PRODUCTS OF CONJUGACY CLASSES IN SLy(R)

S. Yu. OREVKOV

ABSTRACT. We compute the product of any n-tuple of conjugacy classes in SL2(R).

1. INTRODUCTION

In this paper we compute the product of any n-tuple of conjugacy classes in the
group SLy(R) (see Theorem 3.1 in §3). The computation is straightforward, the
main difficulty being to find a suitable notation for the answer to be readable.

All products of conjugacy classes are computed in [9] for simple finite groups
of order less than million and for sporadic simple finite groups. In [12] the same
is done for finite unitary groups GUs3(F,) and SU3(F,) as well as for finite linear
groups GL3(F,) and SL3(F,). Similar questions were studied by several authors,
see [2, 5, 8, 10, 15] and references therein.

My special interest in the computation of class products in any kind of linear
or unitary groups is motivated by possible applications to plane real or complex
algebraic curves, see [3, 11]. Perhaps, the most interesting and non-trivial case
when the products of conjugacy classes are completely computed, is the case of
the unitary groups SU(n), see [1, 4]. It seems that Belkale’s approach [4] could be
extended (at least partially) to pseudo-unitary groups SU (p, ¢) using the techniques
developed in [7]. We are going to do this in a subsequent paper. Some products of
conjugacy classes in PU(n, 1) (especially for n = 2) are computed in [6, 13, 14].

Note that SU(1,1) is isomorphic to SLs(R). Indeed,

d: SLy(R) — SU(1,1), A ®(A) =P AP, P = (1 ;) , (D)
is an isomorphism; recall that SU(1,1) = {A € SLs(C) | A*JA = J} where
J = diag(1, —1). So, the main motivation for the computation of class products in
SLy(R) was to get an idea what the answer for SU(p, ¢) could look like.

2. CONJUGACY CLASSES

Let G = SL2(R). The conjugacy classes in G are given in Table 1. This fact can
be easily derived, e. g., from [5, §2].

A more geometric characterization of the conjugacy classes can be given as fol-
lows. For & = (x1,22) and ¥ = (y1,y2), we denote T A §J = 1ys — T2Y1.

Proposition 2.1. Let A€ G\ {I[,—I} and 0 < a < 7. Then:
(a). A€ c§’5, £,0 = £1, if and only if tr A = 2¢ and SZNAZ > 0 for any ¥ € R?;
(b). A €S if and only if tr A = 2cosa and T A AT > 0 for any ¥ € R?2. [
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nessessary and sufficient

condition on A = (29%)

class | paramameters | representative

G | {11 =(52) A=cl

¢5° {-1,1}? (59) trA=2 & 6&(c—b)>0
§ 10,27 [\ {7} (Cosa-sina) | trA=2cosae & esina>0
) R\ [—1,1] (3,%) trA=X+ "1

TABLE 1. Conjugacy classes in SLs(R). Note that for c‘;’é (resp. ¢3) we
have §(c—b) > 0 < (6c > 0 or db < 0) (resp. csina > 0 < bsina < 0)

We denote the union of all ¢;- by ¢; (i = 1,2,3,4). For X C G, we denote the
complement G\ X by X°. We set also

=T udg, oy = U 2, ¢, = U 2,
A>1 A<—1
a=duiud’ g =qui-ug”
If j is an interval (open or closed from either end) contained in |0, 27[\{7}, then
we set ¢ = [J,¢;¢§. If the left end of j is “]0...” or “|7...”, then the bracket
“|...” can be replaced by “[...” or “([...”. Symmetrically, if the right end of j is
“...m[” or “...2mw[”, then the bracket “...[” can be replaced by “...]” or “...])”,
and this means the following:
cgo"' —CQJ’Uc]3 ", cg"ﬂ] :cg"”[Ucz_J’,
cgﬂ',. _ - U c]ﬂ', , ci))..,271'] _ C&)’“’Qﬂ[ U ] -
cé[o’“' _ U cg - cg"”D _ cg"”] Uer,
cé[ﬂ',... _ CZ U c:[%ﬂ',..., cé..,Qﬂ']) _ cé)..,QTr] U CZ_,
for example, cé[o’w] =cf U U (U0<a<7r c§> Ucy 7. Let

+ — ot Jol
G"=c¢; Uey
3. STATEMENT OF THE MAIN RESULT

Theorem 3.1. (a). For conjugacy classes contained in Gt (see Remark 3.2), their
double and triple products are as shown in Tables 2 and 3; in Figure 1 we represent
all triples of classes from c¢3 whose product contains I.

(b). Let 0 < o, B,7,6 < . Then:

Gt T T = o Tl el g = (-1},

s ted el ey = Ted Teg el = {1},

ot ++cgc§ = {-I}° ifa+8>m,
C; 2 c353—{1}C ifa+ B <m,

cSeheled = {1} ifm<a+f+vy+0<3m,
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the products of the form cg‘cgcgc;i are as in Table 3, and for any other four non-
scalar conjugacy classes contained in GT, their product is the whole G.

(c). The product of any five non-scalar conjugacy classes is the whole G.

Remark 3.2. We see in Table 1 that, for any conjugacy class ¢. either ¢ C G or
—c¢ C G. Thus any product of conjugacy classes can be immediately recovered if
one knows all products of classes contained in G.

Let G = PSLy(R). We denote the image of ¢; in
Corollary 3.3. (a). We have ©}¢) = G and

=gi=G\{I},

(see Table 2 for the other double products of classes in é)
(b). Let 0 < a, 8,7 < m. The following triple products are equal to G\ {I}:

i

dret =

~ ~>\ =
S where ¢ # ¢,

~++; 3, 2 c3c3 (if a+ B <), c;icgcg (ifa+ B =m),
G (ifa+B>7), GG (ift<a+pB+y<2m)

The product of any other three non-trivial conjugacy classes is the whole G.

(¢). The product of any four non-trivial conjugacy classes is the whole G.

Corollary 3.4. cn(G) = ecn(G) = 4 (in the notation of [9)).

I ot o g |k

c;——F c;——F c:[),O 7)) (I}° [0 ) U c4 a4
il & [0 LNy c4 <[7r 27l c4 RN
s | | e | e | o |
e el | (U doelye c{fom) ool
s el SOy udt) ) |
it e (e S L P P
S S N {1y |

¢ a+B<n| pthl ({1} u e O“Lm) {07 Soo V4
¢, a+B=m |{-I}Uc; ™2 {07 ThL 3 V4
¢ a+B>n| et ™2 ({11 u cg“+5’”])c /
sl 5™ {1y =1 | {n° e

crep {-TI}° G G G |G

e N £ {I,—-1}° G G G |G

TABLE 2. Double and triple products of conjugacy classes in SLs(R)

(“y”” means “see some other cell(s) of this table”).
parameters: 0 < «, 8,7 <7 and A\, u,v > 1.

The range of the
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Condition on a, 3,7 Cg‘cgcg Cgcgcg@H cg‘cgcgc;_
a+Bty<m ({1y ucfatotlye G G\ {1}
at+Bty=n (-1} U G\{-1} | G\ {1}

T<a+fty<2m g2 G\ {-I} | G\ {}
a+B+~y=2n {1y u el G\{-1} | G\{1}
a+B+y>2r | ({=1yuddtPrrThe g -1} G

TABLE 3. Triple and some quadruple products of conjugacy classes in
SLy(R) involving cg‘cgcg with 0 < o, 8,7 < 7.

T[OK

L 211 0 L

FIGURE 1. The sets {(o,3,7) € (10,27 \ {7})? | I € §csicl}
and {(a,8,7) € (] —m,x[\{0})* | I € §cjel}.

4. RANGE OF THE TRACE ON THE PRODUCT OF TWO CLASSES
Let @ be as in (1); see the introduction.
ab — 7
Lemma 4.1. a). SU(1,1) = {(B a) |a,b e C,aa—bb=1}.

b). ®(c§) is the conjugacy class of (g‘ 2), A = e,

Proof. Let A = (‘i 2), ad—bc=1. Then A € SU(1,1) if and only if A*J = JA~!.

We have:
D065 =0) =) (L) =(12) B

Lemma 4.2. Let A € cgo’w] and B € &. Then AB ¢ c:[f’%] U{I,—1} unless

A and B both belong to ¢o and have common eigenvector.

A = (

[SH|

SRl
QI

Proof. Let v be a real eigenvector of B that is not an eigenvector of A. The
condition B € c;f implies that the corresponding eigenvalue A is positive. We have
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vAAv > 0 by Proposition 2.1. Moreover, v A Av # 0 since v is not an eigenvector of
A. Hence v A ABv = Av A Av > 0 and the result follows from Proposition 2.1. [J

Lemma 4.3. Let 0 < o, < m. Then:
(a). {tr(AB)|Ae g, Becl}=]—o00,2cos(a+f);
(b). If Aecg, Bec, and tr(AB) = 2cos(a + ), then AB e ¢§*°.

Proof. Let A € ¢§ and B € cg. We may assume by Lemma 4.1 that ®(A) = g‘ g\)
and ®(B) = Q (“ 0) Q' with A = e, =€, and Q = (g b) with aa —bb =1

0k ba
Then we have

tr(AB) = (A + Ai)aa — (M + A)bb = 2(1 + bb) cos(a + 3) — 2bbcos(a — B)
= 2cos(a + () — 4bbsin asin 3

and the result easily follows. 0O

Lemma 4.4. Let 0 < a < m. Then {tr(AB)|A€ ¢, B€cfT}=]— 00, 2cosa|
and {tr(AB)| A€ ¢§, B€ ¢y } = ]2cosa, oo

Proof. Let A € ¢¢ and B € ¢fF. Let us fix a quadratic form invariant under
A and choose a positively oriented orthonormal base (e1,e3) such that ey is an
eigenvector of B. In this base, the matrices of the corresponding operators are: A’ =

(COS@ —Sina) and B’ = ( ! O) with p > 0, thus tr A’B’ = 2cosa Fpsina. O

sina cosa +p1

Lemma 4.5. {tr(AB)|A,B € ¢t} = {tr(AB)|A,B € ¢} = | — o0, 2] and
{tr(AB)|Accft, Becg } = [2, oof.

Proof. We consider only the case A, B € ¢ T (the other two cases are similar).
Let A = <1 (1)) and B = <32> € ¢ 7. Then b < 0 (see Table 1) and tr AB =
a+b+d=>0b+tr B =b+2. Moreover, b can attain any non-positive value. Indeed,

consider the matrices B; = <(1) 11)) (b<0)and Bo=A. O

Lemma 4.6. Let A € ¢4. Then for any t1,to € R there exist matrices B,C € G
such that tr B =t1, trC =t5, and AB =C.

Proof. Without loss of generality we may assume that A = diag(A\, A7), [\ > 1.
Let B = (Z Z). Then we have tr B = a + d and tr AB = \a + A\~ 'd. Thus, it is

enough to find a and d from the simultaneous equations a +d = t;, Aa+\"'d =t
and then to find b and ¢ such that bc = ad —1. 0O

5. DOUBLE PRODUCTS OF CONJUGACY CLASSES

Lemma 5.1. Let 0 < o, B < m. Then ¢§cy is as shown in Table 2.

Proof. Let Ae ¢, B € cg, and let C' = AB.

It follows from Lemma 4.3 that the range of tr C' is as required. So, it remains
to show that the conjugacy class of C' is uniquely determined by the trace. This is
evidently so when C' € ¢4. Let us consider all the other cases.

Case 1. o+ B < 7. It is clear that C & {£I}.
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Case 1.1. C € c§’5, g,0 = 1. We have ¢ = —1 by Lemma 4.3, so it remains to
show that § # —1. Suppose that § = —1,1i.e., C € ¢; . We have B = (—A~1)(-C)
with —A~! € ¢J~* and —C € ¢ . Hence Lemma 4.4 implies 2cos 8 = tr B <
tr(—A~1) = 2cos(m — a) which contradicts the assumption that o + 3 < 7.

Case 1.2. C € ¢3. Let C € ¢, v €]0,2x] \ {r}. Then, by Lemma 4.3, we have
cosy = 3 tr C < cos(a + 3), hence

v>a+f. (2)

Thus it suffices to show that v cannot be > 7.

Suppose that v > w. Without loss of generality we may assume that o > 3. We
have (=A™ (=C) = B with —A~! € ¢{~*, —C € ¢~ ™. The both angles 7 — «
and v — 7 are in |0, w[. Thus, by Lemma 4.3 applied to the matrices —A~!, —C,
and B, we have cos 8 = 2 tr B < cos((m — a) + (v — 7)) = cos(y — ). Combining
this inequality with (2), we obtain v — « > 27 — 8. Thus v > 27 + a — 8 which
contradicts our assumptions a > 8 and v < 27.

Case 2. a+ 8 = 7. Follows immediately from Lemma 4.3.

Case 3. a4+ > m. We have C~1 = (=B 1)(=A~!) with —B~! € & 7,
—A7t e and (71— B)+ (7 —«) € ]0, 7], thus we reduce this case to Case 1. [

Lemma 5.2. Let 0 < o < 7. Then cg‘cé"i 18 as shown in Table 2.

Proof. Combine Lemma 4.4 with Lemma 4.2. [

Lemma 5.3. ¢ ¢t i Tcf ™, and ¢ "¢~ are as shown in Table 2.

Proof. ¢;tcl™ is as required due to Lemma 4.5 combined with Lemma 4.2. We
obtain ¢§ ¢~ from ¢ "¢t by passing to the inverse matrices. The computa-

tion of ¢ TcJ ~ is immediate from Lemma 4.5 combined with the observation that

(1 (1)) (_1t (1)) belongs to ¢ 7, {I}, or ¢~ according to the sign of 1 —¢. [

Lemma 5.4. The product of ¢} with any other conjugacy class is as in Table 2.

Proof. Let A > 1, and ¢ be any conjugacy class. Let X be the set that should
coincide with ¢} ¢ according to Table 2. The fact that the product ¢} ¢ is contained in
X, is either evident or follows from Lemma 4.2. Let us prove the inverse inclusion.
Let A € ¢, By € ¢, and Cy € X. We assume that By, Cy # +I (otherwise
everything is evident). We set t; = tr By and t5 = trCy. By Lemma 4.6, we can
choose matrices B and C such that tr B =t1, trC' = t5, and AB = C. By passing
to inverse matrices if necessary, we may assume that B ~ By (note that A™1 ~ A).
We have tr C' = tr Cy whence C' belongs either to the class of Cy or to the class of
Cy !, However only one of these two classes may be contained in X (see Table 2)
which completes the proof. [J

All double products of conjugacy classes are computed in Lemmas 5.1-5.4. Using
them, one easily computes triple and quadruple products as well; see the subsequent
sections.

6. TRIPLE PRODUCTS OF CONJUGACY CLASSES

Due to previous computations we have:
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0 0 _
ettt =0t = (c]3 Tyt u—c U —cy)edt

10,7])

=c3 U cé?’“” U —& U —cé[o’ﬂb = {I}°,
ettt = O = _ (Joml et U et
33Ty =y Ve T = (o c; c; i)
_ cé[()ﬂr[ U& U _cé[ﬂ',Qﬂ'] U— <[7r 27]) ({ I} U L [, 27r[) 7

a 4+ 4+ Jor]) 44 Jou,m| +— +\ o+
g3t =o VT = (e T U T U= )c3

= o™ U —cf U O = ({1} u Dy

ey = c]?,a’ﬂbc;_ = (c]?,a’”[ U—cg - U—cf)eg ™
_ ol _llmml | lfm2d _ (o

0,m 0,7 0,7 c c
et =g = (U —a) = " u—{-1}* = {1},

Tt At
) C2 4%

gt =) ¢} (— ¢ U (a subset of ¢,)) = {I}°,

c ¢} (cf U (a subset of ¢s%)) = {1},

¢} ¢§ ¢ =} (— ¢ U (asubset of ¢,%)) = {I}°,
cie=G for any non-scalar class c.
If a4+ B < 7, then
o+ a+3,m —
5 cgcy’—cg B,m]) ot = (cg B [U—cg U—c;f) ++
= c]ga+ﬂ’7r]> U —CI U —cé[o’ﬂn = ({I} U cg)’a+5])c.
If « + B =m, then
0,m w27
ey et = ({(~Iu—cf)eft = -t U —{lomh = ({fm2l),
If a4+ B > 7, then
L A R LNIVE SR o
_ _c]30,7r]> U _cg)ﬂr]) U _cé[Oﬂr]) _ cé[fr,erD_
If a4+ B+~ <, then
¢g o) =ty = (cgaw’”_ﬂ Ul TudT U iU —cf)ed
= ({Iyu ottty
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If a4+ B+~ =m, then

g cg ] = cg”ﬁ’””cg = (c§+ﬁ U c]gaJrB’Tr[ U—c3~ U—cj)c]

_ ({_[} U CZ) U Cg[ﬂ’ﬂ—’_ﬂ U _cg[oﬁ[ U _cé[O,TrD _ {_[} U cé[w,%r]).
fr<a+B+7v<2mand a+ g < m, then

6= G = (U U )

_ cé[ﬂ,ﬂ—’v[ U _cé[On[ U _Cé[OJT]) _ cé[ﬂ’QﬂD.
fr<a+B+7v<2mand a+ f =m, then
a 0,m w27
s sy =({~I}U—cf)e] =—cU B

All other triple products reduce to these by passing to the inverse matrices (and
maybe changing the sign). For example, if 7 < a+ +7v < 27 and a+ § > 7, then

T<(m—a)+(r—B)+ (7 —7) < 2m, (m—a)+ (r—p) <m,
hence

@ T—o— T—L\— T—"\— m,2mw])\ —1 7,27
e I O I e C S I

7. QUADRUPLE PRODUCTS. END OF PROOF OF THEOREM 3.1

We see in Table 2 that any triple product of non-scalar conjugacy classes contains
¢4, and the product of ¢4 with any other non-scalar class contains {I, —I}°. Thus,
to compute the product X of four non-scalar classes, it is enough to check if I and
—1 belongs to it. In its turn, to decide whether or not +1 € X, it is enough to
check if the inverse of one of these four classes multiplied by +1 belongs to the
product of the others.

For example, let us check that X := cg‘cgcgcéH' ={-I}*whena+p+~v=m
(see Table 3). Indeed,

(c;+)_1 = € cg‘cgcg ={-I}U Cé[F’QWD, hence I € X,
_(c;+)_1 = c2—+ ¢ C?cgcg ={-1}uU Cé[ﬂ’%n, hence —1 ¢ X.
a B0

As another example, let us compute the product c§cscqc¢§ which we denote by
X. We consider only the case when a4+ 5+ +9 < 27 because the other case, when
this sum is in the range [27, 47|, is reduced to this one by passing to the inverse

matrices. Let Y = ¢§chcJ. We have

({I}cho’awﬂ[) , at+fB+y<m,

Y=Y -nud™™ o at ey =
™2 a+B+y>m.
Therefore (cg)_l = —c§_5 € Y whence I € X, and since —(cg)_l = cg_‘s, we have

-leX & cg_‘SEY s a1-0&0,a+B+y][ & 7—0>a+8+7y
whence X =Gifa++vy+d<mand X ={-I}°ifr<a++~v+J <27
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