverse to the axis Oz. Let us onsidera point p = (s0; t0) 2 S�I suh that L(p) lies on Oz. Let s and t be oordinates on Sand I near s0 and t0 respetively (with ds > 0). Set L(s; t) = �x(s; t); y(s; t); z(s; t)�.Sine all Lt's are transversal braids, we have �z=�s > 0 at p. Hene, there exists aneighborhood U of p suh that �z=�s > " > 0 in U . Let us modify �x(s; t); y(s; t)�in U replaing it by the homotopy in Figure 2 (the shaded zone orresponds to thehomotopy desribed in Part (2) of De�nition 1 and shown in Figure 1; we assumehere that before the modi�ation the homotopy looked as a parallel motion of avertial line). If U is suÆiently small, then we an ahieve that jr2�0sj < " in U ,whih provides that L�t� > 0. �
Figure 2. Making the isotopy monotone near OzDe�nition 2. Let fLtgt2I be a transversal isotopy parameterized by a map L :S � I ! R3 . A bad zone of L is a onneted omponent of the set of those pointsof S � I in whih ��=�s 6 0, where �(s; t) is the �-omponent of L(s; t).A bad zone V is simple if(1) Vt := (S � t) \ V is onneted for all t 2 I;(2) the total inrement of � along Vt is less than 2�.The shadow of L on a bad zone V is the set of those points (s0; t0) 2 V forwhih the shortest segment onneting p0 := L(s0; t0) with the axis Oz meets Lt0at some point L(s1; t0). The set of all suh \shading" points (s1; t0) will be alledthe inverse shadow of V .A bad zone V is alled non-shadowed if the shadow of L on V is empty.Lemma 3. Let fLtgt2I be a transversal isotopy between transversal geometribraids L0 and L1 parameterized by L : S � I ! R3 whih is monotone near theaxis. Let V be a simple and non-shadowed bad zone and U an arbitrary open subsetof S � I ontaining V .Then L an be deformed into a transversal isotopy ~L : S � I ! R3 whih ismonotone near the axis, oinides with L outside U , and suh that no bad zone of~L meets V .Proof. Let us write in the ylindri oordinates L(s; t) = �r(s; t); �(s; t); z(s; t)�.Then we have z0s+r2 �0s > 0. This implies that z0s > 0 on V . Choose a neighborhoodV + of V ontained in U suh that z0s > " > 0 in V +.



4 S. YU. OREVKOV, V. V. SHEVCHISHIN
t = aFigure 3. Elimination of a bad zone (projetion onto Oxy)Let [a; b℄ be the projetion of V onto I. We replae the omponents x(s; t) andy(s; t) of L in V + by the homotopy shown in Figure 3, preserving the omponentz(s; t).In Figure 3, the bold lines represent the part of the homotopy whih is nothanged; the dashed and resp. thin solid lines depit the isotopy before and afterthe modi�ation; the \�" represents the origin of the plane Oxy. The �rst threesteps in Figure 3 is a deformation of the homotopy desribed in De�nition 1(2), seeFigure 1.Figure 3 depits the modi�ed homotopy for t <  for some  2 [a; b℄. To onstrutthe modi�ed homotopy for t >  we perform the same operations in the reverseorder. �Lemma 4. Let fLtgt2I be a transversal isotopy between transversal geometribraids L0 and L1 parameterized by L : S � I ! R3 , whih is monotone near theaxis. Let �r(s; t); �(s; t); z(s; t)� be a representation of L in ylindri oordinate. LetV be a bad zone, l a generi smooth embedded urve in V whih is the graph of afuntion t = '(s), and U a neighborhood of l in S � I. Let " > 0.Then there exist a suÆiently small open tubular neighborhood U� of l in S � Iand a perturbation ~L of L of the form ~L = �r(s; t); ~�(s; t); z(s; t)� (i.e., only the�-omponent is hanged), suh that(1) �(V nU�) is smooth.(2) ~L is monotone near the axis and oinides with L outside U .(3) �~�=�s is positive in U� \ V for ~L.(4) the signs of ��=�s and �~�=�s oinide outside U� \ V .(5) maxU� � �~��sÆ�z�s� < ".Informally speaking, this means that a bad zone an be ut along any smoothurve. The operation desribed in the proof of Lemma 4 will be alled wrinklingalong the urve l. The left hand side of (5) will be alled the maximal slope ofthe wrinkling. The assertion of the lemma in the manifestation of the Gromov'sh-priniple in this setting.Proof. In a neighborhood of every point (s0; t0) of l we perturb �(s; t) by makinga small wrinkle on the graph of �(s; t0) at s0 as it is shown in Figure 4, f. [2℄,pp.143{144. �Let fLtgt2I be a transversal isotopy. Assume that fLtg is monotone near theOz-axis and generi outside a small neighborhood of the axis Oz. Then for a generivalue t0 of the parameter t the projetion of the link Lt0 on the ylinder S1 � Rwith the oordinates (�; z) is an immersion and the only singularities of the image
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sFigure 4. Wrinklingare rossings, i.e., ordinary double points. Moreover, there exist only �nitely manyvalues 0 < t1 < � � � < tk < 1 for whih the projetion of Lti on �z-ylinder has aunique singularity of one of the following types:(I) Lti meets the axis Oz at some point in the way desribed in De�nition 1.(II) The projetion of Lti on �z-ylinder has a unique ordinary tangeny point.(III) The projetion of Lti on �z-ylinder has a unique ordinary triple point.The singularities of types (II) and (III), respetively, are the seond and third Rei-demeister moves in oordinates (�; z). The �rst Reidemeister move in oordinates(�; z) is impossible for transversal links sine the derivatives �z�s and ���s an notboth vanish. Instead, a single Reidemeister move of the �rst kind ours in everytype (I) singularity of a transversal isotopy provided we onsider the projetion onOxy-plane, see Figure 1.When we depit a rossing of the �z-projetion of a link Lt, we assume that welook from the axis Oz, i.e. the overpass (resp. underpass) orresponds to the arwith a smaller (resp. bigger) value of r. So, we say that an ar with a smaller valueof r passes over or shadows an ar with a bigger value of r (ompare with De�nition2).A singularity of the type (II) or (III) is alled positive if ���s > 0 at every pointof Lti whih projets on the singularity, and non-positive otherwise. A non-positivesingularity of the type (II) is alled bad if there is a negative ar (with ���s > 0)whih is shadowed by another ar at the singularity.Lemma 5. Let L be a transversal link. Suppose that the projetion onto the �z-ylinder has a bad non-positive singularity of the type (II). Then the both branhesare negative at this point.Proof. Let the branhes be parametrized by (r�(s); ��(s); z� (s)), � = 1; 2, so thatr1 > r2 at the rossing point. The tangeny means that z02=z01 = �02=�01 = �. Sine�jL is positive, we have z0j+r2j �0j > 0, j = 1; 2. Sine the singularity is bad, we have�01 < 0. Suppose that �02 > 0. Then � < 0 and we have0 < z02 + r22�02 < z02 + r21�02 = (z01 + r21�01)� < 0: �Lemma 6. Any transversal isotopy fLtg monotone near the Oz-axis and generioutside it an be perturbed into a transversal isotopy ~L without non-positive sin-gularities of type (III) and without bad non-positive singularities of the type (II).Moreover, suh a perturbation an be made C0-small and loated in arbitrarily smallneighborhoods of the points (sj ; tj) for whih the thread L(s; tj) passes though a sin-gularity of the type (II) or (III) with non-positive derivative ���s at s = sj.Proof. As in Lemma 4, it is suÆient to perturb only the oordinate �.



6 S. YU. OREVKOV, V. V. SHEVCHISHINStep 1. Elimination of non-positive triple points. At eah non-positive triplepoint, we perturb all negative branhes as in Figure 5a. This an be done byreplaing �(s; t) with ~�(s; t) = �(s; t) + f(z(s; t); s) where the funtion f(z; s) is thesame for all the negative branhes. In the ase when there are exatly two negativebranhes, we take are that for any t the rossing point of the perturbed branhesrests on the same plae as it was before the perturbation. After suh modi�ationthe triple point beomes positive and no other triple points apear (a priori, newsingularities of the type (II) may appear).Step 2. Elimination of bad tangenies. Consider a bad non-positive singularityof the type (II). By Lemma 5, the both branhes are negative at this point. Weperturb them in the same way as in Step 1 (see Figure 5b). �
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(a) (b)Figure 5. Elimination of bad non-positive singularitiesProof of Theorem. By Lemma 1, it is suÆient to prove that any transversal isotopyL between transversal geometri braids L0 and L1 an be transformed into aneverywhere monotone isotopy (see De�nition 1). By Lemma 2, we may supposethat L is monotone near the axis Oz.Wrinkling L along suÆiently many segments s = onst as in Lemma 4, we anassume that all the bad zones are simple. Let us denote them by V1; V2; : : : ; Vn.Fix disjoint neighborhoods Ui's of Vi's. We are going to eliminate the bad zonesone by one modifying L at the i-th step only in Ui [ � � � [ Un. This insures thatthe proedure will terminate. The isotopy obtained after the i-th modi�ation isdenoted by Li and L0 = L is the initial isotopy. Every Li will be monotone nearthe axis Oz.To pass from Li to Li+1, we proeed as follows (ompare with [2℄, Theorem 8,pp.142{144).Step 1. Eliminate non-positive singularities of Li of the type (III) and bad non-positive singularities of the type (II) applying Lemma 6.Let us onsider onneted omponents `1; `2; : : : of the inverse shadow of Vi on theother bad zones (a bad zone annot shadow itself beause �z=�s > 0 on it). Anypoint (s; t) of any `� orresponds to a rossing of the projetion of Lt onto the�z-ylinder. The rossing is either as in Figure 6a or as in Figure 6b.Step 2. For eah omponent `� orresponding to Figure 6b, we wrinkle the orre-sponding bad zone along it (see Figure 7).Step 3. Wrinkle Vi along the shadow of Li (see Figure 8).Note that rossings as in Figure 6a are eliminated at Step 2 and the fat thatrossings as in Figure 9 are impossible, is proved in [2, pp.142{144℄ (the proof issimilar to that of Lemma 5). If the maximal slope of the wrinkling is small enough
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(a) (b)Figure 6. Figure 7. Wrinkling at Step 2
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Figure 8. Wrinkling at Step 3
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Figure 9. Impossible rossing(see ondition (5) of Lemma 4), then no new shadow appears beause the wrinklingis performed away from tangenies and triple points.Step 4. Wrinkle, if neessary, the obtained bad zones along segments s = onst tomake all the bad zones simple.Step 5. Apply Lemma 3 to all the newly obtained bad zones in Ui. �Example. Aording to [5℄, two transversal unknots are transversally isotopii� they have the same Bennequin index. The Bennequin index of a transversalgeometri braid L orresponding to a braid b 2 Bn is equal to (Pi ki) � n forb = Qi �kiji (see [2℄). Therefore, by our theorem, any braid representing an unknotan be transformed by positive (de)stabilizations and onjugations into the braid��11 : : : ��1n�1 2 Bn for some n. Here is the sequene of transformations for the braid��11 �2��13 (k and �k stand for �k and ��1k ; M�1+ for a positive destabilization):�12�3 = �1�332�3 = �3�132�3 = �3�1�232 onj�! �1�232�3 = �1�2�232 onj�! 2�1�2�23 M�1+�! 2�1�2�2 onj�! �1�2:Aknowledgement. The authors were supported by Deutshe Forshungsgemein-shaft Shwerpunkt \Global Methods in Complex Geometry".



8 S. YU. OREVKOV, V. V. SHEVCHISHINRemark. It appears that our theorem ombined with Theorem 5.4 of the paper [4℄by Fuhs and Tabahnikov implies the \usual" topologial Markov theorem. To seethis fat, one should only notie that the negative Markov move M� is the \braid"realization of the destabilization operation � used in [4℄.Referenes1. J. W. Alexander, A lemma on systems of knotted urves, Pro. Nat. Aad. Si. USA 9 (1923),93{95.2. D. Bennequin, Entrelaements et �equations de Pfa�, Ast�erisque 107{108 (1983), 87{161.3. J. Birman, Braids, links, and mapping lass groups, Annals of Mathematis Studies, No. 82,Prineton University Press, Prineton, N.J., 1974.4. D. Fuhs and S. Tabahnikov, Invariants of Legendrian and transverse knots in the standardontat spae, Topology 36 (1997), 1025{1053.5. Y. Eliashberg, Legendrian and transversal knots in tight ontat 3-manifolds, in: Topologialmethods in modern mathematis, Stony Brook, NY, 1991, Publish or Perish, Houston, TX,USA, 1993, pp. 171{193.6. A. A. Markov, �Uber die freie �Aquivalenz der geshlossenen Z�opfe, Mat. Sbornik 43 (1936),73{78.7. H. R. Morton, Threading knot diagrams, Math. Pro. Cambridge Philos. So. 99 (1986), 247{260.8. Nany C. Wrinkle, The Markov Theorem for transverse knots, arXiv:math.GT/0202055.S. Yu. Orevkov, Steklov Math. Institute, ul. Gubkina 8, Mosow, RussiaLaboratoire E.Piard, UFR MIG, Universit�e Paul Sabatier, 118 route de Narbonne,31062 Toulouse, FraneE-mail address: orevkov�piard.ups-tlse.frV. V. Shevhishin, Ruhr-Universit�at, Bohum, Fakult�at f�ur Mathematik, Univer-sit�atsstrasse 150, 44801 Bohum, GermanyE-mail address: sewa�plx.ruhr-uni-bohum.de


