
CONGRUENCE MODULO 8 FOR REALALGEBRAIC CURVES OF DEGREE 9O.Ya. Viro, S.Yu. Orevkov1. Introdu
tion and statement of the result. Let A be a non-singular realalgebrai
 
urve of degree m in RP2. Its 
onne
ted 
omponents are embedded
ir
les. Those of them whose 
omplement in RP2 is not 
onne
ted are 
alled ovals.One says that an oval u lies inside an oval v if u is 
ontained is the orientable
omponent of the 
omplement of v. A union of d ovals v1; : : : ; vd su
h that vi isinside vi+1, 1 � i < d, is 
alled a nest of the depth d. An oval is 
alled exterior if itdoes not lye inside any other oval; an oval is 
alled empty if there is no other ovalsinside it. An oval is 
alled even if it is 
ontained inside an even number of otherovals, and odd otherwise. Denote by p and n the number of even and odd ovalsrespe
tively. One says that A is an M-
urve if it has the maximal possible numberof 
onne
ted 
omponents whi
h equals M(m) = (m � 1)(m � 2)=2 + 1. If A hasM(m)� i 
onne
ted 
omponents then it is 
alled an (M � i)-
urve Let CA be the
omplexi�
ation of A. If CA nA is not 
onne
ted, A is a 
urve of type I; if CA nAis 
onne
ted then A is a 
urve of type II.For 
urves of an even degree m = 2k, in some 
ases, the di�eren
e p�n satis�es
ongruen
es. For example,Gudkov-Rohlin 
ongruen
e p� n � k2 mod 8 for M -
urves,Gudkov-Krahnov-Kharlamov 
ongruen
e p�n � k2�1 mod 8 for (M�1)-
urves,Kharlamov-Marin 
ongruen
e p� n 6� k2 +4 mod 8 for M -
urves of type II, andArnold 
ongruen
e p� n � k2 mod 4 for 
urves of type I.These statements do not extend to 
urves of odd degrees. So, for an M -
urve ofany odd degree 2k + 1 with k � 3, the residue p � n mod 8 may take any values
ongruent to k mod 2. As far as we know, the following theorem is the �rst resultof this kind.Theorem 1. Let A be a 
urve of degree m = 4d+ 1 whi
h has 4 paiwise distin
tnests of the depth d. Thenif A is an M-
urve then p� n � �2d mod 8; (1)if A is an (M � 1)-
urve then p� n � �2d� 1 mod 8;if A is an (M � 2)-
urve of type II then p� n 6� �2d+ 4 mod 8;if A is a 
urve of type I then p� n � �2d mod 4;It is 
lear that (1) for d = 2 is equivalent to the fa
t that the number of ex-terior empty ovals of an M -
urve of degree 9 with 4 nests is divisible by 4. Thiswas 
onje
tured by Kor
hagin [2℄. Theorem 1 is obtained below (see Se
t. 4) asa 
onsequen
e of Kharlamov-Viro 
ongruen
e [1℄ whi
h generalizes the 
lassi
al
ongruen
es to the 
ase of singular 
urves of even degrees. Typeset by AMS-TEX1



2 O.YA. VIRO, S.YU. OREVKOV2. Brown - van der Blij invariant. By a quadrati
 spa
e we mean a triple(V; Æ; q) 
omposed of a ve
tor spa
e V over the �eld Z2, a bilinear form V �V ! Z2,(x; y) 7! x Æ y, and a fun
tion q : V 7! Z4 whi
h is quadrati
 with respe
t to Æ inthe sense that q(x+ y) = q(x) + q(y) + 2x Æ y. A quadrati
 spa
e is determined byits Gram matrix with respe
t to a base e1; : : : ; en of V , i.e. the matrix Q = (qij)where qii = q(ei) and qij = ei Æ ej for i 6= j (the diagonal entries are de�nedmod 4, the others mod 2; note that q(x) � xÆx mod 2). It is easy to see that byelementary 
hanges of the base, one 
an put the Gram matrix to the blo
k-diagonalform diag(d1; : : : ; dt)�Q1�� � ��Qs where ea
h blo
k Qi is either � 0 11 0�, or � 2 11 2�.If all di 6= 2, we say that the form q is informative and in this 
ase we de�ne itsBrown - van der Blij invariant B(q) =PB(di)+PB(Qi) mod 8 where B(0) = 0,B(1) = 1, B(�1) = �1, B � 0 11 0� = 0, and B � 2 11 2� = 4.3. Kharlamov-Viro 
ongruen
e for nodal 
urves. Let A be a 
urve in RP2of degree 2k de�ned by f = 0 and let ea
h of its singular points be the point oftransverse interse
tion of two smooth real lo
al bran
hes. A is 
alled anM-
urve (a
urve of type I) if the normalization of any its irredu
ible 
omponent is an M -
urve(a 
urve of type I). A 
urve whi
h is not of type I, is of type II. Let x1; : : : ; xs bethe singular points and �A be the union of the 
onne
ted 
omponents of A passingthrough them. Let b = 0 if RP2+ = ff � 0g is 
ontra
table in RP2 and b = (�1)kotherwise.Suppose that �A is 
onne
ted. Let us de�ne a quadrati
 spa
e (V; Æ; q) as follows.Let C1; : : : ; Cr be the oriented 
omponents of RP2 n �A on whi
h f > 0 near�A. Let (V0; Æ; q0) be the quadrati
 spa
e with the orthogonal base e1; : : : ; es su
hthat q0(e1) = � � � = q0(es) = �1. Set 
i = Pj2�i ej where fxjgj2�i are thesingular points through whi
h �Ci passes only on
e. In the 
ases when either �Ais 
ontra
tible in RP2 or, as in Se
t. 4, there is a bran
h of �A (i.e. a smoothlyimmersed 
ir
le) whi
h is non-
ontra
tible in RP2, we de�ne V � V0 as the subsetgenerated by 
1; : : : ; 
r and we set q = q0jV .In the 
ase when �A is not 
ontra
tible in RP2 but all its bran
hes are, letus 
hoose a simple 
losed 
urve in �A whi
h is not 
ontra
tible in RP2. Let(V 00 ; Æ; q00) be the quadrati
 spa
e with the base (e0; : : : ; es) whi
h 
ontains V0 asa quadrati
 subspa
e (q00jV0 = q0) and let q00(e0) = (�1)k, e0 Æ ej = 0 i� L � 0in H1(RP 2+; RP 2+ n xj). Let V � V 00 be the subspa
e generated by 
1; : : : ; 
r, ande0 +Pj2�0 ej where �0 = fj jL 6� 0 in H1(RP 2�; RP 2� n xj)g, and let q = q00jV .If �A is not 
onne
ted, we de�ne (V; Æ; q) as the dire
t sum of quadrati
 spa
esasso
iated as above to ea
h 
onne
ted 
omponent of �A.Theorem 2. Suppose that ea
h bran
h of A whi
h is 
ontra
tible in RP2 
utsother bran
hes at n � 0 mod 4 singular points and ea
h bran
h whi
h is not 
on-tra
tible in RP2, at n � (�1)k+1 mod 4 singular points. If A is an M-
urve then�(RP2+) � k2 +B(q) + b mod 8 and also the 
orresponding analogues of Gudkov-Krahnov-Kharlamov, Kharlamov-Marin, and Arnold 
ongruen
es take pla
e.Theorem 2 is a 
orollary of Theorem (3.B) on 
urves with arbitrary singularitiesfrom the paper by Kharlamov and Viro [1℄. Theorem 2 is formulated here be
ausethere are mistakes in [1℄ in the dis
ussion of the 
orresponding parti
ular 
ase (4.I),(4.J) of Theorem (3.B).



CONGRUENCE MODULO 8 FOR CURVES OF DEGREE 9 34 Proof of Theorem 1. Let us 
hoose any three pairwise distin
t nests of thedepth d and a point inside the innermost oval of ea
h of them. Theorem 1 followsfrom Theorem 2 applied to the union of A and the three straight lines passingthrough the three 
hosen points. Indeed, the union of the three 
hosen lines andthe non-
ontra
tible bran
h of A divides RP2 into 4 triangles and 3 quadrangles(
urvilinear). Let us 
hoose the sign of f so that near the non-
ontra
tible bran
hof A one f � 0 on the three quadrangles and f � 0 on the four triangles. All ovalsnot belonging to the three 
hosen nests lye in the quadrangles (otherwise wouldexist a 
oni
 having too many interse
tions with A). Therefore, one has�(RP2+) = �([Cj)� p0 + n0 (1)where p0 and n0 are the numbers of even and odd ovals, not belonging to the three
hosen nests. B(q) 
an be 
omputed a

ording to Se
t. 2 as follows.We have r = 3 + 6d and C1; : : : ; Cr are 
urvilinear quadrangles. Let C1, C2, C3be those of them whi
h are adja
ent to the non-
ontra
tible bran
h of A. For theothers, we 
hange the notation and denote them by C�ij where � = 1; 2; 3 is thenumber of the nest, i = 1; : : : ; d is the depth in the nest, and j = 1; 2 (see Figure4). Let us denote by 
1, 
2, 
3, and 
�ij the 
orresponding ve
tors in the quadrati
spa
e V .
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Fig. 3Then we have:q(
1) = q(
2) = q(
3) = 2; q(
�ij) = � 1 if i = d,0 if i < d;
� Æ 
��1 = 1; 
��1 Æ 
�1;j = 1; 
�ij Æ 
�i+1;k = 1; 
�d j Æ 
�dk = 1for all j; k = 1; 2, i = 1; : : : ; d� 1, and � = 1; 2; 3 (here � � 1 means � � 1 mod 3)and the produ
t Æ is zero for any other pair of the base ve
tors.



4 O.YA. VIRO, S.YU. OREVKOVLet us repla
e
�i;2 �! 
�i;1 + 
�i;2; 
�i;1 �! b�i = dXj=i 
i;1; 
� �! b� = 
� + b�+11 + b��11 :This is a triangular 
hange of the base. It gives a de
omposition of the quadrati
spa
e (V; Æ; q) into the dire
t sum of a subspa
e where q and Æ vanish (it is gen-erated by f
�i;1 + 
�i;2g and by b1; b2; b3), and three isomorphi
 d-dimensional sub-spa
es V1, V2, V3 where V� is generated by b�1 ; : : : ; b�d. The Gram matrix of qjV� isdiag �1;�1; : : : ; (�1)d�. Hen
e,B(q) � 3� mod 8 where � = � 1; if d is odd0; if d is even (2)Easy to see thatp� n = p0 � n0 + 3� k = 2d+ 2; b = (�1)k = 1; (3)�([Cj) = �(RP2)� 4� 3 � 2d = �3� 6d: (4)Putting (1) { (4) into the 
ongruen
e of Theorem 2 for M -
urves, we get�([Cj)� p0 + n0 � (2d+ 2)2 +B(q) + 1 mod 8; hen
e,�3� 6d� p+ n+ 3� � 4(d+ 1)2 + 3�+ 1 mod 8; hen
e,p� n � �4� 6d� 4(d2 + 2d+ 1) � 4d2 � 6d � �2d mod 8:The other 
ongruen
es (for (M � 1)-
urves et
.) are obtained the same way.Referen
es1. V.M. Kharlamov, O.Ya. Viro, Extension of the Gudkov-Rohlin 
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