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Anamoauto Ieopauesuuy Bumywxuny x e2o 70-semuto

BBEIEHUE

Nasectras eunomeza o axoduane (cM. o630pet [17], [3]) sakmtouaerca B caexgy-
omeM:

T'umoresa o siko6uane (JC). Iycrs P(z,y) n Q(x,y) — MHOrOYIEHH ¢ KOI-
MIeKCHBIME KOd(duimenTamu, sxkobman KoTopex P, Q) — Py Q) ToX1ecTBeHHO pa-
Ben equamie. Torga orobpaxernme C2 — C2, (z,y) — (u,v) = (P(x,y),Q(:c,y))
B3aUMHO-OJHO3HAYHO (MM Ha aIreOpamdecKoOM SA3bIKe: MOMOMOP(QU3M KOJIEI] MHO-
roarenos Clu,v] = Clz,y], u = P(z,y), v = Q(x,y) ABIAETCA H30MOPDUIMOM).

Omnpepenenne 0.1. Hapy (U,1), rge U — riagkas aHATATAYIECKAS TIOBEPXHOCTb,
ul C U — riajixas KOMIAKTHAA palmoHaIbHas (T.e. msomopduas CP') kpusas ¢
UHIEKCOM camornepecedenus +1, 6yaem HaswiBaTh (+1)-napoii.

Haszosem (+1)-mapy (U,1) naockot, ecim U 6uromoMop@HO SKBUBATIEHTHO IO I-
mHOXKecTBy B CP? (acHO, 9TO Takou GUrOIOMOPGMU3M OTOOPAZUT | HA TPAMYIO).

Mepomopdnvim noepyxcenuvem (coorBeTcTBeHHO, da0xcenuem) (+1)-mapwr (U, 1)
B C? HasmBaeTCs napa mMepomopdubx Ha U QyHKIUN, Takux 9T0 06€ QyHKINN
ronomopdret Ha U \ [,  3agaBaemoe sTuvu byrkmmamu oTobpaxerune U \ | — C?
SBIIETCA TOIPYKEHUEeM (COOTBETCTBEHHO, BIOKEHUEM ).

Hndexcom mepomopduoro nmorpyxenunsa (+1)-maper f : U\ [ — C? nazorem
cTemeHb rayccoBoro orobpaxkenna Gy : M — S3 rne M = —0V — rpauuma
Tpy6uaTon okpecTHOCTH V KpuBOu | ¢ o6pameHHon opueHTanmen (0TobpaxkeHue
G Touke p € M cOmOCTaBIAET IOMOKUTEIBHYIO € JUHIIHYI0 HOPMAID K IIOCKOCTH

[+ (T, M)).

lNunoTesa o sxobuaHe DKBUBAIEHTHO IepedOpMYIUPYETCs CIeIYIOUIM 06pa3oM:
Mepomopdnoe noepymxcenue naockoti (+1)-napor 6 C* asasemea eaoxcenuem.
Hencreurensro, ecan (U,l) — mnockas (+1)-mapa, ToO MOXKHO CIMTATh, 9TO | —
6eckonedHO yatenHas npaMasa B C2, a U — ee okpecTtHOCTh. Torga mobas roso-
mMopdHast Ha U \ | yHKIWMA 110 Teopeme 06 yCTPAHEHNN KOMIAKTHBIX OCOOEHHOCTEN
npogomxaeTca Ha Bee C2, mpaem ecm ona mepomopdua Ha U, TO 3TO MHOTOMIEH.

BO3HUKAET eCTEeCTBEHHEIH BOMPOC:! MOXKHO JH OTKA3aThCA OT YCIOBHA, ITO
(+1)-nmapa mrockaa? [Ipyrumu cJIOBaMU, BEPHA JU CIEAYIOMIAL

370t BOTpOC (BOBMOXKHO, He TaK KOHKPETHO ChOPMYIMPOBAHHLIN) MHEe mpearoxmt A.T'. Bu-
TYIIKUH, KOTa A ObLI €ro aCiupaHTOM.
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Cnaabas runoresa o sko6uaHe Ha GeckoHeuHocTu (WJC). Jloboe mepo-
mopgmroe norpyxerue (+1)-maper B C? apraeTcs BroxermeM.

B pa6ore [13] s k 5Tol runoTeE3€ MOCTPOUI KOHTPIpUMED. B nanbHenmewM, s mo-
CTPOWI MHOT'O OPYTHUX AHAJOTMIHEIX KOHTPIpuMepoB K W.JCoo (HEOmyOIuKOBaHO),
HO BCE OHU HE MPOJOIKAIACH T0 KOHTpIpuMepoB K JC', MOTOMY 9TO y HUX OLLT
OGONBIION MHIEKC.

Omuaxo ACHO, 9TO undexc mepomopdnozo nozpyxcenus naockot (+1)-napbt pa-
sen edunuye. Jlercrsurensno, on pasen DG(F|gs) mpu r > 1, rge F : C? — C?
— MOIMHOMUATBLHOE 0TOOpaXkKeHWe ¢ AKOGMAHOM, paBHLIM eaumHuIe, S; — cdepa
panuyca r (OpUEeHTHUPOBAHHAsA KaK Kpal mapa), a depes DG(p) obo3nadena cre-
[EeHb TayCCOBOT'O OTOOPAXKEHUA, aCCOMMUPOBAHHOTO ¢ morpyxerueM . Ocraercs
3amMeTuThb, 9T0 ynkima g(r) = DG(F|ss) HeNpepeIBHA, a 3BHAMHAT, MOCTOAHHA, 1
aro F|gs — Broxenne npu r K 1, T.e. g(r) = 1.

B cBasu ¢ 5TuM A ¢HOPMYIMPOBAT HOBYIO TUIOTE3Y, O KOTOPOU s COOOIIAT HA
HECKOTBKIAX KOH(PEPEeHIIAX:

T'umoresa o sko6uane Ha 6eckoHedHocTH (JCy ). Jr060E MEpOMOPGHOE HO-
rpyxerme (+1)-maper B C2, mHaexc KOTOPOro paBeH eIWHUIE, ABIACTCH BJIOXKE-
HUEM.

B macrosmen crarbe K 3TOU TUMOTE3€ TOXKE CTPOUTCA KOHTPIPUMED:

IIpepmoxenne 0.2. Cymecrsyer (+1)-mapa (U,l) u ee mepomoppHOE norpyxe-
mme f: U\ | — C? ungexca 1, He ABAAIONICECA BIOKCHUEM.

Taxoe mepomopdHoe norpyxenue (+1)-maper crpoutca B §3. IlocTpoennas
(+1)-mapa (U,l) He ABAAETCA IUIOCKOM, T.e. N3 Hee He MOLYyIAeTCs KOHTPIPUMEDA
x JC. 9710 mokaswBaercs B §4, . 4.1 — 4.2, ananusupysa Ko>OOUIUEHTH MHOTO-
anenoB P(z,y) u Q(z,y), KoTOpbIe MOrIu ObI PEATU30BLIBATL JAHHOE MOIDYKEHUE
(B m. 4.3 mpUBOAUTCA IIPOCTOE, HO HECTPOT'OE TOMOJOIUIECKOE OOBACHEHUE DTOIO
daxTa). IloCcKOIBKY BCETIa MOXKHO BHIOPATH CTPOTO TICEBIOBONHYTYIO TPYOIaATYHO
oKkpecTHOCTH KpuBolt | (cM. [13; §2]), 13 HEIPOAOIKMMOCTH TTOCTPOEHHOTO KOHTD-
mpumepa K JCo 10 KorTpupumepa K JC' BHITEKAET JMIOOOMBITHOE CIEACTBHAE, /A
hOpPMYIMPOBKE KOTOPOr0 HAM MOTPEOYETCA €IMe OMHO OIPEIeJICHHE.

Omnpepgenenne 0.3. Iorpyxkenve f riagkoro opueHTUPOBAHHOrO (2n—1)-MepHOro
MHOro00pas3us Z B KOMILIEKCHOE N-MEePHOe MHOI006pasue Y Ha3BIBAETCA CMpo20
nCcesiosbINYKAbIM, €CIN KAXKIAA TOYKA z € Z 00JaTaeT OKpecTHOCTHIO V. C 7,
rakou uTo f(V) ABageTCA 4aCTBIO rpaHUNbl (C YIETOM OPUEHTALUM) HEKOTOPOU
CTPOro nceBaoBHImykIon obmactu B Y. Hanomuum, 910 peeyaspnot comomonuei
HA3BIBACTCA TaKas roMoTomus {fi}icjo,1], ITO fi — TMOTpyxeHume mpu KaxgoM t.
Ecau npu sToM Kaxgoe f; CTPOro mceBAOBHIIYKIO, TO TAKYIO DEryJIAPHYI [OMO-
TOMUIO MBI HA30BEM CIMP0O20 NCe8I08bINYKAOT.

IIpegmoxenue 0.4. CyirecTByeT CTPOro ICEBAOBBIIYKIOE MOTDYXKEHUE CHephl
f : 8% = C2?, pery.1apHO rOMOTOIHOE BIOXKEHHIO, HO CTPOrO IICEBIOBBITYKIO He
T'OMOTOIIHOE BJIOXKEHHUIO.

OTO MpeLIOKEeHNEe TOKA3LIBACTCA B §5. IlOmyTHO MBI IOKA3BIBEM MPEIIOKEHUE
5.6 0 eIMHCTBEHHOCTY HIPOIOKEHHUA MCEB JOBEIIYKIONO HOrpyxKerne cdepsr S° 1o
TIOT'PYKEHUA I1apa.
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B crarpe [13] 6bLIO JAHO MOJHOE TOKA3ATEALCTBO TOIO, YTO HOCTPOEHHLIA TaM
nprmep obaagaeT TpeGyeMbIMU CBOMCTBAMM, HO IOCTPOEHFE M3IAraJ0Ch, [OBODI
A3BIKOM TIIKOJBHOU TeoMeTpun, 6e3 ¥ anannsa 3agadu”’ . BepoaTHo, 3TO 3aTpy IHAIO
MOHUMAHME TOr0, KAKUM 00pa3oM HpuMep ObLI HAUIEH M KAK CTPOUTH APYTHUe
MOIOOHBIE IPUMEPEL. B HACTOAIIEN CTATHE S MONBITAICS UCIPABATH YTOT HELOCTA-
TOK, mobaBuB 1. 2.4. Tam ke 06CyxXKIayTCA HEKOTOPBIE MaPALICIN MEXK Y HAIIAM
noaxogom k JC u crareamu [10] u [9)].

Ha coorsercteue mexay [13] u [9] moe BuumManme o6patuna II. Kaccy-Horec.
S en BeIpaxkaro 6JArOLApPHOCTH 33 DTO W 33 APYrUe MONE3HBle 00CYyXKneHus. S1
Takke npu3HaTeneH csoeMmy yumremo A.I'. Burymkumy, 61arogaps koTopoMy s
CTAJ 3aHIMATHCSA CUIOTE30H O AKOOUAHE.

§1. IIPEABAPUTEJILHLIE CBEJIEHUA

1.1. [IBouicTBeHHBIE rpacdhbl IPUBOUMBIX KPHUBLIX U CILIalCc- THarPpaMMEIL.
Ilycts D — xpuBas Ha MIATKON AHATUTUIECKON MOBEPXHOCTHU, TAKAA 9TO BCE ee
HEIIPUBOIMMBIE KOMIOHEHTE D1, . .., D, momopdpusr CP', nepecekarorcs mexy
cob6OU TPAHCBEPCATHLHO U HE Gosee, deM momapHo. Jeoticmeennblm epagom nim
mpocTo epagdom kpusou D Gymem Ha3bBATHL Tpad ['p, BEPITUHEI KOTOPOrO OTBE-
YAIOT HEMPUBOIUMBIM KOMIIOHEHTaM KpuBou D, a pefpa — UX TOYKAM mepecede-
uusa. Kaxaou BepumHe IPUNUCHIBAETCA €€ 8€C, PABHBIA UHIEKCY CAMOIEDECEeIeHNs
COOTBETCTBYIOIIEN KOMIOHEHTHI. FCJIu 5TO HE BEIeT K HeIOPA3yMEHUAM, MbI Oy 1eM
OIWHAKOBO 0003HAYATH KPUBYIO 1 ee rpad.

Eciu C — rnagkas kpusas (HE06A3ATEILHO KOMIAKTHAA), TPAHCBEPCATBLHO Te-
pecexatoman D, To epagom xpusoti C 6o34e D Oynem HasbBaTh rpad I'p o, mo-
Jydarommucs us rpada kpusou D moHaBieHUEM BEPIINH, COOTBETCTBYIOIIAX JIO-
kanbubeiM BeTBaM (', ..., C, kpusou C' Bozsie kpusou D (5TU BepIIMHBI MBI Oy €M
1300pakKaTh B BUAE CTPEIOK), MPUYEM BEPIINHA, OTBEYAIONIAA JOKAILHOU BETBU
C;, coeuHEHa €[MHCTBEHHBIM peOpOM C BEPIINHOM, OTBEYAIOUIEN TOM KOMIIOHEHTE
D;, ¢ xoropou oHa mnepecekaeTca. Beca Bepumn C; He OIpefeIeHb.

+1
Ipumep. Ecmu D u C — mupamas u xoruka za CP?, to I'pc=+—o0—.

Onpedeaumenem kpusoti D Ha30BEM ONpemeInTENs MAHYC MATPUILI TEpEcetde-
mna: det D = det [|—D;D; |7 .

Hauunas ¢ sToro mecra, Mbl OygeM cauTaTh, 9TO rpad KpuBou D — mnepeBo
(T.e. cBasubm rpad 6e3 uukios). Haszosem semsvio depesa D 6 eepuune D;
KOMIIOHEHTY CBSI3HOCTY 3aMbIKaHus kpuson D \ D;.

Junetinot yenoukot 6yaeM Ha3BIBATH T'pad € BEPIIUHAMUA V1, . . . , Uy U PeOpaAMUI
[1)1,’1)2], [’1)2,’1)3], ceey ['Un—la'Un]-

Cnaaiic-duazpammoti kxpusou D (coorsercrenno, kpusou C Bozie kpuson D)
MBI OyneM HasbiBaTh rpad Ap (coorBercrBeHHo, Ap ), nonydenssn us ['p (co-
OTBeTCTBeHHO, 13 ['p ) B pesyibraTe 3aMeHBl HEKOTODBIX (HAIPHMEp, BCEX) JH-
HEUHBIX IIEMOYeK OgHuM pebpoM. Hadamy kaxmoro pedpa, BHIXOAAIIETO U3 HEKOH-
IIEBOU BEpIUHLI D;, MBI TPUMAIIEM YUCIO, PABHOE OMPEISIUTETI0 BETBU rpada
D B Bepmmne D;, pacTywen B HaIpaBIeHUM NAHHOIO pebpa (dTO OmpeneneHue
HEMHOT'O OTJINYAETCA OT MEPBOHAYAIBLHOTO OMPENeTeHU CILIANC- TAArPAMMEIL, BBe-
IeHHOro DusenOynoM u HenmanoM B [6]).
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IIpepmoxenne 1.1. (Popmyrna mis onpememurens pebpa; cm. [6], [11]). Iycrs
Ap — cmranuc-gmarpamMva gepeBa D panmmoHAIBHBIX KPHBBIX C OPOCTBIME HOD-
MAaTbLHBIMUA TiepecedeHuavu. IlycTs u u v — BepmuHel Ap, COeIUHEHHBIE PEOPOM.
O6osuaunm depes E JMUHEHHBIIO MEMOYKY HEMPUBOJUMBIX KOMIOHEHT KpuBou D,
COOTBETCTBYIOIIYIO pebpy uv (KpHUBBIC, OTBEYAIONIAE CAMUM BEPIIUHAM U U U He
srmoganorca B E). Ilpegnomoxum, 110 Ap Bosme pebpa uv ycTpoeHa Kak Ha
puc. 1. Torzga
det D -det F =a0b0 — (al...ak) . (b1 bn)

a; b1

Puc. 1

1.2. IIpeoGpasoBaHue oIpegeJaUTeNA MATPUIBI IIepecedYeHUs MpU col-
CTBEHHOM aHAJINUTHUYECKOM oToOpaxeHun. lleab 5TOro myHKTa — IOKA3aTh
CIeYIOIIee HECIOKHOE YTBEpXK AeHne (OHO UCIOIB30BATOCH B [5]).

IIpegnoxenne 1.2. Ilycts f : X — X — cob6cTBeHHOE aHATIUTHIECKOE OTO-
OpaxeHne TTafKUX KOMILIEKCHBIX HOBerHOCTeI/I HyCTb D=DiU---UD, —
KOMIAKTHBIE KpUBBIE HA X, U D=D,U---UDj = f~Y(D). Toraza:

(a). det D = 0 ecm 1 Toapko ecmm det D = 0.

(6). Mpeamonoxmm, 910 Dy — eIMHCTBEHHAS HEPABOAMAL KOMIOHEHTA, K-
Bowr f~1(Dy), KOTOpasA He CTATMBACTCA 0TOOPaKeHHEeM f B oxguy Touky. O6o3HA-
qmv wepes D' u D' 3aMBIKAHUA KPUBBIX D\Dimn D\D1 cooTBeTcTBEHHO. IlycTh m
— crenens oroOpaxenus f|p , B n — MOPAZOK BeTBIHUS OTOOpaxerus f BAOTE

D, (r.e. AkoGuan f umeer Ha D, Hyas nopagka n — 1). Torga

det D' n det D’

- = — - 1
detD m detD’ (1)

IpUYeM eCIH OfUH U3 3HAMEHATEICH PABEH HYJI0, TO JPYTOH — TOXE.

Hoxazameabcmso. (a). Mokaxkem cuavana, ato det D = 0 Baeger det D =0. [ei
cTBUTEIBHO, ecin det D = 0, To Hangercs Henyaeson aususop E = > x;D;, Takon
uro ED; =--- = ED, = 0. Toraa f (E) — HeHyJIeBoﬂ OUBU30D C HOCUTEJEM, CO-
AEPAKAIMCA B D, npuuem f* (E)- DJ = E- f.(D;) = 0 upu Bcex j. CaegoBaTelbHO,
det D = 0.

[oxkaxeM Temepsb, 4TO det D = 0 Baeter detD = 0. [encTBuTENBbHO, ecan
det D = 0, TO HAUIETCS HEHYJIEBOU TUBU30D E= Zilﬁz, TAKOU ITO

EDy=---=ED; =0. (2)
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Torga f. (E‘) — IMBU30P C HOCUTEJIEM, COAEPKAIMMCA B D, mpuaem f*(E) -D; =
E- f*(D;) = 0 opu Bcex j. 3maunt, paBercTBo det D = (0 GyieT clIenoBaTh u3
TOrO, 9TO f*(E) # 0. Tpegmomoxwum, 4TO f*(E) = 0. OTO 3HAYAT, YTO HO-
curers amBmsopa E COCPEIOTOMEH Ha MpooGpase KOHEMHOro HaGopa Touek. Ho
MATPUIA HePECeIeHNs HEMPUBOIUMBIX KOMIOHEHT KOMOAKTHON KPUBOU, CTATMBA-
€MOU B TOYKY AHATATUYIECKUM OTOOPAKEHIEM , OTPULATEILHO ONMpENeIeHa, 3HATUT
E? < 0. D10 npoTusopednt (2).

(6). B cumy (a), MBI MOXeM cuuTaTh, 4TO 00a 3HaMeHaTens B (1) He paBHBI
mymo. O6osnauum uepes E = > z;D; u E= Z:Z‘lﬁz OUBU30PEI C PAIMOHAILHBIMHA
KOd(UIHEHTAMH, IBOACTBeHHbE K Dy u Di COOTBETCTBEHHO, B TOM CMBICTE, ITO

E-Dy=1, E-D;=0npui>1; E-D =1, E-D;=0mpui>1. (3)

CymecrBoBanue nusu3opoB E u E 1erko caenqyer m3 HEBBIPOK IEHHOCTYU MATPHIL
nepecedenus. [[enCTBUTENLHO,

(@1, y20) = B,0,...,0),  (F1,...,35) = B(1,0,...,0), (4

rae B = ||byll = A A=[IDiDj|?j=1, B = |lbijll = A~ w A = ||D;Dj I}y
Mut umeem f.(D1) = mD;, nostomy f.(E) = m& Dy + F, roe Dy € supp F', n
3HAYUT, COMMIACHO (3),

E- f.(E) = m#. (5)

Awnanoruuno, f*(D;) = nﬁl +ﬁ1, rie 131 ¢ supp ﬁl a suaunt f*(E) = nazlﬁl +f'2,
rae Dy ¢ supp F>. CaemosaTenbHo, COMIacHO (3), MbI UMeeM

f*(E)-E =nmz,. (6)

Hoxcrasmas (5) u (6) B pasencrso E- f,(E) = f*(E)-E, noryaem & = (n/m)-z;.
3amerum, 9To 21 = by; u &1 = by; B cuay (4). Hakomen, no npasury Kpamepa Mot

nMeeM

_det D' H - det D’
~ detD U get D

11

1.3. dopmyna pisa KaHOHHYECKOro Kiaacca pasgyTtusa (+1)-mapor. Ilycrs
(U,1) — uekoropas (+1)-mapa (mampumep, | — GECKOHEYHO yIAJICHHAA MPAMAA
addumron mrockoctn C?), n mycth 0 : X — U — KOMIO3WINA Pa3TyTWir ~Ha,
6ecxoneanoctn”, To ecthb 0| x\r, : X \ L = U \ | — msomopdusm, rae L =o' (I).
IIycre Lo — cob6cTBeHHBIN Ipoobpas mpsamon [.

Ipegmoxenue 1.3. (a). L — gepeBo paumonaabuerx kpusbix, det L = —1.

(6). Onpegemnrens mo6on BeTBu gepeBa L B Bepumue Ly paBeH exqunune.

(8). Ectu Ly — HekoTOpas HENIPUBOUMAA KOMIOHEHTa KPUBOU L, OTIHIHAA OT
Ly, To cpequ BeTBen agepeBa L B Bepmmmme Ly, He cogepxkammx Lo, HaWgeTca He
6o.J1ee OJHOHU, UMEIOIIeH ONpefeJuTe b, He PABHBLIN CUHUIIC.

Loxazameabcmeo. Nuaykimsa mo ducny pasgytuin. [
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IIycres Lyg,...,L, — HenpuBoauMmble KOMIOHEHTHI KpuBou L. IIpemmomoxum,
4TO KaHOHWYeCKUU kiaacc Kx mosepxHocTu X OPEACTABUM IUBA3OPOM C HOCUTE-
JeM, comepxamuMcsa B L, To ectk Ha X cymecTByeT MepoMopdHaa 2-popma w, He
UMEIOIIAsA HU HyJen, Hu moaiocoB BHe L. Ilycts

Kx =Y kiL;.

M=ur mo-mpexHeMy cauTaeMm, 9To Ly — COOGCTBeHHBIM Tmpoobpas mpamou [. He-
IPUBOAMMEIE KOMIIOHEHTHI 3aHYyMEPOBAHLI B IIPOM3BOJILHOM HOPALKE, IIOITOMY B
KavecTBe KpUBOUX L, 0 KOTOPOU UAET Pedb B CACAYIOMEM IPENIOKEHNH, MOXKHO
paccMaTpuUBaTh JIOOYI0 HEIPUBOAUMYI KOMIIOHEHTY, OTJIMIHYIO OT L.

L 1
1 Po 1 po Po 1 Lo
QO/;; qo;;; qo;;; ;\
1.1 1.1 1..1 1.1

Puc. 2

IIpeanoxenne 1.4. (cum. [14]). (a). ko = —3.
(6). O6osmauumM Beca CILTAHC-IHATPAMMBI KpUBOH L, pacmosokeHHUBIe BAOIb
kparyammero nytu u3 Lo B Ly, kak Ha puc. 2 (cM. npegaoxkenne 1.3). Torga

m
ki=-1—go—po+ Y do---q-1(g; — 1)(p; —1).
j=1

1.4. HakpeiTusa, pa3BeTBICHHbIE BI0Jb JUHEUHbIX Hemodek. Kax u B [13],
[T OTIACAHUA HAKPBITUU, PA3BETBICHHBLIX BIOJL JUHEUHBIX [EMOYEK PAIUOHATD-
HBIX KPUBBIX, MBI OyIeM TTOJb30BATHCA A3LIKOM TOPUIECKUX MHOMOOOpA3uu. JKBU-
BATEHTHOE OMNUCAHUe 6e3 MPUBIEYEHNs TOPUYECKUX MHOroo6pasmi cM. B [2; ITI
§5]. ITockompKy HaM MOTPeGyeTCsa OYeHb Matas YacTh TEOPUN TOPUIECKUX MHOTO-
obpasuu, nis yno6CcTBa IUTATENA MBI IPUBEIEM BCE UCIOIb3YEMBIE OMPENeICHUI 1
(paKTHI.

1.4.1. Beepbi u mopuueckue noseprunocmu. Oroxgectsum Z2 A Z?2 = Z, T.e.
wepes (a,b) A (c,d) 6ymem oboznataTh ad — cb. Jlng eq,es € Z2 o6o3HaxmM Tepes
(e1,e2) xomuyc {z1e1 +a2es | z; € Ryx; > 0}, mmycrs (e) = (e, e) (1y4 B Hanpase-
Hum e). BexkTop e € Z? HA3BBEIMACTCA NPUMUMUEHbIM, ©CTH €70 HETb3S MPeICTABUTE
BBuge me', e’ € Z?, m € Z, m # 0. HazoseM 6eepom HAGOP PABIMIHEIX TPUMUTIE-

HBLIX MEJOTHCICHHLIX BEKTOPOB X = (e, ..., ep11) C ZZ, Takon 910 €; A ;41 > 0
mpu Beex ¢ = 0,...,7, 1 KOHYCH {€g,€1), ..., {(€n,eprr1) MOMAPHO HE TEPECEKAKOTCA.
Ecmu e; A e;41 = 1 mpu Bcex @ = 0,...,r, TO Beep HA3LIBACTCA NPUMUMUEHBIM.

O6o3HaunM u; = €; L V; = €j41. Topuueckoli nosepTHOCMbIO, ACCOUUUPOBAHHOT
C NPUMUMUSHBIM BEEPOM Y., HABBIBACTCA TVIALKAA ANreOpamdecKas MOBEPXHOCTH
Xy, ckneennas us kapt Uy, ..., U,, nzomopdrsx C?, rae xapra U;j ¢ KoopinHa-
Tamu (Zj,y;) OTBEIAET KOHYCY (Uj,V;), I PYHKUIAME IIEPEXOIA

r; =2} yj u; = au; + by;
rie

— b,d s )
Yi = Ty v; = cu; + dv;
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SIcro, aTo X COAEpKUT OTKPHITOE IO 3apUCCKOMY IOIMHOXKECTBO, U30MOPQHOe
2 = (C\ 0)2, xoTOpOe B KOOPIWHATAX T;,Y; 3aTaeTCA HEPABEHCTBOM T;Y; # 0.

Ipegnoxenue 1.5. Ilycts ¥ — npuvuTusmbn Beep, u E = Xy \ T2. Torga
E=FEyU-:- -UE,;, nppiem

(a). E; sagaerca ypasHenmeM x; = ( B koopamHaTax (Zj,y;), YPaBHEHHEM
yj—1 = 0 B koopguHaTax (T;_1,yj—1), H He IIEPECEKAETCA C OCTAILHBIMA KapTaMH.

(6). BEy=E,,=C u E,=...=ZE,=CP".

(B). Camonepecedenne E]2 kpuBou E; paBHO —ej_1 Nejy1, j=1,...,7.

(2). detl|~EiBi|I7_, = o Aerr.

Hoxazameabcmso. (a) — (B) HEIOCPEACTBEHHO BLITEKAET U3 OUpeneteHust; (1) no-
Ka3bIBaeTCA MHAYKLUEN, ucnonbays (). O

1.4.2. Omobpasxcenus mopuueckusr noseprrwocmet. JIMHENHOMY 0TOOPAKEHUIO

A : 7% - Z° u npuvuTuBHEIM Beepam X = (€g,...,6711) 1 X = (€0,...,€p41)

MBI COMOCTaBMM OupanmoHatsHoe oTobpaxkenue f = A, : Xy — Xx, koTOpoe B
koopauHaTax (I;,y;) Ha Xg u (z;,y;) Ha Xy 3amaerca dpopmytaMu

T, = 19 g; A(ﬂ]) = au; + by;

F(&5,95) = (@i, i) - rae i

Y35 irYi), yi:x.?'ygd A(Uj):cui+dyi

(3mech, KaK ¥ BBIIIE, U; = €, U; = €;41, & TaKXke U; = €;, U; = €j41). Peayaapnbin
omobpasicenuenm Beepa ¥ B Beep Y HasbIBaeTCA JIMHEHHOE 0TOGpakenue A : Z2 —
Z?, Taxkoe 9TO LA KaxIOrO KoHyca (Uj,V;) Haigercsa KOHyC (u;,V;), TAKOM UTO
f((ﬂj,ﬁj>) C (u;,v;). Jlerko mpoBepuUTh, YTO B 3TOM caydae A, — peryaapHoe
(T.e. Ge3 ToOUeK HeompeleTeHHOCTH) oToOpakenue Xg — Xx.

Caenymolue CBOUCTBA HEMOCPEICTBEHHO BEITEKAIOT U3 OMPENeJCHUN U U3 MPEe[-
JoxeHus 1.5.

IIpeanoxenne 1.6. Ilycte A : Z? — Z? — peryaapHoe 0TOOpasKeHHe IPHMH-
THUBHBIX BEEPOB IS Y, moyers f = A, : Xg = X5, Ipegmonoxum Taxxe, 9TO
A((éo)) = (eo) m A({€#+1)) = (er41). Obo3HAYIIM:

N — crenens orobpaxenus f;

ng — MOPALOK BETBACHUA [ BIOJb KPUBOU EO;

Ny — MOPALOK BETBACHUA [ BIOJb KPUBOU E,:_H
(t.e. axobuan f Ha EO uMeeT HY.JIb IOPAIKa Ng — 1, a Ha Er+1 — mopagkany —1);

My — MOPAAOK BETBAEHUA 0TOOpaxkeHud f| = B, B TOUKe EO N El,

M1 — MOPALOK BETBJICHUSI OTOOPAXKCHUA f|§'+1 B TOYKEe E,: N E,:_H.
_ Bnlile N R Al AR

A = det ||_E1EJ||i,j:1, A = det || EzEJ||i,j=1

Torza:

(a). det A= N = mong = min;
{6) A(éo) = Np€o n A(éf_l,_l) =N1€r41y

(B)- e

A=

A.
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CaeacrBue 1.7. B o6Gosmadenuax mpegaoxkenus 1.6, ecau orobpaxkenue f He
MMeeT BeTBJICHUA BAOMEL KpuBou Fz, o A = mgA. O

Beep ¥’ = (eg, ..., €., ) Ha3bIBaeTCA nodpazbuenuen Beepa ¥ = (eo, ... ,erq1),
ecim ey = €, €, = €41, ¥ TOXKIeCTBEHHOE OTOOpaxenue id : Z* — Z? apraercsa
PETyIApPHBIM OTOOpAKEHNEM Beepos X — X,

JlemMma 1.8. Jlro6on Beep ¥ mMeeT OpuMUTHBHOE moagpaszbuerHue Y.

Joxazameabcmeso. [ KaxkIOrO IByMEPHOTO KOHYCA 0 TOGABUM K O0Pa3yOMMM
BEepa BCE BEKTOPHI, JEXKAIINE Ha KOMIIAKTHBIX CTOPOHAX BBIHyKJIOﬁ 000I0YKI MHO-
xectea (Z2Na)\ {0}. O

Ipepmoxenne 1.9. IIycts & = (e0,...,€7+1) u ¥ = (eq,...,€,) — JABa Beepa,
n nycte A 1 Z° — Z? — mmmennoe otoOpazkenne, Takoe ato A({€y)) = (eo) m
A((€741)) = (er41). Torga cymectsyior mogpasbmerna ' n ¥’ Beepos ¥ n %,
Takme 9T0 A ABIACTCA peryTApHBIM 0TOOpaxerHHeM ' — X'

Hoxazamenbcmso.
1). HdobGaum k ¥ meaouucieHubie obpasymwomme ayaen A({€p)), ..., A((é7)), n
MOPa3006BEM MOTYIUBIIMICA BEep 10 TPUMUTHBHOIO Beepa X' = (eg, ..., e ).
2). lobasmm K ¥ nerounceHnse o6pasyomue ayei A~ (), ..., A~ ((e.,)),

1

7 MOAPa306bEM MOy IMBIIMACA BEEP 0O MPUMUTUBHOrO Beepa Y. [

§2. PETY/JIAPHAA KOMOAKTUOUKAIINA HA BECKOHEYHOCTHI
MEPOMOP®HOI'O MOTPYKEHUSA (+1)-ITAPEI

2.1. KovmnakTudukanma Ha GeckoHedHocTH. J[uKkpuTmdeckme KOMIIO-
HEeHTBI. PacCMOTPUM HEKOTOPYIO AIreOpamvdecKyro KOMIaKTUDUKAINIO X KOM-
mrexcEon maockoctn C? ¢ mMpPOCTHIME HOPMATBLHEIME TIEPECEUeHUAME KPUBOH HA
6ECKOHEIHOCTH, TO eCTb X — KOMIAKTHAA IPOEKTUBHAA IOBEPXHOCTD, COMepPKa-
mas xkpuByio L (BooGme rosops, mpusoammyio), Takyio uto X \ L = C2?. Bce
Takuie KOMIAKTU(MDUKAIIAY MTOTYIAI0TCA U3 CP? ¢ OTMEYeHHON GECKOHETHO yIaaeH-
HOU MPAMOU IIyTeM Pa3AyTUHN U CTACMBAHUN HA OECKOHEYHOCTHU. [|BOMCTBEHHBIN
rpa¢g xkpusou L — mepeso.

Mycrs (U,1) — mexoropas (+1)-mapa, u U \ | = C? — ee mepoMopdHOe Torpy-
xerve B C2. Pa3qyBas Toukn; Ha [, €0 MOXKHO TIpeICTaBUThL B Bue f oo~ !, rae
c: X 5> U — KOMTIO3HIIAS pasgytum, u f : XX — rosoMopdHOe 0TOOpaxKe-
uue. Tpouka (X, X, f) HaswiBaeTca peeyaspnot Komnaxmugurayuet mepomopdp-
nozo noepyscenus (+1)-napur (U,1) 6 C*. O6osmasmm

LZU?l(l)a Loo:fil(L)a EF'C':z\zooa

D:f(zpc), 5:51U---U5d, Zo:zFo\ﬁ,

rae Dy, ..., Dg — duxpumuueckue Komnowenmpt OTOOpaKeHus f, T.e. HEIPUBOIU-
MbIe KOMIIOHEHTHI KpuBou Lpc, HA KOTOPBIX 0TOOpaxenue f HemocTosuuHo. Kpu-
By D OyleM Ha3BIBATHL KPUBOU BETBICHUS.
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Ipepnoxenne 2.1. (cp. [12]) (a). Hempupoamvere KOMIOHEHTHI KpuBOi L —
PALNHOHAIBHBIE KPUBEIC, H JBOHCTBEHHBIH rpag KpuBoi L — xepeso.

(6). Kpusasa Lo, cBasHA.

(8). Lpc mveer d KOMIOHEHT CBA3HOCTH Z%, . L(d)

(r). /BovicTBeHHBII Ipad KPUBOU EE;ZC) (i =1,...,d) aBageTca TUHEHHON Ie-
MIOYKOH (BO3MOXKHO, C €UHCTBEHHON Bepmerop”r), OJHAa U3 KOHIEBEIX BEPIINH KOTO-
POH OTBEIaeT ,ZH/IKpI/ITI/I‘IeCKOI/I xoumorerTe D;.

(z). Kpusas L (z =1,...,d) nepecexaer Lo B IHHCTBEHHO TOYKE, IPIIEM
ora Touka aexnr Ha D; (i =1,...,d).
Iycts n;, @ = 1,...,d, — TOpAIOK BETBICHUA OTOOPaXKeHUsA f BIONbL KPUBOU

D;, t.e. sxobuan orobpaxkenus f obpamaercsa B HyJ b Ha D; ¢ KpaTHOCTBIO 1; — 1.

IMpeanoxenue 2.2. Kamormaeckmi xracc K g nmosepxaoctn X mpeacraBigercs

AUBU30POM C HOcHTeaeM Ha L, mpumdeMm kaxkgas ATUKPUTHIECKAs KOMIIOHEHTa D;
BXOJHUT B 3TOT JUBU30P C KPATHOCTBIO N; — 1.

Aoxazamearcmeo. K mpeacrapaseTca gusuzopoM dopmer f*(dx A dy), Tae x,y
— adduunble KoopauHaTH B C2.

2.2. ®opmysaa aasa mHAEeKca MepoMopdHOro norpyxenus (+1)-mapsl.

Onpepenenne 2.3. Joxaapnot kpamuocmsio 6 mouke r € X HEMPEPLIBHOTO OTO-
OpaKeHUsA TOTMOJOTUIECKAX TPOCTPAHCTB ¢ : X — Y HA3LIBACTCA GUCAO fiz¢ =
ming deg ((;5[7(96)), rae MUHEMYM Gepercsa mo BceM okpecTHocTaMm U Touku ¢(x), u

uepes U(r) obo3HaveHa Ta KOMIOHEHTa CBA3HOCTH MHOkecTBa f~'(U), xoTopas
COIEPXKUT TOUKY T.

Beemem Takme xe 0603HaMEHMA, KaK B npenbraymeM nyukTe. [Iycts X* — on-
HOTOYeuHaa KoMmaxTudukama C2. O6o3raunM gepes X+ 0CO0YI0 TOBEPXHOCTD,
IOy IAIOUIYIOCA U3 X , €CTM KaXKIYVI0 KOMIIOHEHTY CBA3HOCTU KAaxXIOT'O U3 MHO-
xecT f~1(z), £ € X CTAHYTH B TOUKY, a TaKkKe CTAHYTh B TOUKY (KOTODPYIO MBI
00603HAYUM Yepe3 00) KPUBYIO f/oo. Torga oIHO3ZHAYHO OIMpeJeNeHO OTOOpaXKeHNe
f*: X* = X, Takoe 4TO CIeAyIOMAa TUATPAMMA, KOMYTATUBHA,

¥ L ox
I R
X L oxe

(BepTI/IKaJII)HBIe CTpPEJKN — ecTecTBeHHEIe mpoekimn). O6o3HaduM uepes D} o6pas

KpUBOU D Ha X*.
N Iycts, kak u B 1. 2.1, n;, — TOPATOK BETBJIEHUA 0TOOPaXKeHNUs f BIOIL KpuBOU
D;, m.e. n;y = pyf mnas obmen Touxku x € D;.

Ipeanoxenwne 2.4. Urgexc ind mepomopproro norpyxermns (U, 1) — C? pasen

ind = oo f* Z(nm S (wafr - ) (7)

zeD;\{oo}
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Jowazamearcmso. Bribepem B C? xoopamaaTsl (z,w) Taxum 06pa3oM, ITO MpsA-
Maa z = 0 He mepecekaeTcs Ha OECKOHEYHOCTU € KpUBOU D mpu CTAHIAPTHOM
sroxernu C? 8 CP2. O6o3mauuu wepes 7 : C2 — C mpoekmmo (z, w) — 2.

O6osuauuM 4epes pi,...,P, TOUIKM BeTBIeHUs oToOpaxkenus ww|p : D — C,
gepes my, (i =1,...,n), — NOPAIOK BETBICHUA BOKPYT TOYKU P;, & IEPE3 Moy —
crenens kpuson D. Ilycts By, (i =1,...,n), — map I0CTATOYHO MAJOTO PaIUyCa,

C EHTPOM B P;, U MYCTh By, — IIAp TOCTATOYHO OOJBIIOTO PAINYCA C IEHTPOM B
Havasle KOOPIUHAT.

O6osuadum depes V TpyOGUIaTyo OKPECTHOCTHL KpuBou D, pagnyc KOTOPOU Ma
no cpasHernio ¢ pagmycamu cpep S;. Iyers T = By N ((=0V) \ (By U --- U
Bn)) u S = (—0By) U---U (—0B,) U 0B (3HaK MEHyC O3HAYaeT OOpAIICHUE
opuenrauun). O6o3Ha4duMm qepes R;, i € {1,...,n,00}, rumepnoBepxHOCTb C KPaeMm
(romeomopdryio HeckoabkuM Komaam St x St x [0, 1]), criaakuparomyo yroa Mex ry
0B; n T kak MOKa3aHO Ha, puUC. 3.

Kaxgas chepa 0B; uMmeeT ofHY TOUKY, B KOTOPOU MOJOKUTEAbHAS e[UHUTHAL
HOpMaJb paBHa BekTOpy (1,0), mpudem ee uugeKkc (T.e. BKIAL B CTEMEHb rayCcCoOBa
oTobpaxkenus) pased —1 mpu ¢ = 1,...,n u +1 npu i = co. Eciu koopauHaTh!
(z,w) BLIOpAHBI JOCTATOYHO OOLIIMM 06Pa3OM, TO 3Ta TodKa JexutT sue V. Ilo-
BEPXHOCTH 1’ TaKMX TOYEK HE MMEET, a KaxAas OBEPXHOCThH R; mMeeT m; Takux
ToueK uHaekca +1 nput=1,...,n u —1 opu : = 0.

N,
%

Puc. 3

CorunacHo ompenenenuto, ind paBeH CTEeHN rayCCOBOr0 OTOOPAKEHUS, ACCOIUI-
posarHoro ¢ f|_p, roe M — rpanuna Tpy6uaron okpecraoctu kpuson [ B U wium,
9TO TO XK€ CaMOe, MPAHNLA OKPECTHOCTHA KPUBOU D* s )Z'*, a 3HaK mMuHyC nepex M
03HAYAET OOpAIlEeHNE OPUEHTALINHN.

IMorpyxenue f|_p MOXHO IpoAedOPMUPOBATE B MOTPYKEHNE, 06pa3 KOTOPOTO
aexutr B SURUT. Tpogomxum 0TOOPaKEHHUE T o f*|ﬁ;f\oo : lND;‘ \ oo = C no

otobpaxenna f; : D — CU {oco}. Brraasr mOBEPXHOCTEH B CTENEHk TayCCOBOTO
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0TOOpaKEHUsT TAKOBBI:

d
Seo = oo™, Roo = =Y nj - pioof}, T 0,
j=1

d
S; — —Z,umf*, RZ%Z an'//’zf;'

zeD* j=1 zef)]*
F*(z)=p: £ (x)=p:
Takum ob6pasom, obosnadas P = {py,...,p,}, umeem
n d n
N D DD ML) S (NS S W)
=1 sep j=1 i=1 4¢b;
I (z)=p: £ (2)=p;
d d
SICTARD DI DI AED DL (TN S D8 )
=1 oeby j=1 reD;
fr(z)epP fr(z)ep
d
= oo = 3 ( St =)+ ni{pect; = 3 ety — 1Y),
=1 aeb; veb;
fr(z)ep fr(z)ep

Ocraerca 3ameTuTsb, 9To 10 popmyae Pumana — ['ypsuiia, mpuMeHeHHON K Pa3BET-
BJIEHHOMY HAKPBITHUIO fj’.*, BBIPpAaXKeHUE B PUIYPHBIX CKOOKAX PABHO efwHMIe. L[]

3amevanue. B caydae mepomopdHOro norpyxenus miockon (+1)-mapei, 3azaBae-
MO0 TIOTMHOMHUAILHEIM oToOpakenueM C? — C? ¢ HOCTOAHHBIM AKOOGUAHOM, TOT
daxT, 9To mpaBas dacTh (7) paBHA equHULE, OBLT JoKa3aH B [12] nyTem moxcuera
DUMEPOBOM XapakTepucTuku. IIpemnoxenune 2.4 aBageTcsa 0000IIeHUEM >TOU HOp-
MyJIBI Ha cay€dai mepoMopduerx morpyxenuit B C? mpomssoapaerx (41)-map.

2.3. CpoucTBa cILTIalic-fUarpaMM KPHUBBIX L u L.

Meur moxem cumrars, 9To L TpaHcBepcanibHO mepecekaer D (B mpoTHBHOM Ciry-
gae pasfyeMm ckoibko Hago D N L). Torga dgopmyasl, mpuBeieHHbEe B §1 BMecTe
C TpemIokKeHreM 2.2 HAKIALLIBAIOT TOBOJLHO CATLHBIC OTPAHUYCHUS HA CIANC-
OAArPaAMMBI KPUBBIX LuLUD. Mu npumenseMm GopMmyasl u3 §1 caegyrommm
ob6pas3oM:

(1) x couanc-guarpaMmaM KpuBbIX L u L npuMeHsaeM npeaitoxenue 1.3;

(2) x xaxgomy pebpy CILIAlC-auarpaMM IpuMeHseM npegioxenue 1.6(B);

(3) x xaxgOMy pebpy CILIAUC-IUATPAMM MEXK Iy BEPIIMHAMU BAJEHTHOCTH > 3
mpuMeHsaeM npearoxenue 1.1;

(4) x IUKPUTUIECKUM KOMIIOHEHTAM MPUMEHAEM Tpeatoxenusa 1.4 u 2.2;

(5) K KaX[OU HEJIMHEMHOU KOMIIOHEHTE CBA3HOCTU rpada L, u3 KoToporo yuna-
JIEHBI HECKOJIBKO BEPIIVH BAJEHTHOCTHU > 3, IPUMeHsAeM Ipenaoxenue 1.2
(ecm OHO TPUMEHUMO).
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B pa6orax [5], [4] nokasano, 4TO STUX OrPAHUYIEHUN LOCTATOYHO, ITOOBL HO-
Ka3aThb, 9TO HE CYMIECTBYET KOHTPIPUMEPOB K TUIIOTE3E O AKOOOAHE, B KOTOPBIX
oTobpaxkenue umeer Tonomorudeckywo crenenb N < 4 (maa N = 2 510 yTBepxkae-
Hue O4YeBUAHO, a maa N = 3 caegyeT u3 Teopembl AbGbaukapa — Mo — Cysykn,
eM. [12]).

2.4. Caydan HeIpMBOIUMOUM KPUBOU BETBJIEHHUS C AByMA XapaKTepPUCTH-
YeCKMMU HmapamMu. lIpeanonoxum, 9To L mueer OJHY TUKPUTUIECKYIO KOMIIO-
HEHTY 5, U KpuBas BeTBIeHUA D = f(ﬁ) uMeeT [Be XapaKTepucTudeckue nmapel Ha
OECKOHEYHOCTH. JTO O3HAMALT, ITO MOCIE PA3PEIIeHs 0COOEHHOCTN KpuBon D Ha
OECKOHEYHOCTH, €€ CILTANC- IMarpaMMa, BO3JIe pasperienus L mveeT BUL — 0 —o — .

Kpome Toro, mMer 6ygeM cumTaTh, 9TO BBINOJIHEHO CIEAYIOUIEE TOMOIHUTEILHOE
yCIOBUTE:

(¥) CymecTByeT HenmpuBOIMMAsA KOMIIOHEHTa KpuUBOU L, mMpooOpas KOTOpOU
nMeeT eIMHCTBEHHYIO HENPUBOANMYIO KOMIIOHEHTY, HEe CTATUBAECMYIO OTO-
opaxenueM f B ofHy TOUKy (cp. ¢ mpegmoxenuem 1.2(6)).

[Ipu >TuX OpeanoIoKeHuAX CILIauc-guarpaMMbel Kpuson D Bosie L., KpuBOU

D Boane L u xpuBou L umeroT Bum, u3oOpaxeHHBIN HA puc. 4, puc. 5 u puc. 6.
Yepnas Bepimua 0603HAYAET COOCTBEHHLIN TPOOOPa3 MPAMON [ Ipu pa3ayTuu o :
(X, L) = (U,1).

Puc. 5. Craiic-1. Ar p

[

Puc. 6. CILIANIC- TMATPAMMA AZ
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Bsenem caenytomme ob6o3aadenusa. Ilycts Qo u @2 — onpeneaurenau pebep Ly Lo
w Ly Lo crtauc-guarpamm Ay, u KL, T.e. Q2 (COOTBETCTBEHHO, @2) — omnpenenu-
Teb TOM KOMIOHeHTE! 3aMbikarma kpusoit L \ (Ly U Ly), (xpusoit L \ (Ly U L)),
KOTOpas JexuT Mexay Ly u Ly (Mexny Liu Eg)

Ona j = 1,2 0603Ha<MMM 4Uepes m; CTEIeHb OTOOpa:keHus f| 7,» "Iepe3 nj mo-
PAIOK BeTBICHUA OTOOpaKeHna f BIOIL L, a depes m; (cooTmeTcTBeHHO, d;j) —
MOPALOK BETBICHUA OTOOPAKEHUSA f|ij B TOYKE TIEPECEYCHNA C TOW BETBBIO Tpada

L B Bepumue Lj, koropas conepxut [, (COOTBETCTBEHHO, KOTOPAs UMEET OIpele-
aurens Dj;). O603Ha4NM TakiKe Uepes m U 1 CTeeHb 0TOOpakeHus f| 5 ¥ IOPAIOK

BeTBICHUA OTOOpaxkeHua f BAoab D.

Bce BBeeHHEIE TETbIE IUCAA TIOJOKATEIBHEL ([0 TOBOLY MOJOKATETLHOCTH H-
cex R; cum. [11]; u3 Teopun npubImKeHHBIX KOpHen [1] ciegyer Takxe, uro R; > 1).
OHV yIOBIETBOPAIOT CACIYIOIINM COOTHOIICHUAM.

ged(Dy, Ry) = ged(Da, R2) =1, (8)
dopmyaa ompeneantens pebpa (npemtoxenune 1.1) naet
—Q2 =Ry — RiD1Dy (pe6po LiLy B L), 9)
-z @g = §f° - §2°°5152 (pebpo EIZ2 B Eoo) (10)
ITo mpennoxenuto 1.6 u cregcreuto 1.7, MBI nMeeM

Dy =d\ Dy, Dy=dsDs, Qo _m _ n §200:@:il7 (11)

= =—,
Q2 mg m m  mi

a Tak¥ke BUIUM, YTO MOPATKYA BETBICHUN B TOUYKAX KPUBLIX L1 1 Ls, OTBEIAOMINX
pebpaM CILIaNC- IMarpaMM, TAKOBHL:

! v T
Ry,..., Ry, di,D1,...,Dq, my,1,...,1 oast KpuBou Ly,
———— —_——— ———

ko k1 k4

1 o T

ma, ds,Ds, ..., Ds, ms, 11 KpuBou Lo,
N ——
ko

OTKYya BBITEKAET
koRi =di + k1D, = m'l + ki =mq, dy + ko Dy = ma, (12)

(coornomenus (13) noaygatorcsa us (12) u popmynsr Pumana — I'ypeuna).
[Ipumensas npemioxenue 1.2 k camon KpuBon L, a TakKe K €€ BeTBU B BEPILIAHE
Ly, comepxarmen Lo, moaydaem

D, S¢° _m Ry D5Q255° _ N2 Q2D (14)
x m 1’ §i>0 ma 1
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Haxomen, no npemioxenuio 2.2, mopagok axkobuana orobpaxenusa f xa D pasex
n — 1, a mo npemmoxenunto 1.4, ou paped —1 —a + z, T.e.

r=a+n. (15)

Ecm paccmarpuBaeMoe MepoMOpdHOE TOTPYKEHUE PeaTu3yeTCsa MHOTOWICHAMUT
P(z,y), Q(z,y), To (cM. m. 4.1)

deg P(l‘,y) = k05152 + aDng; deg Q(l‘,y) = k15152 + 52 + aRng. (16)

[lepBoe mayrang mangenHoe pemieHue cucreMbl ypasaeruu (8) — (15) mossoamio
mue moctpouts B [13] kourpupumep k WJCo.

IIpeanoxenne 2.5. Cucrema ypasrerus (8) — (15) uMeeT KOHEYHOE IHCIO pe-
IICHUY B HOJOXKHUTEIBHBIX OEIBIX TUCAAX IPH yCAOBHH, 970 Min, = N = const.

Hoxazameavcmeo. W3 ypasuenun (11), (14) u ko Ry = my (em. (12)) mHaxogum my =
mzdida Ry, ny = mdyS{®, smasut m2xd;d3R1S° = N. OcraibHble mapaMeTpsr
TOXeE JIErKO oneHuBanTCa 1epes N. O

S Hamucaa IPOCTEHBKYI0 KOMIBIOTEPHYIO IPOrPAMMY, KOTOPAA MO 33 JAHHOMY
N = mjnq HAXOIUT BCE TOJOKUTEIbHBIE IEIOUNCIEHHbBIE PEIIEHIS CUCTEMBI YPAB-
uenun (8) — (15). Hpu N < 9 pemennn uer. Ilpu N = 9 uMeercs eIUHCTBEHHOE
pereHue

Ri=3, Di=Di=4 mi=9 m=1 Q=5 n=2 .
R2:23, D2:D2:4, m2:5, n2:1, Q2:25, a=1.

DTO pEIIeHne MO3BOIACT MOCTPOUTE pocTenmui KouTprapumep K (WJCy). Ecan
6b1 5T0 pemenue gaBano kourpupumep K JC, To mo (16), creneHu HOIUHOMOB
P u @ pasusmucs 6b1 48 u 64. D10 pemenune o6cyxkgaerca B [9; §3]. Mmeerca
POBHO 4eThIpe perenus, nasa KoTopbix max(deg P, deg @) < 100. Ouu B TounoCTH

COOTBETCTBYIOT YeTHIPEM TPYAHBIM caydasM B craTbe Mo [10].
ITpumep, KOTOPLI MBI CTPOUM B §3, OTBEIAET PEIICHUIO

Ri=3, Di=Dy=20, m =21, ni=1, Q=17, n=4,
R2 = ].].2, D2 = D2 = 3, mo = 4, Ng = 2, Q2 = 68, a = 3.

§3. IIOCTPOEHUE IIPUMEPA

3.1. OTo6paxenue rpador. Mer OygeMm CTpOUTH MEPOMOPGHOE MOTPYKEHUE
(+1)-maper B C? ¢ eIMHCTBeHHOW IMKPUTHICCKON KOMIIOHEHTOH D, 06pas KoTopoit
D=f (l~)) UMEET IBE XapaKTEePUCTUICCKUE TAphl Ha GECKOHEYHOCTU, U PEryJIap-
Hasg KOMTAKTU(DUKAINA KOTOPOTO UHAYIIUPYET O0TOOpaxkenue rpadhOB KPUBHIX Lu
D U L, uzo6bpaxennoe Ha puc. 7. UepHble BepmvHBL ’ 8" HA puc. 7 OTBEYAIOT KPU-
BBIM, KOTOPBIE 0TOOpaxkenueM f craruBaiorcs B ToUKy. OToOpaxeHue TMHENHBIX
enovex [>T maHo B 1. 3.3.2. Ha puc. 7 m306pakeHbI TaKKe Pa3penieHns 0CoObIX
JOKAJILHBIX BETBeN KpuBou D u pery/apusanua oroOpaxkeHua [ HaJ HAMI.

Ha m3o6paxenun rpada KpuBon L (puc. 7, cBepXy) MBI IOMECTUIA TAKKE CJIe-
IYIOIIYIO TOMOJTHUTEIHHYIO HH(GOPMAIINIO, KAcAIIytocsa oroopaxenus f. [lomerka
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6,1 5:1
1: -r - - - (6) t3et
. - O O
: 13 n O o)
: 2 -1 -4 -3 -2
oO—O0—0 2: 1 11
20:1 11 YL
123222221 (@) 1“2 4l @l 21
o o -42 st 5 -2 - 4:1 -6 3:1 10
= R o
o U1 Uy, = . (61) o -1
-7 11 -3 D - 31
2:1 2:1
1 1 1 -2 S o9
o 9 ¢ 9 4N\ 111 7
3l L3 -3 21
-14 o-1 -14 S -2 -6 311
31... 31 61 21 GO 5 !
— 2: 2:1 y,
7 o O O
11 -1
2:1
-7 -3 -2
@
Ug U1
-3
-1
-3 ul

o -2 y
Puc. 7

Buga N : 1 Bosae munenHou nenouxu (pebpa CIUIAKC-IAATPAMMEI) O3HAYAET, ITO
crenens oTobpaxkenusa f B ee okpecrHoctu pasua N. Ilomerka Buga (m,n) Bosmxe
BEPIIVHBL BATEHTHOCTH > 3 (0603HaMUM dYepe3 A COOTBETCTBYIOLLYIO €l KPUBYIO)
03HA4IaeT, 9TO f|4 UMeeT creneHb m, U f UMEET BETBJICHUE HOPALKA N BIOIL A.

3.2. IlocTpoeHNe KPUBOM BeTBJICHUS.

Jlemma 3.1. CymecrByer kpuBas D, mapaMeTpu30BaHHAA TOJIAHOMHAAIBEHBIM OTO-

6paxernem g : C — C2, t — (p(t),q(t)), rge p(t) u q(t) — MHOrO4IEHBI cTeneHen

60 u 9 COOTBETCTBEHHO, U MONAPHO PA3JUIHBIe TOYKH t1,...,t7 € C\ {0}, raxume
ITO



16 C.I0. OPEBKOB

(a). 9(0) = (0,0), # glc\{o,tr,....t;} — HOrpyxenme, T.e. p'(t) # 0 m q'(t) # 0
Hth g {Oatla"'7t7};

(6). xpuBas D umeer Ha 6€CKOHEIHOCTH CILIAHC-AUATDAMMY, H300DaXKEHHYIO HA
puc. 8;

(B). JoKaTBHAA BEeTBE KpuBOU D | MapaMeTpu30BaHHAA OKPECTHOCTRIO HYJIA, IMEET
B HadYaJe KOOPAUHAT CILIAUC-IUATDAMMY, H300DaXKEHHYI0 Ha puc. 9, T.e.
HMeeT 0COGEHHOCTH, 3a4aBaeMyi0 ypaBHEHHEM U’ = v° B HEKOTOPBIX .I0-
KaJBHBIX KOODAUHATAX (0COOEHHOCTD Ay );

(r). mpu Bcex k = 1,...,7, MokanbHag BeTBb KpuBou D, mapameTpuzoBaHHAA
OKPECTHOCTHIO TOYKH tf,, UMEeeT B HavaJe KOOPAUHAT CILTAUC-IAATPAMMY,
u3o6pakeHHyto Ha puc. 10, T.e. uMeeT 0CO6GEHHOCTD, 3a,1aBaeMyI0 YpaBHe-

mmeM u? = v B HEKOTODEIX JOKATBHBEIX KOOpAMHATAX (0COGEHHOCTH A3 ).

20 1 112 1 5 1 3 1
3 2 2

Puc. 8 (t = 00) Puc. 9 (t=0) Puc. 10 (t = t)

3

Yeaosus (6) u (B) temMbl 3.1 SKBUBAJEHTHBEL TOMY, 9TO Ipad PaspeuieHus Kpu-
Bou Ha GeckoneunocTu (ocobou sersu nupu t = 0, mpu ¢ = t) Takon, Kak Ha puc. 11
(ma puc. 12, na puc. 13).

7 32 2 232 -1 2 -3 -1
Puc. 11 (t = o0) Puc. 12 (t=0) Pwuc. 13 (t=1)

[Aoxazameabcmeo. JIMHENHBLIME 3aMEHAMM KOODAUHAT MOXKHO MPUBECTH MHOTO-
wiensl p u ¢ K Bugy p(t) = t° + ... u q(t) = ¢ + .... VYciosue (6) semmbr
3.1 osmauaer, uro cymecrByer MHOrowied G(u,v) Buga

G(u,v) = u® —v* + Z Cyju'v?

20i+3; <60
4,j>0
TAKOU 9TO
deg, G(p(t),q(t)) = 112. (18)
Yeaosue (B) nemubr 3.1 03HAIAET, ITO CYMIECTBYIOT KOHCTAHTEL C] U Cy, TAKAE TITO
ordi—o (p(t) — c1q(t) — c1q(t)?) = 5. (19)
Yeaorue (1) aemmsr 3.1 ozsadaer, yro npu k=1,...,7

p'(te) = ¢'(tx) =0, (20)
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P (tr)a" () # ¢" (te)p" (t)- (21)
ockonbky deg ¢’ = 8 m ¢’ (0) = 0, ycrosue (20) sksuBanenTHO TOMY, 9TO {0, 1, ..., 17}
— KODHU MHOI'OWIEHA ¢', ¥ CylecTByeT MHOrouweH r(t) crenenu 51, Takon 4To
p(t) =r(t)- @) (22)

Yenosusa (18), (19), (21) u (22) gaioT cucTeMy ypaBHEHHN U HEDABEHCTB HA He-
U3BECTHBIE C1, ¢y U HA KOD(PPUIMEHTH MHOTOWIEHOB ¢, 7 U G (ko>ddUIueHTE
MHOTOWIEHA p BhIpaxkawTcsa u3 yeaosun (22) u p(0) = 0).

DTa CUCTEMA UMEET PelIeHUE:

_32368762111892400 o — 30833889663060
90684846733 ' 27410338673

q(t) =t° + 315 + 3243 4+ 3842, rre [ =363 /U0

r(t) = (5" + 178 + 137" + 1748 + 68112 + 238311 4 201004 4394

+ 156167538 + 11962 t37 + 8612762 t36 + 61606 t35 + 1309B2 t34 + 193’3322 t33+
+ 26??1661532 + 662262 t31 _ 9023?294 t30 + 39133267529 + 19250ﬁ2 t28_

_ 846133035 127 3005266 26 543884 02 425 _ 49957930891 424
4913 7+ 289 Bt + 17 Bt 83521 t

_ 420538624 23 353276 02 422 _ 91298290787 421 _ 101367959 20 __
4913 Bt + 17 B t 83521 t 289 Bt

_ 9780232 2 t19 _ 1162052993707 t18 _ 56603024170ﬁt17 _ 807377032 2 tlﬁ
289 1419857 83521 4913

766218083922 t15 _ 454509180516t14 _ 1442603701 2 t13 + 46921116263706 t12_|_
1419857 83521 4913 24137569

230339555352Bt11 _ 19395246255 2 th + 1413944975064438 t9+

1419857 83521 410338673

621393338592 8 6245611218 02 47 554559678398538 16
1419857 Bt + 83521 tt+ 410338673 "+

8204586193656 5 4273175790 02 44 _ 3524860866785148 43

+ 24137569 ﬁt + 83521 t 6975757441 o+

+ 27750500696754Bt2 _ 4855314316783860)

410338673 90684846733

c1 =

+ o+ o+

?

_ .3, 125604347226670235997 , 2
Gu,v) =v’ + = eeinietr W+t

(36795 12 | 143479380 , 11 _ 67444266186 , 10 _ 137300874259560 , 9
+u ( a2 U+ “o3se0 U 1085773 siz7sszor U T
} 2580T2604670T504885 ;8 | 12847251951061921800 ;7 _ 11121815123028333448500 ,,6) _
181369693466 1541642394461 34271896307633
.20 , 440,19 , 137380 ,18 _ 1557031600 , 17 , 78582704594145
v+ o+ v U+ 54055406632

16
289 83521 Ch
| 5956885860588398064 , 15 | 15055046520458773867110 , 14 _
901514064581 260537564663909
_ 32867584146876876273273720 , 13
75295356187869701 .

MoO3KHO TPOBEPUTH, ITO MHOTOWIeH ¢~ ¢’ (t) HempusoamM Hax motem Q(f3), 3Ha-
YUT, €70 KOPHU 11, . ..,tr pa3nauansl. Jlemma 3.1 noxazama [

3ameuanue 3.2. Iocae 3aMeHBI TEPEMEHHBIX t = (3§ KOX(PPUINEHTH MHOTOWIEHOB
p(t) u q(t) cTaHOBATCA PAITMOHAILHLIMA.

3ameuwanue 3.3. B cucreme ypasuenun (18), (19), (22) umcno HemsBecTHHIX mpe-
BBIIAET IUCJAO ypaBHeHuE. [l05TOMY, A yOPOIEHASA BBEIMUCACHUN MBI C CAMOTIO

HAYaJIa, [MOJOKWIN PABHBIMU HYIIO KO>GduumenTs MHOrOwieHa ¢(t) mpu 18, t7, t°
4
ut*.
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3.3. IlocTpoeHne HAaKpBLITHA HajJ pebpaMu ciLlaic-guarpaMMbl. [[1a ka-
KIOU JUHENHOUW HEenovYku rpados Ha puc. 11— 13 MBI mOCTPOMM HAKPBITHE HAT
OKPECTHOCTBIO OOBLEIUHEHNSI COOTBETCTBYIOIIAX KPUBHIX.

-7 =3
3.3.1. Haxpuymue nad pebpom o——o— (puc. 11).
B coormercTRumM ¢ mpemmoxkenuem 1.5, OKPECTHOCTH COOTBETCTBYIOIIEN KPUBOU
BKJIAIBIBAETCS B TOPUIECKYIO TOBEPXHOCTH, OTBEYAIOIIYIO Beepy

11 6 17 1 17] < _[1 0
E_[o 17 20]’ fruyery A‘[o 20}’ E_{o 1}'

37eck U nanee Beephl 3ANUCHIBAIOTCA MATPUIIAMH, CTOXOUBI KOTOPHIX OTBETAIOT
BekTopaMm. Ilpumensas x A, ¥ u ¥ mporenypy us mpemaoxenus 1.9, momydaem
TIPUMUTUBHLIE BEEpPhI
= 13211111110
r_ r_
E_EHE_{01112345671}'

31eck U gatee B Beepe Y KUPHBIM MPUGTOM BEIIEICHEl T€ BEKTOPLI é;., A KO-

= _ ! ! !
toperx A(R€)) = Rej ana mexotoporo e; € ¥'. Otobpaxenue rpados mveer
BUI:
-1 -2 -3 -2 -2 -2 -2 -2 -1 20:1 =7 -3
oO—e —9o o o e o 0 0O — oO——oO0— .

3necs u ganee B mn.3.3.1 — 3.3.8 uepHBIE BEpIIMHBI COOTBETCTBYIOT HEMPUBOIU-
MBIM KOMTIOHEHTaM, KOTOPBIE TIPU PACCMATPUBAEMOM OTOOPAKEHUN CTATUBAIOTCS
B Touky. Cornacuo npemioxkennio 1.6, mor umeem N = det A = 20, mg = my = 20,
Ng =Ny = 1.

3.8.2. Haxpvimue nad pebpom R S (puc. 11).

21

_ 11011 2 3 _[10 s _[111234 5 6
E_|:01...21224568]’ A_[og]’ E_[01258111417]

s [t1..13213 5 23
T |01 ..2164432267 112 45 68

i/_ 1876543852583456781876543 852583456 7 81
T |l01111113832135234567198765411738135791113152

8 7 6 5438 525 831613107 4 9 141924 5 1611 6
171513119719 12 5 13 21 8 43 35 27 19 11 25 39 53 67 14 45 31 17

OTo6paxkenue rpadhOB UMEET BU:

rue




KOHTPIIPUMEPHI K "TUIIOTE3E O AKOBMAHE HA BECKOHEYHOCTI” 19

Iy, I's saBasiorcsa sepkanbabiMu o6pasavu 'y, 'y, u

~ -2 -1 -8 -1 -2 —2 —2 —4 —2 —2 —2 —1 -8 —1 —2
—4 -1 =2 -5 -2 -1 -4
——o0—0—o0 o—o0—o0——

Ilo npegnoxenuto 1.6, mer umeem N = det A =8, mg =8, m; =4, n9 =1, n; = 2.

—2 -2
3.3.8. Haxpuimue nad eepmukasbmbim pebpom o—o— (puc. 11).

sl a-Bil s-el v-li -G

0123 03 01 01323 01121
-1 -3 -1 31 -3 —1 -3
Oro6paxenue rpadoB UMeeT BUy O0—O0—O0— —% O0—O0—O0— .

Ilo npegnoxenuto 1.6, mer umeem N = det A =3, mg =m; =3, ng =n; = 1.

3.8.4. [sa naxpuimus nad 6ePpMUKAALHBIM PEOPOM ra (puc. 11).
[TepBoe HaxpeITHE:

Z=[112], A

013

I
—
—
IS

s_J[1o0 r_[1132 s [12110
06]’ z:_[01]’ Z_[0143], E_[01121]

-1 -3 -1 6:1 -4 -1
Oro6paxkenue rpadoB UMeeT By O—e—o0— —F Oo—O0—— .
Ilo npegnoxenuto 1.6, mer umeem N = det A =6, mg =6, m; =3, n9 =1, n; = 2.

Bropoe makpeiTue:

m=[i2], A=) s=w=[i111]. w=[1137]

-2 -2 2.1  —4 —1
Orob6paxenne rpadgoB uMeeT BUgy o—o— —r o0—o0—,
Io nmpennoxenuto 1.6, mer umeem N =det A =2, mg =2, m;y =1,n9 =1, ny = 2.

3.3.5. Haxpuymue nad pebpom "—— 7 (puc. 11).

e T B

-2 4:1
Oro6Gpaxenue rpadoB UMeeT BUL —e— —F ——— .

Io mpennoxenuto 1.6, mer umeem N =det A =4, mg =2, my =1, n9 =2, ny = 4.

3.8.6. Haxpormue nad pebpom i (puc. 12).

22212[1112], A:[12], 22{10], 512[132110]

0125 05 01 011121
-1 -2 -3 -1 5:1 -2 -3
OTo6paxkenue rpadhOB UMEET BU: o—e——0— — o0—o—

Io npennoxenuto 1.6, mer umeem N =det A =5, mg = my =5, ng =ny = 1.
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3.3.7. Haxpvimue nad 8epmurxaibubim peopom e (puc. 12 u puc. 13).

s=x =[] a=Bil. s-[i] o= (2]

012 02 01 011
—1 2:1 —2
Oro6paxkenue rpadoB UMEET BUI: o— — o—

Ilo npegnoxenuto 1.6, mer umeem N = det A =2, mg =my; =2, ng =n; = 1.

3.8.8. Haxpoimue nad pebpom = (puc. 13).

s-x =[] 4=l S-[i]. o= (2]

013 03 01 011
=1 3:1 -3
OroGpaxenue rpadoB UMeeT BUL:  0— —  O0— .

Io npegnoxenuto 1.6, mer umeem N = det A =3, mg =m; =3, ng =n; = 1.

3.4. HakpoiTHe HaJ TpeXBaleHTHLIMU BepPIIMHAME CILIalC- [UarPaMMBbI.
(1) . (2 (2. ,.(3) (3)

Jlemma 3.4. Ilycte (my”,...,m; ; my,...,mp 05 my™,...,m; ) — ogum m3

caeyomux HabOPOB LeJbIx ducer (34eck n'™ 03HA9aeT M Pa3 n,...,n):

(20,1; 37; 8,1'%), (4; 3,1; 2,1%), (5,15 2°; 4,1%), (3% 2°; 4,1%).

Torga cymecTByeT pa3BeTBICHHOe HaKPHITHE ¢ : S2 — S2, mMerommee Tpu KpuTH-
9eCKMX 3HAYCHUA D1, P2, P3, TO CTH @ He pa3BeTBAeHO BHe o~ ({p1,p2, p3}), Taxoe
970 mgl), e ,mgfi) — KPATHOCTH OTOOPAXKEHUA Y B IPOOOPA3ax TOIKH P;.

Loxazameabcmeo. CoeqUHUM TOYKU Po U P3 BIOKEHHBIM OoTpe3koMm [. Ilycrs I' —
rpad, BIOXKEHHEIN B S2 OTHIM U3 CIOCOGOB, M306PAKEHHLIX Ha, puc. 14. 3azagmm
orobpaxenue ¢ : I' = I Tak, 4TOOBI YepHBIE BEPIIMHBEL OTOOPAKAIUCE B Do, OEJIbIE
— B p3, a pebpa — romeomopduo Ha I. IIpogomkum ¢ HA BCio cepy Tak, ITOOBL
BCe KOMIOHEHTHI goromaenua K || maxpesamm S? \ I ¢ BeTBICHEEM TOIbLKO HaT

p1- O
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M5 Bcex TpeXBAIEHTHBIX BEPUIMH rpada Ha puc. 7(BHU3Y) KPOME Uy, HAKPHITHE
cdepsl, TOCTPOEHHOE B JeMMe 3.4, TPOLOIKUM 10 HAKPLITUAS, UMEIOIIEr0 BeTBIe-
HIE TOJLKO BIOML KPUBHIX, OTBEYAIONINX COCETHUM BEPIIMHAM, W HE UMEIOIIErO
BETBJICHUS BIOMbL KPUBOU, COOTBETCTBYIOIIEN CAMOU TPEXBAMCHTHOU BEPIITUHE.

[ BEPUIUHEL Vo HAIO0 TPOIOTKATEL HAKPHITHE 601ee BHUMATETHLHO. OHO JOMKHO
UMEThb BETBJICHUE BTOPOTO MOPSAIKA BIOJbL KPUBOU, COOTBETCTBYIOIIEN BEPIINHE Uy
(o6o3nauum ee A), Tak Kak Ny = 2 B HAKPHITUAX 3.3.2, 3.3.4 1 Ny = 2 B HAKPLITUX
3.3.5. llycts By, B2, B3 — KpuBLIe, OTBEYAIONINE COCETHUM C Uy BepmmHaM, u V'
— IOCTATOYHO MaJas TpybuaTas okpecTHOCTh kpusou A. Iycts «, [y, B2, B3 —
preMeHTH Tpynnst I = 7 (V\ (AUB1UB, UBg)), 3a,1aBAEMBIE MEPUIUAHAMU KPU-
BoiX A, By, By u B3 cOOTBETCTBEHHO (MEPUIMAHOM HA3BIBAETCA OOXOJ BAOIb KPas

MaJOTO TPAHCBEPCATLHOrO ucKa). Ilockoabky A2 = —2, Ipu HEKOTOPOM BEIGOpPE

Iy Tel, COeqUHAIOMNM MEPUIUAHEL C O0IIer 0A3UCHON TOYKON, UMEEM COOTHOLICHNS
2 _ _ :

a” = B1B20s, afj =B, j=1,2,3 (23)

Haxpritue onpegersercs romoMopdusmom B rpymny nepecranoBok II — S(8), To
ecThb mencteueM rpynnsl I1 Ha mpoobpaszax Ga3UCHON TOYKMU.

Ananmusupysa maxpwertusa 3.3.2, 3.3.4 u 3.3.5, MBI BUAUM, YTO HAT OKPECTHOCTAMEA
Touek AN B; MOHOAPOMUA HAKPHITUA yCTPOeHa Kak Ha puc. 15. Ocraercsa ycraHo-
BUTH COOTBETCTBUE MEXKAY TOIKAMU TaK, ITOOBI BEIIOIHAIUCH COOTHOmEHUs (23).
OTO AOCTUTAETCA HyMepaluen BEPIIuH, n300paKeHHOUN Ha puc. 15.

2
3. \/\ 3m1 320 4 B J QBS @BS
Sy ST 3G
4@ B2 N\
B

N m\s

[ X:] 6 o5

.Bﬂz“ﬂ. o—F—=0 [ ]
™65 gD 3 B Op Og,
B2

H\

Puc. 15

3.5. [MokasarenbcTBo npegroxenus 0.2. Tem xe cmoco6om, 9To u B [13]
(unm MHOOBIM IPYTUM ), MOXKHO YOSIUTHCA B TOM UTO MOJIUHOMUATBLHOE TOCDYKEHUIE
C — C?, nocTpoeHHOE B MYHKTE 3.2, TPOJOTKAETCA IO MOTPYKEHUA HEKOTOPOH
oxpecTHOCTH KpuBoil D (cM. puc. 7). Jlig 5TOro HAJO COCUMTATH CTEIEHbL HOP-
MAJIBHOTO PACCAOEHUsA KpuBou D HA MOBEPXHOCTH, OTBEYAIONIEN HUXKHEMY Tpady
Ha puc. 7 (Ha sTou mosepxHOoCcTU D ABIAECTCA 06PA3OM TOTPYKEHUA CPEPHI).

Crarusas mocaenoBaTenbHo (—1)-BepimHb Ha puc. 7(BBEPXY), MBI MOLY UM JIN-

o o -2 =2 0 -2 -1 -2 =2
HEUHBIN rpap) o—o—o0—o0—0—0—=.
Vo D

PasmyBas ueThIpe pa3a TOUKY, OTBEUAONIYI0 PeOPY CIpaBa OT ¥, TOJYIuM Tpad
Ha puc. 16. Iror rpad craruBaerca kK enuHcTBeHHOU (41)-Bepiiune [. Takum
06pa3oM, MBI TIOXYIWIN MEPOMOpP(dHOE morpykerue (+1)-maper.

OcraeTrcs 3aMEeTUTD, YTO MO MPENJIOKEHUIO 2.4 NHIEKC TOCTPOEHHOT'O MOTPYKe-

Hus paBed equuuie. [JelcTBUTEILHO, B 0003HAYEHUAX U3 1. 2.2, MBI UMEEM

poof¥=21, d=1, ni =4, u Z (paf* —n1) =8 x (6 —4).
zeDf\{oco}
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Puc. 16

§4. HEBO3MOKHOCTb KOHTP-IIPUMEPA K T'MIIOTE3E O
AKOBUAHE C JTAHHBIM IMIOBEJEHUEM HA BECKOHEYHOCTH

B »sToMm maparpadge MBI qOKaxkeM

Ipeanoxenwue 4.1. He cymectsyer nommHOMuATEHOrO oTOoOpaskerns C? — C2,
peanu3yoero moCTPOCHHOE B §3 MepoMopgHOe morpyxkerue. B dactroctu, (4+1)-
mapa, moCTPOeHHAaA B §3, He ABIACTCA ILIOCKOH.

4.1. CpejeHmne K cucTeMe ypaBHEeHMH W HepaBeHCTB. lIpemosioxkum, CyIe-
cTytoT MuOrowiensr P(z,y) u Q(z,y), Taxue uro P,Q) — P,Q; = 1, n oto6pa-
xenue (z,y) — (u,v) = (P(w,y),Q(x,y)) YCTPOEHO HA GECKOHEIHOCTH KaK B §3.
JIuHenHBIMU 3aMeHAMU KOOPAMHAT MOXKHO JOOUTHCA TOrO, 9TO MPAMBIE 1% = COnst
7 v = const TPAHCBEPCAIBLHO IIEPECEKAIOT KPUBBIE, OTBEYAIONINE BEPIIMHAM U U
wy Ha puc. 7(BHU3Y).

Cornacuo 3.3.1, 3.3.3, orpauuvenue f Ha KaXKIyI U3 KPUBLIX, COOTBETCTBYIO-
VX TTPOOOpAa3aM BEPIUH Ug W U1, B3AUMHO OJHO3HAYHO. [[03TOMY KaXK BN TPO-
06pa3 vy (COOTBETCTBEHHO V1 ) OMHOKPATHO U TPAHCBEPCAILHO [IEPECEKAET KPUBYIO
P(z,y) = const (coorsercrBenno, Q(z,y) = const). Bee ocrambube nepecevenus
kpuBbix P = const u () = const ¢ 6ECKOHEYHOCTBIO COCPENOTOYEHBI HA TUKPU-
Tudeckon kommonerTe D. IIpudeM, MOCKOIBKY MHOTOWIEHHI, MAPAMETPH3YIOIIAe
xpuByo BerBiaenus D, umeror crenenu 9 u 60, To kpusbie P = const u () = const
mvetor 9 1 60 mepecedenuit ¢ D.

Crarusas nociegoBaTensHo auiaue (—1)-kpussle Ha puc. 7(BBEpXy ), MBI TIOLY-
9UM COBMECTHEIN I'pad paspernenns Kpubbix P = const u () = const Ha 6eckoned-
HOCTHU, M300paKeHHkn Ha, puc. 17. TlopToMy Crmanc-InarpaMMbl DTUX KPUBLIX Ha,
6eCKOHEYHOCTU TaKue, Kak Ha pucyHkax 18 m 19. U3 »Toro B wacTHOCTH CleayeT
(cm. [11]), uTo

deg P(x,y) = 600, deg Q(z,y) = 90. (24)
20 -77 1 -1 11 -7 3 L -77 1 -1 1 1 -7 3
r 20 r
AN A i A
‘_Y_J \_Y_J
7 60 9
Puc. 18 Puc. 19

IIycTs
Xig 2% X5 25 ... 2 X, I8 Xy, = CP?

— TOCTeI0BATEIHLHOCTD O-TPOIECCOB, CTATMBAOIAA [TOCAEIOBATEILHO BCE BEp-
mmHel rpada Ha puc. 17 kpome BeprmHbl [ O603HAYUM GECKOHEYHO Y IAJEHHYIO
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1 -2 -3 -2 -2 -2 -2 -3

Puc. 17
IPAMYI0 Ha CP? uepes Fy, un nycTh E; — uckmouuTenrbHad KPUBasA O-Ipolecca
(pasgyTus) oj, j = 1,...,19. Msl 6ygem OZuHAKOBO 0OO3HAMATL KPUBYIO U BCE

ee cOOCTBEeHHBIE 00Pa3kl Ha IPYTHUX MOBEPXHOCTAX. B3auMHOE PACIONOXKEHUE KPU-
BeIx E); nmokasano Ha puc. 20. Iucia B cko6Kkax BO3/e BEPIINH UMEIOT CJeLyOIi
cMBICI. P o o019 u (Q 0 019 ABIAIOTCSA paUMOHATLHLEIMU (PYyHKIUAMEA Ha X19. IlycThb
(P) n (Q) — nx guemszopsl. OHU UMeEOT BUL

(P) = (P)§T — ,ijEj’ @) = (@) - _ZQJ'EJ',

rae (P u (Q)a — sammxamma adpdumnex kpuserx {P = 0} n {Q = 0}. Ha
puc. 20 B cko6Kax BO3Je BepUMHLL F; yKkasaHsl ducia (pj, ;).

E11Ey7 01=F19 E1gE16E15 Ery E13E1p01=Eyg E7 1=Eq E1 E; E3 D=Es Es E,
O—O0—O0—O0——0—O0—O0——0——C

O—O0—O0—O0—O0——=0
S D B B B DD DD D P DS H DS s o
Q" Q” (I/Q\ {LQ~ q,g\ bg\ @\ A Y Cbgﬂ D oS k be @\ :fb :b
NN\ §>@9Q}Q> & &P C P

& | Ee

S
N oF
Puc. 20

Bribepem koopaumHaTh %,y B C? Tak, 9TOGBI NEHTp Pa3iyTHH 0 U 0 ObLI B
OGECKOHEYHO yIATEHHOU TO4YKe ocu y = 0, a UeHTPBI Pa3ayTuu oy u og — B Hec-
KOHEYHO yJxajteHHON Touke ocu & = (. Bribepem Ha moBepxHOCTAX X; CHCTEMBI
KOOPAMHATHBLIX KAPT, KOTOPHIE MBI OY/IeM HA3LIBATL CMaHIGPMHbIMLY, CIEIYIOIMIIM
obpazom. B kawecTse cTamzapTHBX KapT Ha Xo = CP? Bribepewm (z,7), (1/z,y/x)
u (z/y,1/y). Ecan neHTp pasgyTus ¢; HAXOAUTCA B HAYAIE KOOPAUHAT OJHOU U3
CTaHIAPTHBHIX KOOPAMHATHBIX KapT (2',y') ma X; 1, To Ha X; oTa kKapTa 3ame-
usercsa Ha gse kaptel (z'/y',y') u (¢',y'/x'). Eguncreenasie Tpu pazgyTus, A
KOTOPBIX BEIOOP CTAHIAPTHBEIX KOOPIUHAT HEOTHO3HAMEH, 5TO 03, 04 U O11.
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IIycts (x2,y2) — cTangapTHBIE KOOPAUHATH HA Xo, B KOTOPHIX Fy = {z5 = 0}
u{y = 0} = {y2 = 0}, T0 ectb 2 = !, y» = zy. B pTUX KoOopaUHATAX
xpuBasg Fy ABIAETCA KOOPAMHATHOU OCBIO Lo = 0. IlOCKOMBKY LEHTpP pa3myTus
o3 aexut Ha FEo, on umeer koopaunaTh (x2,y2) = (0,as). Buibepem B kadecTse
CTAHIAPTHEIX KOOPIUHAT B DTOM TOYKE KOODIWHATHEI Ty = Ly = X ' U Yy =
Y2 — a2 = zy — . Ilycrs (x3,y3) — cTaHgapTHBIE KOODAUHATHL HA X3, Takue
9T0 T3 = Ty =2 L u Y3 = Yy /T2 = (Y — az)r. B »>TUX KOOpamHATAX KpUBas Es3
ABIAETCA KOOPAUHATHON OChbio 3 = 0. TTOCKOMLKY LEHTP Pa3gyTusa oy JEXKUT HA,
Es3, ou umeet koopauHaTh (r3,y3) = (0,a3). BribepeM B Ka4eCcTBe CTAHIAPTHBIX
KOODJMHAT B DTOH TOYKE KOOPAMHATHI Ty = T3 = T | U Y3 = Y3 — Q3 = T2y —
a — (3.

Awnanoruano, nycts (219, Yy10) — CTAHIAPTHLIE KOOPIUHATHI HA X 10, B KOTOPHIX
Eip = {710 = 0} uw E7 = {y;0 = 0}, To ectb z19 = =, y10 = = >y 1. [lenas,
€CIU HAMO, PACTAKEHNE BOOIL OCA T, MOXKHO CIMTATL, 9TO LEHTD PA3LYTUA 011
HAxXoAUTCA B TOYKe (Z10,Y10) = (0,1) € E19. Bribepem B kadecTBe CTaHIapTHHIX
KOOpOUHAT B DTOU TOYKE KOOPpOWHATHI T1gr — T10 U Y100 = Y10 — 1.

[Tpr m306paxkernn MHOrOyrOAbLHUKOB HBIOTOHA HA PUCYHKAX MBI OyIeM MO/Ib-
30BATHCA CACHYIOMUM coryamerreM. Ecam masecTHa He BCA MHPOpPMAIMA 06 W30-
O6pakaeMOM MHOTOYTOTBHUKE A, TO MBI H300paXKaeMm Ha, PUCyHKE MHOTOYTOJLHUK,
cogepxamuini A, IpUYeM T€ BEPIIUHEL, PO KOTOPHLIE HAM M3BECTHO, YTO OHU ABJIA-

I0TCA BEPIIMHAMYM MHOTOYDOJBHUKA A, MBI M3006paxkaeM B BUAE UYEPHOIO KPYIKKa
M 2"
o7,

Jlemma 4.1. ITycts R 3amenser ogray u3 Oyks P wiu (), npu 3ToM noaoxum a = 20
Bcerydae R =P, mwa =3 B ciyqae R = Q.

(a). Muoroyromsuukom Hetorona Mmaorowiena R(x,y) ABIAeTCA 1€ THIPEXYTOMb-
HUK, n300pakeHHbI Ha puc. 21 (caeBa BBepxy).

(6). Ilpum mepexoge x xoopamuaTam (x;,y;), opu j = 2,2',3,3" mim 10, mHO-
roureH R mpespamaerca B MHOrowreH JIopaHa, KOTOPBIH MBI OGO3HATHM UEDPE3
R;(xj,y;). Muoroyrorpuukn HpoTOHA 9THX MHOIOYICHOB JIOpaHa M300paKeHEI
Ha puc. 21.

(). IIpu mepexoge k xKoopauHaTaM (Tigr,Y10’), MHOrOWIEH R mpeBpamaerca B
parmmonatsayto dyaxmmo suga (1+y10) % Ry (7107, Y100 ), 116 Rigr — MHOTOWTEH
Jlopana, maOoroyroasauk Herorona koroporo uzobpaxen Ha puc. 22.

(0,27) (36,27) (0,180) (240,180)
(18,21 (-120,140)
Qo' Py
(11)
(0,0 (36,0) (0-1) (240,0)

Puc. 22
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6a 12a

12 a

Puc. 21

LAoxazameabcmeo. [[OCTATOYHO 3aMUCATH B KOOPAWHATAX BCE PA3IYTUI U TIPOCTE-
IWTH 338 KPATHOCTAMHI MHOTOWICHOB P 1 () HA MCKIIOUNTETLHBIX KpUBhIX. Hampu-
Mep, MOCKOIbKY ¢p = 90 u q; = 27, nusmsop (Q)aF mmeer xpatHoCcTE 27 B HHEHTPE
pasaytua o1. IlosTomy mEOroyroabauk HeuooToma MHOrOWIeHa () COIEPKUTCA B
obaactu x < 63, x + y < 90. [lampHenimme paccy X IeHUA AaHATOTUIHBL [

YcaoBue TOro, 9T0 KO3(MMUIIMEHTHE MHOTOWIEHOB (3 U (J1or PABHBI HYJIIO BHE
MHOTOYTOJBHUKOB Ha pUCYHKaX 21 u 22 maeT cucrteMy ypaBHEHUN HA KO3 UIm-
eHThl MHOrOWIeHA @ (z,y). HemocpencTBEHHLIM BEIYUCICHUEM MOXKHO YOEIUTHCA
B TOM, 9TO DTa CUCTEMa HE UMEET PEIIeHUU, NPU KOTOPHIX HE PABHBI HYJIIO KO-
2 QUIMEHTHI B BEPIIXHAX, OTMEYEHHBIX ToukaMmu ~e” Ha pucyHkax 21 um 22. IT1o
mokaswiBaeT mpemnoxenue 4.1. B cremyiolieM MyHKTE MBI MOKaXKeM, KaK TOKa-
34Th OTCYTCTBUE DEIICHUU 03 TPOMO3AKUX BEIUUCICHUN. Vmed TOKa3aTeILCTBA
3aMMCTBOBAaHA U3 cTaTbU XanTMaHa [9].

4.2. Ioka3aTeabCTBO OTCYTCTBHUSA permeHuM. Mul OyfeM IelCTBOBATH MO
agamoruu c¢ [9; §3]. IlepeoGosmadum mis ynoO6CTBa KOODAWHATHL (T3/,Ys) depe3
(t,u), a koopaunaTH (T10/,Y10') Iepes (z, 2):

r=1t"", y = aot + ast® + ut?, y=a3(1+2)""
t=x"1, u =2’y — arx — ag, 2=z 3y — 1.
[Momoxum
T=2xu—1, o =u® = 2zxyu 4y + 200u + asry — asas, p=0c213.

OTu QYHKIUA ABJIAKTCA MHOTOWIEHAMU OT (x,y) W MHOrowieHamu JIopaHa OT
(t,u), ux mHOrOoyroasuuku HpiooToHa m3o6paxenol Ha puc. 23. B koopgumarax
(7, 2) dynxuma (14 2)7(z, 2), (1+2)%0(z,2) u (1+2)°p(z, 2) aBasoTCa MEOrOLTE-
wamu Jlopana, nx MHOrOyronbHuKu HbioTOHA Takxke m3o0paxeHwl Ha puc. 23. B
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(21,9)
) ©3 02
00 (20 (00) (30 (0,0) (12,0)
T(Xy) a(x.y) p(x.y)
(_379)
(1) 0,3)
-\.(0 0 % 2.1 (-13) (42
' (1,0) “ (2.0 (20> (4,0)
T(t,u) a(t,u) p(t,u)
(0,9) (12,9)
03 (33 (64)
01 (21 (-32)
(1,0) (2.0 (-L0) (30 1.0) (12,0)
3 9 ’
(1+2) 1(x,2) (1+2)°0(x,2) (1+2)°p(x,2)

Puc. 23

“TaCTHOCTU, MBI BUAUM, YTO MHOTOYI'OTBHUKN HBIOTOH& p3 BO BCEX TpeX CucremMax
koopaunar (z,y), (z,z), (t,u) Jexar BEyTpu MHOrOyroabaukoB HeroToHa ().

Ilns muorourena Jlopana c(t) = Y. ._  cpth, Takoro 4ro ¢y # 0 u ¢, # 0,
o6osaaM ord; c = m u deg, ¢ = n.

Jlemma 4.2. Ilycte a — 1eg0e moJIOXATEIbHOE 9UCI0, d R(x,y) — MHOro4IeH,
MHOrOyroapanK HeroToHa KoToporo cogepxutca B getnipexyroabauke [(0,0), (12a, 0),
(21a,9a), (0,2a)]. Iycrs R(t,u) u R(x,z) pesyrbrar nogscranoBku B R(z,y) BbI-
paxenut (z,y) depes (z,z) u (t,u). [Ipegmonroxum, 1To MEOroyroasaunk Heoorona
muoroureHa Jlopana R(t,w) cogepxurcsa B MHOoroyroasauke [(0,0), (4a,0), (4a, 2a),
(=3a,9a)] (cp. ¢ puc. 21). Ilyctn

12a

(1+2)"R(z,2) = Y bi(z)ak.

k=—6a
Hpexgmomoxum, aro by, = 0 mpu k < m. Torzga
deg, by, —ord, by, > 3/2 (m + 6a),

7 B CIy9ae paBeHCTBa mMeeM by, (z) = 2z~ 7/6m (1 4 z)3/2 (m+6a)

Loxazameavcmeo. Ilockonbky by = 0 mpu k < m, Muoroyronsauk HeooToHa MHO-
rounena Jlopana (1 + 2)°*R(x,2) mexuT mpaBee BepTUKATLHON TIPAMON © = m. B
KoOpamHATAX (T, Y10) TO yCIOBHME O3HAMAELT, 9TO MHOTOYTOMLHAK HBI0TOHA MHOTO-
arena Jlopana y{3 R(z,y10) MeXUT B 06IACTH, 3AIITPUXOBAHHON Ha puc. 24 ciesa.
Mepexoma or koopauHaT (x,¥y19) K koopauuHaram (t,u) (cMm. puc. 24) u o6paTHO



KOHTPIIPUMEPHI K "TUIIOTE3E O AKOBMAHE HA BECKOHEYHOCTI” 27

(cM. puc. 25), MOKHO IPOCIEINTH, ITO MHOTOYTOIbHUK HbloToHa MEOrOwIeHa Jlo-
pama R Bce BpeMsa OMKEH OCTAaBaThCA B 3amTpuxoBaHHOM obmactu. Caegosa-
TeTLHO, BCe HeHyJIeBRble MOHOMEI MHorowreHa Jlopama y)3 R(z,y1o), JTexarmme Ha
BEPTUKATLHON TPAMON & = m, JOJKHBI JeXaThb Bhime oTpeska [(—6a,0), (0,9a)]
(oH m300pazkeH MyHKTHPOM Ha pucyHkax 24 m 25), T.e. ordy,, cm > 3/2(m +
6a), rae cm(y10) — xodbduiment npu x™ B Muorowrene Jlopana y)d R(z, y10).
Ocraercsa 3ameTuTb, 4TO byp(2) = ¢p(l + 2), u 3uauur, deg, by, — ord, by, >
ordy,, cm. O

v
%
%

(t,u

~

($10,y10) (3327212)

Puc. 24

(-6a,74)

(-6a,0)
(562,?}2) (ﬂflo,ym)

Puc. 25

Be3 orpaHudeHns OOMIHOCTH MOXKHO CIMTATh, IT0 Kodddumument mpu z%%y>" B

muOorowtene Q(z,y) pasen equaune. [pumenas gevuy 4.2 kK MHOTOWIEHY @ — p°,
MOCIeOBATEIBHO YOEXK JAeMCS, ITO B KOOpAMHATAX (T, 2) BCe ero KonddumeaTs
mpu 18, ..., 713 paBub mymo, a xKoaddumment mpu 2 pasen co 214 (z + 1)°
[JI1 HEKOTOPOU KOHCTAHTEI Co.

[Ipofomxas IPUMEHATH TeMMy 4.2, Ha DTOT pa3 K MHOTOWIEHY () — p° — c2p2,
y6ex TaeMcs, ITO Bee ero KoadhumuenTs pu £~ 12, ..., 277 Toxe pPaBHEL HYJIO, a
koaddurment mpu 2% pasen ¢; 27 (z + 1)'® 114 HEKOTOPOU KOHCTAHTEI ;.

Haxkomer, IpuMeHAs IOCIeOBATEILHO JeMMy 4.2 K MHOrowieny @ — p° — cop® —

c1p, yOeXK 1aeMcs, ITO OH TOXK JeCTBEHHO PABEH HY.IIO, TO €CTh
3 2
Q = p° + cap” + cip.

OcTaeTca 3aMeTUTH, 9TO y STOrO MHOTOWICHA KOd(DQUIMEHT mpu 2 'z papeH
HyJI0, TOrga Kak 1o jgeMmme 4.1 570 1omkHO ObITH He Tak (CM. puc. 22, ciesa).
[Moryuennoe mpoTuBOpEtNe MOKA3BLIBAET Tpemnoxenue 4.1.
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4.3. Bropoe gokasaTenbcTBO npeanoxenwsa 4.1 (mpocroe, HO HeCcTpPO-
roe). Ilpu mocrpoenuun kpuson BersiaeHus D B m. 3.2 MBI pemanu HEIOOIPEIe-
JICHHYO CUCTEMY YPABHEHUN (YUCI0 HEM3BECTHLIX ObLIO GOMBIIE YUCIa, YPABHEHUN:
cM. 3amedanue 3.3). Il0PTOMY €CTECTBEHHO MPENTOIOXKUThL, 9TO D momyckaer
nedOpMaIlii B KIACCe KPUBLIX C TAHHBIM HAOOPOM OCOGEHHOCTEW, W 3HAYUUT, ee
MOKHO €Ille CAIbHEE BHIPOAUTD.

Ecau nmpu sToM npouszonger BEIPpOXKAEHUE, IPU KOTOPOM 0COOEHHOCTH Tuna As,
CIUBAACH C TTPOCTOU TBOMHOU TOYKOU, TPEBPAIIAETCA B 0COOEHHOCTL Tuma, Ay, Kak
B CEMEUCTBE KPUBHIX

Cy = {y* =2%(x —t)?} upu t — 0, (26)

TO KOHTP-IPUMEP K TUIOTE3e O AKOOMAHE HEBO3MOMXKEH II0 CIETYIOMENn MPOCTOH
[IPUYMHE TOMOJOrMIECKON IPUPOABL. [eMCTBUTENLHO, B DTOM CJIydae HauIeTCsa
Iuck A, HempepHIBHO BIOXKeHHLIN B C2, Taxon uTo

(i) A mepecekaercs ¢ D mo coemy kpato: AN D = JA;
(ii) xpuBasg OA IPOXOAUT Uepe3 MPOCTYIO ABOMHYIO TOYKY KpuBon D, mpuduem
TMEPEXOIUT B DTOU TOYKE C OJHOU JOKATHLHOU BETBU HA APYTYIO.
Hampuwmep, nuaa kpuson (26) npu ¢ € R, t > 0, Takum guckom seasercsa {(z,y) €
R?|0< 2 <t,y? < 2*(xz—1)?}. IlockOIbKY ATOT IUCK MOJHEMAETCA HA HAKPHITHE,
POOGPA3HLI 0GENX JOKATHLHLIX BETBEU B TIPOCTON IBOMHOU TOUKE MEPECEKAXTCA Ha,
HAKPBITUX, ITO HEBO3MOXKHO.

Crporo mokasaTh CylIeCTBOBaHUE BHIpOXKAeHUA Buma (26) y xpusou D, meco-
MHEHHO, JOJIKHO OBITH O4YeHb TPYAHO (ecau BooOie BO3MOXKHO). O IHAKO KPUBYIO,
Y IOBJIETBOPAIONIYIO YCJAOBUAM JEMMBEL 3.1, IO-BIANMOMY, MOXKHO MOy IAThH, TPAME-
HEHAA TPU BEIPOXK TeHuA Buaa (26) k kpusou D', yI0BAETBOPAIOIICH YCAOBUAM (a) 1
(6) nemmer 3.1, u UMerOIIEN Y€THIpE 0COOEHHOCTH Tuma As U CTOMBKO ke Tuma, Ay.
Taxue kpuBble D' CymecTBYOT, TPpUYEM CPEI HUX UMEETCSA KPUBAA C CUMMETPUEH
YeTBEPTOrO MOPALKA.

§5. IICEBIO-BBLIIYKJBIE IOIPYKEHNA

Teneps mbr gokaxkem npepioxenue 0.4.

5.1. Ilorpyxenus S* — C2 c TouHOCTHIO [0 peryaspHou romoronuu. O60-
srauuM depe3 Imm(X,Y) npocTpaHCTBO NOrpyXKeHuln MHOrooOpasua X B MHOTO-
obpasue Y. Tlo Teopeme Cumetina [16] crasmbie koMmorenTE mpocTparcTsa Imm (S R™)
HAXONATCA BO B3aMMHO-OJHO3HAYMHOM COOTBETCTBAU C DIEMEHTAMU TOMOTOMAYIEC-
cxon rpymnsl 7 (SO(n)). HosTomy

mo (Imm(S?, R"))=m3(SO(4))=Z>. (27)

B 5ToM myHKTE MBI JaIMM ABHOE FEOMETPUYECKOE OMUCAHIE ATOrO W30MOPhI3MA,
ecm R* cHAGXKEHO KOMILIEKCHOM cTPYKTYpo# (oToxkaecTsreHo ¢ C?).

Ina f € Imm(S?, C?), o6osmaumm wepes DG(f) cremens rayccoBoro oTo6pa-
xenus (cm. ompegenenue 0.1), a wepes C'S(f) — romoTomuyueckunn Kiacc o6paT-
HOT0 006pasa Mo KOMILIEKCHBIX KACATENTBLHBIX, T.€. MO JBYMEPHBIX KACATETbHBIX
ILIOCKOCTEN

g fHTNAT),  raeqe S*uT = f(T,S%).
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Ipeanoxenue 5.1. /[lpa morpyxerus fi, fo € Imm(S3, C?) peryrapro romo-
TONHBEI TOTJa U TOJIbKO Torga, korga DG(fi1) = DG(f2) u CS(f1) = CS(f2).

Joxazameavcmso. Iockoabky cdepa S° mapamreresyema, uzomopdpusm Cumerna
(27), a Taxxe uaBapuantel DG(f) u CS(f) momyckarmoT CIeIyIOUIyH0 UHTEPIPE-
rammo. Oroxkgecteum C? ¢ TenoMm kBaTeprmonos H mocpencTBoM oTo6paskeHMsa
(z,w) = z+wj. Torga S® = {g € H|qq = 1}. Hycts i f, k — wacaTernHEIE Bek-
TOpHBIE OIS Ha, S°, THHEHHO HEe3ABUCUMEIE B KAXKJOH TOUKe, a 71 — IMOJIe BHEITHIX
€IMHUYHLIX HOPMAJIEH, 34 IaHHBIE (DOPMYIAMA
i) =qi, jl@)=q, kg =gk #lg=q  rme geSs

Horpyxenmo f : S® — H wmur comoctasum otobpaxenune af) : S2 — SO(4)
caenytomum obpazom. [Ipomomkum f 10 COXPaHAIOMIErO OPUEHTAIMIO HOrPYXKe-
HIS HEKOTOPOHW OKpecTHoCTH cdepwl S°, mpumuem Tax, ITo6H BeKTOD fi(7(q))
61 oproronaner k fi(T,5%). Torma a(f) : ¢ —» Q € SO4), rae ¢ € S*
u () — wmarpuna, orobpaxawomasa penep (1,4,7, k) Ha OpTOrOHAIM3AIMIO perepa
I« (ﬁ(q),;(q),j(q), E(q)) ITo Teopeme Cmemna oToOpaXeuue o UHIYLIUPYET OUEK-
o a1 mo( Imm(S%, RY)) — m3(SO(4)).

Mzr 6ygeM paccMaTpuBaTh S° Kax MOACPYIINY MyJIbTUILIMKATHBHONW TPYIIIEI
H\ 0, u mycts S = S3 N (iR + jR + kR). Beegem caegytomme 0603HAMCHA:

1,9t 8% = 8% x §3, 1(s) =(s,1), a(r)=(1,r),
7:8%x 8% = S0(4), 7(s,7) 1 q— sqT,

o:S0(4) - S°, o(Q) = Q(1),

p:SO4) - 2, p(Q) = Qi) - Q(1),

(Q € SO(4) paccmaTpuBaeTca Kak opToroHaasuem oneparop H — H). dDuxcu-
pyeMm ecTecTBeHHEIE OTOXAecTBIeHuA m3(S3) = m3(S%) = Z. OTobpaxenne 7 —
IBYJUCTHOE HAKPLITHE, Tak Kak »To romomopduam rpynm u Kerr = {£1}. Ono
UHYLIUPYET U30MOPPU3IM

T ZOZ =m3(S% x S?) = 13(SO(4)).
Mockonbky o7(s,r) = ST, UMeeM
0uTu : LD Z =73(S* x §%) = 713(5%) = Z, (m,n) = m —n. (28)
Jlerko BugeTs, uTO pTi1 : S° — S? oTOGpaxKaeT s B $i5. DTO — pACCIOCHUE

Xondga. [JerncTBUTENBLHO, S1 18] = S8y TOMAA W TOJLKO TOrA, KOUga S; = So -
(z + iy) muaa mekoropex z,y € R. Hosromy umeer mecTo uzoMopdusm

(pTi1)s : m3(S?) = m3(S?).

Slcao Taxxe, 9TO pTiy 1 S? — S? — mocToamHHOE OTOGpAKEHUE T S i, T.e.

im ((png)* :m3(S%) = 7r3(S2)) = 0.
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Takum o6pasom, numeem
puTu : LB Z = m3(S? x S3) — m3(S?) = Z, (m,n) — m. (29)

o ompegenenmio, DG(f) = o.([a(f)]) € m3(S?) = Z, u CS(f) sagaerca ro-
MOTONMIECKMM KIacCOM BekTopHoro moast g — fr ' (i fu(7i(g))). B cmry mapar-
nemuzyemoctu chepsl S3, HeHyJIeBbIe BEKTODHBIE TOMA OTOXKICCTBIAIOTCA C OTO-
opaxenuamu S° — S? C T1(S?). Ipu arom oroxaecrerennun C'S(f) orsedaer
romorommaeckomy kracey ps([a(f)]) € m3(S?). Ua (28) u (29) crexyer, ato [a(f)]
OTpENenAeTCA CBOUMA OOPA3AMY TIPU TOMOMOPMDU3MAX Oy U P

5.2. O mpoAoIXaeMOCTH TOTPYyXeHna cPpephl 0 MOrPyXKeHu:A Iapa.
[Mycte X u Y — cBasubie n-MepHBIE MHOr0OOpa3us, npudeM X KOMITAKTHO U C
KpaeM (HeoOsa3aTeabHO CBA3HBIM), HampuMep, X = B™, Y = R™. B stom nyukTe
OaIuM OMHO AOCTATOYHOE YCIOBUE IS TOrO, YTOOLI TMorpyxkenue kpag 0X — Y
npoxomxanock 1o morpyxenusa X — Y. Ilpun = 2 ono 65110 1okazano @paHcucom
[8]-

Onpegenenne. I[Iycte Z u' Y — muOroobpasus pasMenocten n — 1 u n cooTser-
CTBEHHO.

1. Tlorpyxenue f : Z — Y Ha3LIBAETCA MOPCOBCKUM, ECIU IS JHOOBIX TOYEK
2,2 € Z maxux uro f(z) = f(z") u f.(T.Z) = fu(T» Z) (Taxue mapel TOYEK MBI
OyeM HA3LIBATH CAMOKACARUAMY Noepyrcenus ), HauayTca okpecrnoctu U u U,
HA KOTOPHIX f — BJIOXKEHUe, OKPecTHOCTb V Touku y = f(z) u rmagkas QpyHKuusa
¢ : V = R, takue uro {¢ = 0} =V U f(U’) u npu stoMm ¢ o f|y — MOpcoBckas
dyHKIIAA.

2. Hopmaavuvim paccaoenuvem norpyxenns f : 7 — Y Ha3BIBAeTCA OTHOMEPHOE
muHeiHoe paceroenue Ny — 7, cou KoToporo Haj Toukon z pasen 1y Y/ f(T. 7).
Koopuenmayueti morpyxeansa f HA3LIBAETCA OPUEHTALNA €TI0 HOPMATBLHOT'O PACCIO-
eHUA.

3. Ilpeanonoxum, uto f : Z — Y — KOOPUEHTUPOBAHHOE MOPCOBCKOE IIOrPYy-
KeHUe, u 2,72 € Z — ero Toukm camoxkacanug. CaMoKacaHmue B TOUKAX 2,z € Z
HA3BIBAETCA NONYMHbIM, €CIUT KOOPUEHTAIINY B HUX WHIYIIUPOBAHLI OMHOU U TOU K€
opuenTanueit npoctparctsa Ty Y/ fu(T.Z) = T.\Y/fo(T Z), n 6cmpeunvim B
IPOTUBHOM CJIyIae.

4. Hnoexcom BCTPEIHOTO CAMOKACAHAA KOOPUEHTHPOBAHHOT'O MOPCOBCKOTO TI0-
TPYXKeHUs Ha3bIBAETCA MHIEKC 0COG0N TOUKM (YHKIWMA @ o f|y (cM. BhIme) mpm
YCJIOBUU, UTO TPATUEHT (BYHKIUKA @ 33TaeT TOJE MOJOKUTENLHBIX HOPMATEH K
VN f(U') (B caygae momyTHOT'O CAMOKACAHUA WUIU B CIy9ae HEKOOPUEHTUPYE-
MOT'O MOTPYKEHUA WHIEKC ONPENETEH JUIIbL ¢ TOIHOCTBIO 10 OTOXIECTBICHUA K

un—k—1).
5. Perymapras romoromus {hy}ic[o,1] HA3BIBAETCA MOPCOBCKOTU, €CIM TP BCEX
t € [0,1] norpyxenue h; mopcoeckoe. Tpouka z,2',t, roe z,2' € Z — Toukn

CaAMOKACAHWSA TOTPYKEHUA hy HABBIBACTCA NPOTOHCOEHUEM CAMOKACAHUA.

6. TIpoxox IeHme caMOKacaHus z, z', t peryaspHon romoronun {h;} HasbIBaeTCs
MPAHCEEPCAALHBIM, €CTU HANTYTCA OKPECTHOCTH TOUEK (2, 1), (2',t), 06passr koTo-
peIX npu oTobpaxenuu (z,t) — (ht(z),t) rpancsepcanbuer 8 Y % [0, 1]. Perynapuas
COMOTOMUSA HABBIBACTCA MPAHCEEPCAAbHOT, ECTH BCE €€ MPOXOXK ICHNAA CAMOKACAHUH
TPaHCBEP CATLHEL
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7. IIpoxoxeHre BCTPEYHOTO CAMOKACAHUSA KOOPUEHTUPOBAHHOUW PEryJIAPHON
COMOTOIUY HA3BIBACTCA NOAOHCUMEALHBLM (OMPUYAMEAbHVIM) ECAU CKOPOCTH Ka-
XKIOU BETBU MO OTHOIIEHUIO K APYTOU MOIOKUTENbHA (OTPUIATENbHA) B CMBICHE
KOOPUEHTAINN.

Puc. 23 wuroctpupyer onpegenenus BugoB camokacauuu. Ha puc. 24 uzobpa-
JKEHBI TTOJIOKUTEILHEIE TPOXOXK TEHAA CAMOKACAHUN PA3MIUIHEIX HHIEKCOB (OTpUIa-
TeJIbHLIE U3 HUX MONYYIAITCA MPU OOPAINEHUN HANPABICHUS NBUKEHUA, T.e. IIPU
€ < 0). Crpenxamu Ha 060UX PUCYHKAX OOO3HAMEHEI KOOPUECHTALIUM.

XXX

Nunexc 0 Nungexc 1

~~

IMomyTHOE Berpeunoe

Puc. 23. CAMOKACAHUSA

)X XX

t=1ty—e¢ t=1tyg+e¢ t=1tyg—¢ t=1ty+e¢
Nunexc 0 Nungexc 1

Puc. 24. TIOJIOXKUTEJLHBIE TPOXOYKAEHUA CAMOKACAHUM (¢ > 0)

Ilpennoxenne 5.2. Ilycte X u'Y — cBA3HBIC N-MEPHBIE MHOTOOODA3HA, IPHIEM
X kommakTHO u mveer kpau Z = 0X. Ilyctb H : X — Y — morpyxenue, u
hi ©+ Z = Y, t € [0,1] — TpaHCBepcaIbHAA MOPCOBCKAA MOMOTOIHUA, TAKAA ITO
ho = H|z. durcupyem xoopmenTanumio hg, 3azaBaeMyr o6pa3’oM MOIA BHEIIHUX
HopMauier kK Z mpu oTobpaxenun H, (oHa HempepwIBHO mpojomkaeTca Ha Bee hy).
Eciu Bce mpoXOoXaeHUA BCTPEYHBIX CAMOKACAHHUHM HHIEKCA N — 1 MOJIOXUTETBHE,
To cymecrByer romoromus Hy : X — Y, raxas aro Hi|yz = hy w Hy = H.

B caygae n = 2 npexnoxenne 5.2 gokazano B [8]. B obmem caydae gokaszaTennb-
CTBO 6OJIee I ME€Hee aHAJOI'MYTHO, 1 MBI €I'0 OIIyCKaeM.

IIpumep. Ha puc. 25 nzo6pakena peryspHas "OMOTONNA OKpyxHOCTH {ht }, Ta-
Kas 9To hg TPONOIKAETCS 10 MOTPYKEHUS TUCKA, a hy — HeT. Buano, 910 mpoao-
JKAEMOCTH HAPYIIAETCSI B MOMEHT OTPUIATEIHLHOT'O IPOXOXKAEHUSI TOYKYM BCTPEU-
Horo kacauus nagexca 1. CormacHo npeamiokenuto 5.2, 5T0 e [MHCTBEHHAS TPUINHA,
KOTOpPasg MOXET HAPYIIUTDL MPOMOTKAECMOCTD.
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Puc. 25

Omnpegenerne 5.3. Ilycts X,Y — cBsa3HBIE KOMIAKTHBIE N-MEPHLIE MHOTOOOpa-
susa, X wommakTho, u f : Z = 0X — Y — mnorpyxenue. [IBa mpomosxKeHus
F.G : X — Y norpyxenns f HA3BIBAIOTCA IK6UBALEHMHbIMIU, €CIU CYIIECTBYET
msotorusa Hy : X — Z, t € |0,1], rakas uro Hy = F, H; = G, u H|z = f upn
BCEX .

CaencrBue 5.4. Ilycry X,Y — cBA3HBIE KOMIIAKTHBIE N-MEPHBIE MHOI'000OPA3HUA,
X kommakteo, u Z = 0X. Ilpegmomoxum, aro hy : Z — Y — rpancBepcaib-
HAaA MODCOBCKAA PEry.JIApHAA TOMOTOIHUA, HE MMEIOIIAA BCTPEUHBIX CAMOKACAHUI
urgexca n — 1. Torga morpyxenus hy u hy ©IMEOT 0QUHAKOBBIE KOJUIECTBA MPO-
AomkeHud Ha X € TOYHOCTHIO O SKBUBAJCHTHOCTH U3 onpegeneHus 5.3. [

Teneps MBI IPUMEHUM MPeLJIOKEHHE 5.2 K 33 4a49€ O IPOJIOIKEHUN CTPOrO [CEB-
IOBBIMYKJION roMOTonua Kpasa (cMm. ompenenenue 0.3) 0o peryJiapHON TOMOTOMUA
BCEr'0 MHOT'00OPA3uA.

CaencrBue 5.5. Ilycte Y — ruagkoe kKoMILiekcHOe (MM MOYTH KOMILIEKCHOE)
MHOT000Opa3ue KOMILIEKCHON pa3MepHOCTH k > 2, u mycTs X — IIaKoe KOMIIAKT-
HOE OPHEeHTHPYEeMOe MHOI000Opasue BEIECTBEHHON Pa3sMEepHOCTH n = 2k ¢ KpaeMm
Z =0X. IIycts H : X — Y — norpyxeune, n hy : Z — Y, t € [0,1] — cTporo
TICEeBIOBBIMYKIaA TOMOTONNA, Takad 94To hg = H|z. Torga cymecTByeT peryJsap-
#asg romoronua Hy : X — Y| rakas awro Hy|; = hy w Hy = H.

Hoxazameabcmso. MaJbIM meBeneHreM roMOTOINO {fy } MOXKHO CIEIATH MOPCOB-
CKOU U TpaHCBEpCaIbHOU. ECIu meBemeHne TOCTATOYHO MaJo, TO OHA OCTAHETCS
cTporo ncesaoBrImykIoN. CpaBHuBas GopMel JIeBr KACAIOIINXCSA BETBEH, JIET'KO BU-
IeTh, YTO Y MOPCOBCKHUX IMCEBIOBLIMYKIBIX MOTPYXKEHUN HEBO3MOXHEBI BCTPEIHBIE
camokacanus uagexca n— 1. IlosTomy npemroxenne 5.5 BEITEKAET U3 [IPEII0KEHIS

5.2. O

Cregcrsue 5.6. IlycTs Y nmagkas KoMILIeKcHas MoBepxHOCTH i Iycts f : S° —
Y crporo ncesaosreimykmoe norpy:xerane. Torzga:

(a). Horpyxenwme f IPOJOKAACTCA JO HOTPYKEHAA MAPA TOT A U TOJBKO TOTIA
KOTJa OHO CTPOrO MCEBAOBBIIYKIO FTOMOTONHO CTAHIAD THOMY BJIOXKEHHIO.

(6). C TOYHOCTBIO O SKBUBAJICHTHOCTH (CM. ompegeaeHue 5.3) CyIeCTBYeT He
6o.1ee 0JHOTO IPOJOMKeHUA f O morpy:KeHus mapa B* — Y.

Aoxazameabcmso. IIpenmonoxum, f mpogomkaeTcs 4o morpyxenns F : B » Y,
Mo Teopeme Dimambepra [7], ma B* cymecTByeT mmopucybrapMormdeckas (0T-
HOCUTEIBHO KOMILIEKCHOU CTPYKTYPBI, TOAHATON ¢ Y) (PYHKIUA C €IUHCTBEHHBIM
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muHEMyMOM. [loBepxHOCTEN ypPOBHS DTOU (PYHKIMM 3aTA0T CTPOrO IICEBIOBHI-
MyKJIYI TOMOTOMUIO MEXAYy f U HEKOTOPLIM BIOXKeHueM. I[[OCKOJIBKY BJIOKEHUE
cdephl TPOJOTKAETCA IO BIOKEHNA IIapa €NHCTBEHHBIM 00Pa30M, JOKA3hIBAEMOe
VTBEpXKJAeHUE BLHITEKAET U3 caencteug 5.4, O

3ameuanue. lpu k = 1 yreepxkaenue caeacteus 5.6(6) HeBepHO: Ha puc. 26 npu-
Begen mpumep morpyxerns S' — R2, HEOJHO3HAMHO MPOIOMKAEMOTO IO IOPYKe-
Hus gucka. B pabore [15] sTror npumep Hazsan mpumepoMm Muinopa. B 50-e roger
sror npumep HezaBucumo noctpoun H.H. Komcramrumuos. Bpamas kpusyio Ha
puc. 27 BOKpyT OCH, MBI IOy MM [IPUMEPHLI HEOHOZHAYHO IIPOIOMKAEMBIX TOTDY-
xermit S — R™ npu Bcex n > 2, T.e. yTBepXKIeHue cieacTsus 5.6(6) HerepHO
6e3 yCJIOBUA TICEBIOBLIMTYKJIOCTH MOTPYXKEHUA f.

D) &

Puc. 26 Puc. 27

5.3. lokaszaTeabcTBO Tpeaaoxeuus 0.4.

W3 npenaoxenus 5.1 caenyer, aro norpyxenue f chepsr —M (cM. onpeneneHne
0.1), orBeuaroniee MepoMOpGHOMY TOrpyxenuto (+1)-maper, TOCTpOeHHOMY B §3,
PeryJaapHO MOMOTOIHO CTAHAAPTHOMY BJAOKeHWIO. [lencrteurensno, DG(f) = 1
no nocrpoeruio, u C'S(f) = 1, Tax kak OyAy4u COJOMODP(MHBIM, OTOOpakeHue f
COXPAHSET IT0JIe KOMILUIEKCHBIX KACATEIbHBIX.

[MokaxkeM, 9TO HE CYIIECTBYET CTPOrO IMCEBAOBBLIMYKION TOMOTONUU MeXAy f
7 CTaHIAPTHBIM BJIOXKeHUeM. IIpeamosoxkuM, 9TO Takas FOMOTONNS CYIIECTBYET.
Torga no npegnoxenuto 5.6(a) f mpomomKasoch 6bI 10 TMOTPYXKEHUA mapa. Ilpu-
xJaenBas map K M, morydaeM deTwIpexMepHoe MHOTooOpasue X, nuddeomopdHOe
CP?, BIOXKEHHYIO B HEIO ABYMEPHYIO cepy L 1 morpyxeHue X\ L — C?, npuiem
X uMeeT KOMILIEKCHYIO CTPYKTYPY B OKPECTHOCTU L, OTHOCHUTEILHO KoTopou L
— KOMILTEKCHASA KpuBasd, U GpyHKINN, 3a1afomue norpyxesue B C?, MepoMOPQHEL
Hoxmmvenm ¢ C? xKommIekcHyO CTPYKTYpy Ha Bee X . Torga MOTy<MWBITAACA KOM-
IIEKCHAA IOBEPXHOCTH n3oMopdHaa CP?, i1 3HAMNT, ONMMCAHHAA KOHCTPYKIMSA 1ATa
OBbI KOHTP-IIPUMED K TUIOTE3e O AKOOUAHE, ITO HEBO3MOXKHO MO NperIoxenuio 4.1.
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