PACIIOJIOXKEHUSA TIJIOCKOM
M-CEKCTUKHW OTHOCUTEJLHO IIPAMOMN

C. FO. OPEBKOB

AuumorTamnmasa. MN3y9aroTcs B3aMMHBIE PACIONOXEHUA BEIIECTBEHHOU aarebpamtde-
CKOU WY BEIIECTBEHHOU IICEBIOT0JIOMOP(MHON MIOCKOU MPOEKTUBHON M -CEKCTUKY U TPAMOU
¢ TOYHOCTBIO A0 M30TONMUU. [lOMy9eH MONHBIA CIHUCOK TICEBAOTOJOMODPMHBIX PACIOIOXKECHUN.
[loka3zaHo, 9TO YETHIPE W3 HUX ANTEeOPAWTECKH HEPEATU3yEeMBI. BCe OCTANbHBIE 34 ABYMS
UCKJIIOUEHUAMU PEATU3OBAHBI ANre0pandecKu.

BemecTBeHHOMN anreGpamdeckoil Kpusoil B RP? Mbr GyzeM Ha3bIBATH KOMILIEKCHYIO Al
reGpamdeckyio kpusyio B CP?, HHBAPHAHTHYIO OTHOCATEIBHO KOMILIEKCHOT'O COMPSKEHNA.
Ecmu C Ttakas kpusas, 1epe3 RC 6ygemMm 0603HATATH MHOXKECTBO €€ BEIeCTBEHHBIX TOYEK.
B macTosmen craThe M3ydIaroTCa B3aUMHBIE PACIOIOXKEHUA B RP? muox)ects RCy RCY,
rae Cg — BemecTBeHHas anrebpandeckas M-kpusas cremenn 6 (Torga y Hee 11 oBanos)
u Cy — TpaHCBepcaTbHAsg €U BeIecTBeHHasd mpsaMad. MBI paccMaTpUBaeM TakKue Paciio-
JOXKEHMA ¢ TOYHOCTHIO 10 m3oTomuu B RP?. Mbl mccmegyeM Takxke Ty ke IpoGIeMy 4Jd
BEWECTNBENHBIE NCE8D020A0MOPPHBIT KPpusbir (cM. [9] M TpUBEIEHHBIE TaM CCHLIKM).

B cayugae, korga Cg N C7 cocpeqoTo9eHo Ha OJHOM-€IMHCTBEHHOM oBaae Kpusou RCy,
IUCI0 KOMIOOHEHT cBsa3HocTu pononuenus RCg \ Cy MakcUMAIBLHO, TOSTOMY GyIeM TOBO-
pUTH B 3TOM caydae, aro mapa (Cg, C1) peamusyet makcumaibnoe pacnosoxcenue, a Cg\Cy
sasasgercs agdunnot M -cexemurodt. Tlomunas kraccudukanmsas MaKCUMAIBHBIX PACITIOIOXKe-
HUM yxke m3BecTHa (cMm. [11], [1]): mmeercs poBHO 38 MCEBAOrOIOMOPGHO pPeATU3yeMbIX
PACIIONOXEHNH, M TOIBLKO 35 M3 HUX Pealn3yeMbl aareOpanmdecKn.

E. N. Mlyctun B [12] aHHOHCHPOBAT aare6panvecKyro KIacCuPUKANMo (¢ eJUHCTBEH-
HBIM WCKIIOYEHVeM) B HeMaKcuMaibHOM caydae. OmHako gokasarTenbcTB B [12] mer —
TOJBKO ONMMUCAHUE MCIOAB3YEMOT'0 MeTOna. boiee TOTO, MO KpauHed Mepe IIf IeTHIPeX
PACTIONOXKEHNY TOKA3ATENbCTBA UX HEPEATN3YEMOCTH 3aBEJOMO OBLIN OMUOOTHBI, TAK KaK
DTHU PACIONOXKEHUS PEATU3YEMbI MICEBIOT0JOMOP(HO, B TO BPEMsA KaK MCIOIb30BABIIAAC
B [JOKa3aTeIhCTBAX TEXHUKA HE PA3INIaeT alreOpanvdecKyro peain3yeMoCTh U TICEBJ0T0-
JIOMOPQHYIO.

B macTosmmen craTbe Mbl JaeM MOJHLIU CIUCOK TCEBIOTOIOMOP(HO peann3yeMbIX He-
MaKCUMAJIbHBIX PACITOMOXKEHNA. MBI JOKa3BIBAEM, ITO YETHIPE U3 HUX HEPEATU3yeMbl ajl-
rebpaudecku. Bompoc 06 anre6panteckon peansn3yeMOCTH eIe ABYX OCTAETCA OTKPBITHIM,
a BCE OCTAJbHBIE MBI PEATU3YEM BEIECTBEHHBLIMU ANTe6PANMTIeCKUMEA KPUBLIMA.

[list IOCKUX MPOEKTUBHBIX M-CeKCTUK anrebparmdecKas U MCeBI0r0IOMOpGHAS KIac-
cupukamyy coBmanaioT. EcTh Tpu mzorommueckux tuma: 9 U 1(1), 51U 1(5) u 1 U 1(9)
B o6o3uaveHusx Bupo [13]. Jlo6oe mceBIoromoMopdpHO pearnsyeMoe HEeMaKCHMATLHOE
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pacronoxenne M-CeKCTUKA U IPAMON IPUHALICKAT OJHOU U3 Cepui, M300PaKEeHHBIX Ha
puc. 1, rae 9epes a, b m ¢ 0603HAYMEHBI IUCIA HE BIOXKEHHBIX APYT B APYra OBAJTOB B CO-
OTBETCTBEHHBIX 00MACTAX. OTO JEMKO CAeAyeT u3 Teopembl bBesy, mpumenennon k Cg u
K BCIIOMOTATEIbHOU MPAMOU, TPOXOMAIIEN Yepe3 Te WIW WHBbIE Maphl OBAJIOB (& TakXke K
BCIIOMOTATEIbHON KOHWKe id cepur F). O603HAYMeHUs cepun Ha puc. 1| IPUMEPHO Te XKe,
aro B [4], [12]. Pacnonoxenus wa puc. 1 (nmpu ycioBuu, 9T0 yAazeHre IPIAMON HAeT OJUH
U3 TPEeX BBIMIEYKA3AHHBIX U30TOMUIECKUX TUIOB) OyAeM HA3bIBATH JONYCMUMbLML.
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Puc. 1. [lonmycTuMmble pacmoIOXeHU.

Teopema 1.1. Crexyromue mzoronudeckue Tuilbl peamruzyembl B Buge RCy U RCYy, rae
Cs — BemecTBeHHAS alarebpamieckad cekcTtuka, a Ci — BemecTBeHHAsS mpavad B P?:

Ay(a,b,c), (a,b,¢) = (2,7,0),(8,1,0), (0,5,4), (2,3,4), (4,1,4), (5,0,4),
(0,1,8),(1,0,8),

As(a, b, c), (a,b,c) = (0,5,4), (0, 1,8),

Cs(a, b, c), (a,b,¢) = (1,5,3),(1,6,2),(1,7,1),(1,8,0), (5,1,3), (5,2, 2),

(5,3,1), (5,4,0),
(1,7,1),(8,0,1),(0,4,5), (1,3,5), (4,0,5), (0,0,9),
(1,5,4),(1,6,3),(1,7,2), (1,8,1),(1,9,0), (5,1, 4),
(5,2,3),(5,3,2), (5,4,1), (5,5,0), (9,1,0),

l~?(a,b,c), (a,b,c)
C3%(a,b,c), (a,b,c)

b
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a TakXe BCe JOIyCTHMBIE PACIOJOXKEHUA OCTAJLHBIX CePHH, T. €. CePHH

Avl,§7 6’17E,F,G7A1_27A2_27B_2,01_2,02_27A_47A_6-

Teopema 1.2. Ilycts J — pytvHas conj-aHTUMHBAPUAHTHAA MOYTH KOMILTEKCHAS CTDYK-
rypa za CP?, u nycrs Cg u C1 — ruagkue BemecTBeHHLIE J-roI10MOPQHbIE KPUBLIE CTe-
meru 6 u 1 coorBercTBenno. Ipeanonoxkum, 1uro Cg ectb M-cexcruka (1.e. RCs mmeer 11
osanoB), RCy rpancsepcansua RCg u pacronoxenne (Cg, Cy) He MakcumaabHo, T.e. CgNCY
He JEeXUT B OJHOM-EAUHCTBEHHOM oBaJe Kpubou Cg.

Torga pacnonoxenne RCy orHocurersao RCY 6o kak B Teopeme 1.1, mmbo ogHO 13

A5(1,8,0), As(1,4,4), (1)

C5(1,3,5), Cz(1,4,4), C7%(1,3,6), C372(1,4,5). (2)
Bce »Tu pacmosioxxenus 1mceBgoroaoMopgHO Pean3yeMbl.
Teopewma 1.3. Pacnonoxenus (2) aire6paniecku He PeaTn3yeMbl.

Bompoc 06 anrebpanmveckon peanusyemocTu pacronoxenuut (1) orkpeir. B rTabmr. 1
MPUBEIEHO PACTPEAEICHNE PEeaNu3yeMbIX PACIONOKEHUN IO CEPUAM.

Tabmuma 1.
A B C D E F G A?2B?2C%A*AC seero
[Monmyctumere 29 15 18 15 4 9 6 11 9 36 12 3 167
[Icesgoron. 14 15 13 6 4 9 6 11 9 31 12 3 133
Anrebpama. 127 15 11 6 4 9 6 11 9 29 12 3 1277
3ameuanue 1.4. B [12] cka3aHOo, 9TO BCe pacmoJoXxeHus u3 TeopeMmbl 1.1, a Takxe

23(1, 4,4), s nocrpoenst A. B. Kopuaruuasim, I'. M. TTororosckum n E. U. Mlycruabiv
U 9TO TOCTPOEHUA Takue Xe, Kak B [4], Ho ouu B [12] ue nmpusenennt. fI u B camom mgeme
HAIIEJ TOCTPOEHUA, KakK B [4], mua pacmonoxenun w3 Teopembl 1.1 (cm. §2), HO He s
ﬁg(l, 4,4). fI cOMHEBAIOCH B TOM, 9TO TOCJIEIHEE PACIOTOKEHUE ATTEOPAMIECKA PeaTn3y-
eMo.

3ameuanme 1.5. B [4, Teopema 2] ckazano, 4ro addunnas M-cexcruka As(8,1,1)
(cM. puc. 8 HmKe) aareObpamvecKu peanmdyema, HO ee MOCTDOEHWEe TaM He MPUBEJEHO.
[Tocrpoenue xe (koropoe s y3uan ot I'. M. TTonoToBCKOr0) 0¥€HL TPOCTOE, U OHO JAHO B

§3.3.

B §§2-4 nokaswiBatorca Teopembl 1.1 u 1.2, ucmonb3ys Te ke MeTOAbI, 9TO U B [4—8],
[13]. B §5 mokaswmiBaeTcs Teopema 1.3. O6Imas cxema JOKA3ATEILCTBA MPUMEPHO Ta XKe,
gro B [11]: meronom I'mib6epra — Poona — I'yakosa 3agada cBOANTCS K aarebGpanvecKkon
HepeaTn3yeMOCT! HEKOTOPOU KBAJPUTIOHAILHOU KPUBOU (KOTOPAs IICEBA0T0JOMOPMHO pe-
aTM3yeMa) U 3aTeM Ta KPUBAA 3AMPEIIAeTCA C UCTOIb30BAHNEM KYOUIeCKON PE30JbBEHTHI.
OHAKO HA BTOPOM DTAlle MPUBIEIEHBI HEKOTOPBIE HOBHIE cOOOpaxkenus (cm. §5.1).
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3ameuanwne 1.6. 13 apdunnon M-cekcruku uzorormuaeckoro Tuna Co(1, 3, 6) (cm. puc. 8
B §3), ABUras OPAMYIO, MOXHO TOXYYUTH Bce pacmonoxkenus (2). Takum o6pazom, Teo-
pema 1.3 maeT HOBOE NOKa3aTETLCTBO anrebpawmdeckon HepeaaudyemocTu adpguaapu M-
cekctuku C(1,3,6), B KOTOPOM CyIIECTBEHHO COKPAIIEH DTAI, OCHOBAHHLIM HA METOIe
I'mms6epTa — Poorna — ['yakosa.

Ilnst 1ceB OroMoMOPMHON KIacCuPUKAIMMA MbI MCIIOAL3YyeM moaxon u3 [6—8]. B kawe-
cTBe OOIIEro BBEJEHNs B TEMY MOXKHO MCIIOAB30BaTh cTaThio [7]. s yao6cTBa auTaTens
MBI HAIIOMHUM HEKOTODbIE TEePMUHbI, 0003HATEHNA U OCHOBHBIE unen. Ecm m: E — B —
PACCIOEHUE, NOCAOTHVIM Pacnosoxcenuem TonMuEOKecTBa X C F HA3BIBAETCA KIACC DKBU-
BaseHTHOCTH X OTHOCUTenbHO n3oronun { H;} npocrpancrsa E rakux, aro moHy = hyom
mas mexkoropoi wiorormmu {hy} Gaser B. Tlpm p € RP? w X C RP?\ {p}, nazosem L,-
cxemot ToqMHOXKeCTBa X ero MOCIONHOEe PACIOIOXKEHNEe OTHOCHTENBHO JTAHEWHOUW MPOEK-
mmr RP? \ {p} — RP'. Korga X = RC 111 BemecTBEHHOH AIreGPAXTECKON WIH Bele-
CTBEHHOU IceBHororoMopdHou kpusou C' B 06IIeM MOMOXKEHUM, MBI KOAUPyeM L,-CXeMy
cmoBoM m3 OYKB Cp, Dk, Xk, COOTBETCTBYIOIIMX TOCTEIOBATETHHBIM HEOOIIUM CIOSM.
Hwxuun vHgeke k yKasbBaeT Ha BBICOTY TOYKWM C BEPTUKAIBLHOU KacaTerbHOU (mma Cy
WIM Dy) WIA ABOUHOM TOUKHU (A Xj) AHAJIOTUIHO HUXKHEMY WHIEKCY Y 00Da3yOImx
rpynnst koc. [loxcaoBo C Dy cokpamaerca 10 o (oBan). Hampumep, Bepxuas L, cxema
Ha puc. 3(a) KoaupyeTca cloBoM [D205C2D102C1]. Ly-cxema ompejenseT Kocy (Wim ce-
MeHUCTBO KOC). Lpy-CXeMa ICeBAOroIoMOpGHO PearnmsyeMa TOTAa U TOIBKO TOTAA, KOTIA
Koca (X0Ts ObI O[fHA KOCA W3 CEMENCTBA) K6A3UNOAOHCUMEALHA, T. €. ABIIETCI TPOU3BEIe-
HUEM KOC, CONPXKEHHBIX CTAHJAPTHBIM 00DPA3yIONMM I'PYINLL KOC (¢M. monpoGHee B [6,

7).

2. IIOCTPOEHUE AJITCEBPANYECKUX KPUBBIX

B sroM pasgene gokassiBaeTca Teopema 1.1. Caygam A~* m A% oueBmamsl, u HImKe
MBI IPABOJAUM HOCTPOEHUS IS OCTATHHBIX CEPUU PACIIOJIOXKEHUM.

2.1. Cepun Kl, Kg, E, AI_Q. CymecTByoT pacmogoxenus KBUHTUKKA C's OTHOCUTETHHO
npsamon C, u3obpaxkenusie Ha puc. 2(caesa); cM. [3] nma a = 1 u [2; §7.6] qna a = 5.
Boamymas Cs5 U Cy pasHbIME cIOCOOAMHU, MOLYIaeM 113(0, 5,4), 113(0, 1,8) u Bce BOCEMbB
JNOIMYyCTAMBIX PACIOIOXKEHUN CepUn Ay, By, By w A7? (cm. puc. 2).

b
Al /e T T T
NS \ \ b
a+b=6, a=1,5 S5 [ 7= {

Puc. 2. Tocrpoenme A3(0,5,4), A3(0,1,8), A1(a,b), Ex(a,b).

2.2. Cepun F, G, A;z, B2, ®uxcupyem M-cexctuxky Cg ¥ TOUKY p B OJHOM W3 €€
BHEIITHUX MYCTHIX OBAJIOB. Buibupas pasabiMu cnocobaMu mpamyio C', TPOXOIANIYIO Tepe3
P, MOYXKHO TOIY<HTh BCE JOMYCTEMBIE PACIIOTOKeHnA cepuit F u Ay 2,
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[To nemme 4.1(a), BHyTpenHue oBaabl Kpubon Cg PACIOTIOXKEHBI BBITYKILIM 0OpPa3oM
(ecau BBIOPATH MO TOYKE HA KaXJOM OBaje, OHW OyAyT J€XATh B BEPIIMHAX BBITYKJIOTO
MHOTOYTOIbHUKA B HeKoTOpou adduunon kapre). [losToMy, mpoBoas BceMu Crocobamm
npamyio C, TPOXOIAMIYIO Tepe3 (PUKCUPOBAHHYI0 TOYKY, BRIOPAHHYIO B OTHOM U3 BHY-
TPEHHIX OBAJOB, MBI MOIYINM BCE JOIMYCTUMbIE PACIIONOXKeHnd cepuit G u B2,

2.3. Cepum A,, B, Cy?. Cormacuo [13, §4.2], cymectByior MEOrOWIeHB Fy(,y),
k = 1,2, ¢ maoroyroasaukom Heiorona [(0,0), (0,3), (6,0)], koropbie 3anaior adduaHbIE
KPUBbIe, PACIIONOXKEHHBIE OTHOCUTEIHHO Iy IKa BEPTUKAIBLHBIX MPAMbIX, KaK Ha DHUC. 3(a).
K 5TuUM KpUBBIM M UX CHMMETPUIHBEIM 00pa3aM IPUMEHAM IPOLIELyPY, H300PaAKEeHHYIO
ua puc. 3(b). A umenHo, BEIGEpeM IBA CABUTA OJHOU W TOU K€ JOCTATOTHO Y3KOU Mapa-
6oBI w TpIMernM TIpeobpasosanme (7, ) — (x, y+Ar?), Tae A BHIGpaHo Tak, 9TO6L Tapa-
6OJIBI OpeBPaTUINCH B MIPAMBIC. HpOGKTHBHBIe 3aMBIKaQHUSA IMOJNYYICHHBIX KPUBBIX MMECIOT
TOYKY MPOCTOr0 KACAHWA TPEX IMIANKAX BETBed. Bo3Mmymas 3Ty 0COGeHHOCTH (OmATh
M. [13, §4.2]), momyuaem pacmosoxenus M-CeKCTUKA OTHOCATEILHO MydKa MPAMBIX, KAK
Ha puc. 3(c) (Hampumep, camoe JeBoe PACIIOIOXKEHNEe HA PUC. 3(C) OTBEYALT CIYYA), W30~
OpaXeHHOMY Ha PUC. 3(b)) BI)I6I/IpaF[ pPa3IUYHBbIE IPAMBIE W3 DTOrO IMy9Ka, MOTYIaeM BCe
PACIIONOXKEHUST CEPU Az, B C’ , IepevdncaeHabie B Teopeme 1.1.

U 7
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Puc. 3. Tlocrpoerme Ay, B, C52; (o, B) € {(0,4), (4,0)}.

2.4. Cepuu C, (a 0,c), C7 2. TlocTpoerme IPUMEpHO TAaKoe XKe, Kak B §2.3, qaeT Tpe-
Oyembie pacrnonoxenus (Ha puc. 3(b) Hago BHIGPATH OAHY Y3KYyIO MapaboIy, TPOXOIAILY IO
gepe3 OJUH M3 OBAJIOB).

2.5. Cepun C n C3?. Kpunas (y? — r2)(y? — 222)(y? — 322) + 2°2 = 0 B 0HOPOTHEIX

KoopamHATaX (% : ¥ : 2) PACHONOXKEHA OTHOCUTENLHO KOOPAUHATHBIX OCEH, KaK TOKA3aHO
ma puc. 4. Ona umeer ocobennocts Fg B (0 : 0 : 1) u TOUKY KacaHWs TPeX JOKATbLHBIX
BerBer B (0 : 1 : 0). Buibepem npsmyio L u Touky p, Kak Ha puc. 4. Torma, Bozmy-
mas 0cobeHHoCTH (CM [13, §4]) m Bpamas L Bokpyr p (cM. puc. 4), MBI mOTy9IaeM BCe
PACTIOIOX EHLST Cy C , TepeduncaeHHse B Teopeme 1.1.

2.6. Pacnoaoxenns IN)(a,b,c) npu b # 0.
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Puc. 4. Tocrpoerne Cy, C32; (ar, B) € {(1,5),(5,1)}.

[Tocrpoenue 5(1,7, 1) m 13(1,3, 5) mpuBegeHO Ha pUC. 5. A MMEHHO, CHaYaIa MeTO-
nom T-xpuseix Bupo (patchwork) B cooTBeTCTBUE ¢ JEBBIM PUCYHKOM CTPOUTCA 0COGAs
KBUHTUKA, PACIOJOXKEHHAs OTHOCUTENBHO KOOPAWHAHTBIX OCEH, KaK TOKA3aHO Ha CPej-
HEM PUCYHKe. 3HAKW BEPIIVH TPUAHTYIAIAYA TPENCTABICHBI IBETAMY (IePHBIM U (EIHIM )
1 TPeAnoIaraeTcs, ITO MOJUdAPAILHOE pa3OueHre MIPOU3BOILHEIM 006pa3oM MOAPa3OouTo
[0 TPUMUTUBHON TPUAHTYIANMNA. BO3MyIIeHme 0CO60M TOIKMA gaeT TpebyeMble PacIiomo-
x)erns. [[okasaTerbCTBO CyIIECTBOBAHUSA TaKUX BO3MYIIeHUU cM. B [4] wiu B [13, §4.4].

(e

9

N

Puc. 5. Iocrpoenme D(1,7,1), D(1,3,5); (o, B) € {(1,5),(5,1)}.

[TocTpoenne 5(0,4, 5) mokazaHo Ha puc. 6. Mbl HauMHAEM € KACIMIATBHOU KyOUKW
Cs m Tpex npsambix Ha puc. 6(a). Bosmyrum Ly B npamyio L, nepecekatomyio C3 B Tpex
BEIIECTBEHHBIX TOYKAX, U paccMOTpuM KOHWKY (s, 3aTaHHYIO KakK Lg +elqL, |g| < 1.
[Moxy«mm pacnonoxenue zHa puc. 6(b). Bosmymenuem kacna u3 Hero moayIaercs puc. 6(c).
3arem BbiGepeM KoopamHATHI (T : ¥ : 2z), KaK Ha puc. 6(c), ¥ IPUMEHUM 2unepoosu3m
(em. [13,84.5)) h: (z:y:2) = (£:9:2) = (zy : 2% : yz). Torga C3 u Cy mpeoGpasytoTcs
B KBUHTUKY ¥ TPAMYIO COOTBETCTBEHHO, PACIOJOXKEHHBIE OTHOCUTETHhHO ocu § = (), Kak
ma, puc. 6(d). Bosmymenne ocobenrocTeit, xkax ma puc. 6(e), gaer D(0,4,5).

Inst yno6eTBa auTaTelns Ha pUc. 7 IOKa3aHO, KaK MUnep6oau3M, npeobpasyommi puc. 6(c)
B puc. 6(d), pasmaraerca B Tpu pazgyTus u Tpu craruBanus. Ha puc. 7(a) mzoGpaxeno
pacmooxenne ¢ puc. 6(c), 2o RP? mpeicTaBIeHo B BIIe JUCKA C OTOX ICTBICHHEIME IPO-
TUBOMOJOXHLIMIA TPAHAIHBIMA TOYKAME, IPAYEM TPAHUIA IUCKA MPEJCTABIACT MPAMYIO
L. Puc. 7(b) nonyden pazgyTuem TOYKM ¢ 1 ee GECKOHEYHO OMM3KON TOYKY Ha L ¢ mocieny-
IOIIIM CTATUBAHUEM COOCTBEHHOrO Mpoobpasa npaMon L. PesyrbTupyomas mOBepXHOCTD
eCTb MMOBEPXHOCTH XMPIebpyxa BTOPOro MOPAAKa. He MHOXECTBO BEeIEeCTBEHHBIX TOYCK
~ TOpP, W300PAXKEHHLIM B BUJE MPAMOYTOJLHAKA C OTOXECTBICHHBIMEA CTODOHAMHE, IPU-
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(@ (b)
Puc. 6. Tocrpoenme D(0,4,5).

9eM T'OPU30HTAIBHBIE CTOPOHBI COOTBETCTBYIOT (—2)-KPUBOW, & BEPTUKAIBHBIE — CJOIO.
Ha puc. 7(c) uzobpaxeno To xe, 9To u Ha puc. 7(b), HO TOBEPXHOCTH pa3pe3aHa BIOIb
apyroro ciosa. Hakorer, puc. 7(d) momnyden pazgyTueM TOYKY p ¢ TOCAESTYIONM CTATUBA-
HUEM [BYX KPUBBLIX, IPEJICTABICHHLIX CTOPOHAME TIPAMOYTOIBHAKA (3TO Mpeobpa3oBaHme
06paTHO TOMY, KOTOpoe u3 puc. 7(a) nemaer puc. 7(b)).

q
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( (b) (c) (d)

Puc. 7. Tunep6omusm, npeobpasyioumi puc. 6(c) B puc. 6(d).

3. IIOCTPOEHHUE MCEBIOTOJOMOP®HBIX KPUBBIX

B sTom pasgene Mbl 1OKa3bIBAEM yTBEPXKIEHUE TEOPEMBI 1.2 0 peanrm3yeMOCTH IIeCTH
pacnonoxenuut (1) u (2).

3.1. ITocTpoenue pacnonoxenun (2). Addunnas M-cexcruka Co(1,3,6) (cm. puc. 8)
ICeB [OTOIOMOPMHO peanu3oBaHa B [6, §7.2]. Bpamenue mpsMon BOKPYT TOYKM, OTMEYEH-
HOU Ha pHUC. 8, TaeT BCe UeThIpe pacmonokenus m3 (2). B camom gene, mpm moBopoTe Mo
TaCOBOU CTPEJIKe DTA MpAMAas He MOXKET BCTDETUThH BHYTDEHHHUE OBAJbI, moKa ¢ > 0 (5To
creflyeT m3 TeopeMbl Besy 11 BCIOMOraTeqbHBIX MPIMbIX).

3.2. ITocTpoenue pacnonoxenuu (1). B [6; §7.2] nokazano, aro kocst by, k = 1,2, co-

k
orBeTcTByOmuEe L,)-CXeMaM [><3><4><4><3><2330§e{(3 )><203C3] (B o60o3HaveHUAX U3 [6; §3.5)),
1 2
rue eé ) = 0§C3D403 n eé ) = 04C334OZ, KBAa3UNOJOXKNTEIbHBI (BaMeTI/IM TakxXxe, 970 by =
by m aTO dTH L)-CXeMBI 3a8ai0T pacnonokenus Bo(1,8,1) u Ba(5,4, 1) coorBeTcTBEHHO,

U3 KOTOPBIX MEpBOe anrebpamdecku peaausyemo [5], a Bropoe — Het [1]). Pacmonoxenus
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Gy L

AZ(a,b,C) CZ(G’,b,C)

Puc. 8. Addpunnbie M-cekcrukn cepuun Ay u Cs.
~ ~ k
As(1,8,0) m A3(5, 4,0) npegcraBumser L,,-cxeMaMn [><3><4><4><3><234C4330§eg )><2C3], k=
1,2. Jlerko mpoBepuWTH, YTO COOTBETCTBYIOMIME MM KOCHI b), COIPSXKEHBI KocaM by, a
wmenno, by = o 'bpos. CremoBaTenbHO, KOCH b}, TOXE KBA3MIIONOKUTETBHBI, U3 ero
BEITEKAET PEAIN3yeMOCTh COOTBETCTBYIOMINAX PACIOMOXKECHIA.

3.3. Bosee reomerpuyunoe nocrpoenue pacunonoxenun (1). Ha puc. 9 (I'. M. Ilo-
JTOTOBCKUM, YaCTHOE COOOIIEHNe; CM. 3aMedanue 1.5) mokazana anrebpamveckas pearnsa-
must Ay (8,1,1) (cm. puc. 8).

Puc. 9. Anre6pamueckoe mocrpoerne Ay(8,1,1).

HeGonpmasn MOupUKanua 5TOr0 NOCTPOCHUA JACT TMCEBAOTOTOMOPDHYIO PeaTu3almio
pacnonoxenns Az(1,8,0), cm. puc. 10(a). IToxoxum 06paszoM CTPOUTCA BEIIECTBEHHAS
ICeBI0r0I0MOpQHAS KyOUKa, PACIOMOXKEHHAS OTHOCUTEILHO KOHUKYA U IABYX IPAMBIX, KAK
ua puc. 10(b), rae Ky6uka 1 KOHUKA KACAIOTCA OJHOU U3 TPAMBIX B OJHOU U TOU ¥Ke TOUKE.

[Ipu BO3MYyIIEHUT >TOU KOH(MUTYPAIUA TOLYIACTCA U 113(1, 8,0), u 113(1, 4,4).

@

Puc. 10. TlcesmoromomopdHas peanrn3amnus 113(1, 8,0) u 23(1, 4,4).

OrMmerum, 9To pacmonoxenue Ha puc. 10(b) anre6Gpamvecku Hepeamusyemo, Tak Kak
anrrebpamviecKnuM BO3MYIIEHUEM W3 HETr'O MOJyYWIach ObI KBUHTHKA, PACIOJIOXKEHHAs OT-
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HOCUTEIBHO NBYX MPAMBIX, Kak Ha puc. 10(c), aTo HeBo3MOXHO cormacHo [8, §4.1]. On-
HAKO BOIIPOC 06 anre6pamtdecKon peanm3yeMOoCTH pacrnonoxenui (1) m pacmonoxkeHus Ha
puc. 10(a) oTKpBHIT.

OTMeTuM Tak¥ke, 9TO PU MOMOIIY BHIMUACICHUN, KaK B 84 miu B mmare 2 B §5.2, MOXHO
MOKa3aTh, ITO J060€ HOTAIBLHOE BHIPOXKIEHUE pacnonoxenun (1) MoxeT GBITEH MOXYIEHO
BO3MYyIIeHHEM pacnonoxenus Ha puc. 10(b). DTo maer Hamzexay mTOKa3aTh aarebpamde-
CKyI0 Hepeaaum3dyeMocTh (1) ¢ momormmpbio Kakoro-Hubyahr BapuaHTa MeTona luanbepra —
Poona — I'yakona.

4. 3ANPETHI IICEBIOTOJIOMOP®HBLIX KPUBBLIX

B »ToM pasgene Mbl IOKa3bIBAEM yTBEDPXKIEHWE TeOpeMbl 1.2 0 Hepealn3yeMOCTH He
NepevYncJeHHbIX B Her pacrnonoxenunn. Creayromun hpakT XOPOIIO W3BECTEH, U OH JETKO
crenyeT u3 TeopeMbl besy, IPUMEHEHHOU K BCIOMOTaTEIbHOU KOHUKE.

Jlemma 4.1. M-cekcTuka He MOXET UMETH OBAJOB, PACHOJIOXEHHBIX OTHOCHUTEIBHO HE-
KOTODBIX IPAMBIX, Kak Ha puc. 11 (a), (b) mmm (c).

(b) (©) * >

Puc. 11. HeBozmoxubie TOAMHOXECTBA M-CEeKCTUKMA.

4.1. Cepusa As. [Iycrs (Cg,C1) — mnceBporomoMopdHas peanru3anus PACIION0KEHs
Zz(a,b,c). [Tycts v osam kpusou Cg, mepecekaromuin C7; B ABYyX TOYKAxX, W MyCTh P
— Touka mHa C7 BHyTpm v. Bce gomycTmMmbie pacHmoIOXeHUs Zz(a, b,c) ipu ¢ > 0 u
ab = 0 peamm3oBaHbI B §2, modTOMY MBI OyaeM mpexmomararb, 9To ¢ = 0 wim ab # 0.
Do ycrosue B coderanun ¢ demmon 4.1(b) Bredger, uro L,-cxema kpuson Cg MMeeT BU[
[23022205C205C3]. CremoBarensHo, Mo GOpMyTe KOMILIEKCHBIX OPUEHTAIAN, a 9eTHO I
b HedeTHO. JTO HAGMIOJEHWE 3ATIPEIIACT BCE PACCMATPUBAEMBIE DACTIONOXKEHUA KPOMe
As(a,9 — a,0) mpu a = 0,4, 6.

Cornacuo [6, 7], L£,-cxema [D20%D5C503~ “Cp] mCeBION0IOMOPGHO Peamm3yema TOTIa 1
TOJBKO TOT[A, KOT/Ja CYIIECTBYeT e € 7, TaKoe, ITO KOCa

_ _—a—-1_—-1_—-1 _—-1 _14e _1—e _a—9 —1
Bale) =03 0, 0, 05 0, 0y %05 "oy To3A

kBaszunonoxuTenbHa. [lo HepaBercTBy Mypacyru — TpucTpama HEOO6XOIUMBIM YCIOBAEM
KBAa3UIIOIOKUTENILHOCTH ABIACTCA Obpamenne B Hy1b onpegeantens det 5, (e). C momomsio
mporpaMmer ssmW (cM. mpuiaoxenue B [7]) maxogmm, uro +det fG,(e) = 16(a — 2)(a —
8) (mo KAKOW-TO 3arafovHON NPUYMHE DPe3yIbTAT He 3aBUCAT OT e). CleroBaTelbHO,

pacmonoxenne As(a,9 — a,0) pearusyemo ToabKo mipu a € {2, 8}.
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4.2. Cepusa A;. Ham HATO 3apeTHTS 113(2, 3,4) 1 9eThIpe PACTIONOKEHUS 113(0,, 9—a,0),
a=0,2,3,4. Hycts (Cg, C1) — 1mceB10roaoMopdHa peaTn3aus Kg(a,, b,c). IycTs v oBaT
kpusou Cg, nepecekaomuun C'y B 9eThIpEX TOYKAX, W MyCTh P — TOYKA HA TOM OTPE3Ke
npsamon C'| ¢ KOHIIAMU Ha, U, KOTOPLIU PACIIONOXKEH CHAPYXU OT ¥ U HE UMEET BHYTPEHHUX
Touek nepecedenus ¢ Cg.

Torma L,-cxema kpusoit Cg umeeT Buf [D103D10{C105C1]. Anpuopu L,-cxema, pea-
M3y IOITIAs Z(a, b, c), MoryIa GbI UMETb BXOXKIEHWS 01 WIM 03 MEXIY OBAJAMU W3 T'DYIIIHI
0% mmm 03, 7o »T0 HeBozmoxkHO 1o mevme 4.1(b). Tlo Teopeme Besy mmsa BemomoraTemsHON
OPSAMOU HEBO3MOXKHO TAK¥XKe, 9TO KAKOe-TO MOCIOBO CIOBA 0f 3aMeHEHO HA C10s . ..03D9
wim Ha C203...091, XOTA TAKad 3aMEHA U COXPAHACT U30TOIMMICCKAN THIL.

Taxkum o6pasowm, Kg(a,, 9 —a,0) ICeBIOrOIOMOP(MOHO PEATU3yeMO TOTIa U TOJIBKO TOT/A,
KOT[Ia CYIIECTBYET e € Z TakKoe, 9TO KOCa

1 1 _—1_14e _1—e _a—9

-1 _—-1_ _—a_—1_-— —1
Bale) =07 ‘05 0105 Y0y “o5 0y 03" ‘o ‘o5 o] 02 A
KBasunonoxureabHa. [lo HepasencTBy Mypacyru — Tpucrpama HEOGXOIUMBIM yCIOBAEM
KBa3UIOJIOKATEILHOCTY ABIAETCA oOpaleHne B Hyab onpegeautens det f,(e). Kak u B

64.1, ucmomb3ysa TPOrpaMMy SsmW, HAXOAWM, ITO
+ det B, (e) = 4(36 — 36a + 4a® — 9e + 2ae — 2¢2).

Jlerko mpoBepuTH, ITO HTOT MHOT'OWIEH OT € He UMeeT Ieabix Kopuen npu a = 0,2, 3, 4.
Awnanoruano As(2,3,4) nceBmoromoMopgHO peann3yemMo TOTAa U TOJHKO TOr[a, KO/
npu HekKoTOpoM e = (ey,...,e5) € Z° koca

5
— — — — — — e; —e€ej — —
v(e) = oy toy toyoy “oy oyt ( H oy togl o] J)alagag Yo7 toaA
J=1

KBA3WIOIOXKUTEIbHA. BBIYUCIEHNE C TIOMOLIBIO IPOrpaMMbl sSmW mokasbiaeT, 1To | det y(e)]
eCTh MHOTOWIEH CTETeHN 2, KOTOPHIA TOMOXKHATemeH Ha RO (kBagpaTudHas (hopMa MOT0-
KUTEILHO ONPEJeJIeHA U 3HAYCHNE B MUHUMYME IIOJOXKUATEILHO).

4.3. Cepun C; um C5 2, Ham TpebyeTcs I0KA3aTh ICEBIONOIOMODGMHYIO HepeaInsye-
MOCTH PaCIOJOXEHUT

C5(1,2,6), C3%(1,2,7), Ca(1,1,7), C3%(1,1,8), Ca(1,0,8), C32(1,0,9), (3)
C5(5,0,4), C52(5,0,5), (4)

C5(9,0,0), C52(9,0,1). (5)

)

3aMeTHM, TT0 ecIm 0fHO w3 pacioroxerni (3) (coors. (4), (5)) peamsyemo, To Ca(1,2,6
(cooTs. 62(5,0,4), 62(9,0,0)) MOMY9IAIOTCA U3 HEero IepeMemeHrneM IpaMon. LlosTomy
NOCTATOTHO 3AIIPETUTH TOJLKO 6’2(1, 2,6), Cs (5,0,4) u 52(9, 0,0).

s »roro mMel mpuMmenuM moaxon us [7, §3.3]. Ilycrs (Cg, C1) — ncesporomomopdHas
peantm3ana PacIOIOKeHAT éz(a,b,c). BriGepem ToUky p Ha npamor C; BHYTPH TOTO
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oBaIa KOTOpbI mepecekaeT (7 B OByX Toukax. Torga L,-cxeMa Halllel KPUBOU HMeeT
BUL (D20, ...0,,Cal,rne a =#{j |i; =3}, b=#{j | i, =2} nuc= #{j | i; = 4}. Tlo
nmemme 4.1(b) Bce a 0BamOB «03» CIEAYIOT APYT 33 APYTOM, T.€. i = - = lj4o—1 = 3 JIA
HEKOTOpOro j. Bomee Toro, mo ¢popMyse KOMILIEKCHBIX OPUEHTAIIMA j IeTHO (U3 9ero yxKe
BEITeKAeT, 9T0 C (9,0,0) mepeamusyemo). B cmry cuMMeTpUE MOXHO TaKKe CIATATH, ITO
j =2 nna 52(5,0,4), 1 9TO j = 2 Wik 4 [ud 6’2(1,2,6).

MTak, HAM HAaZO PACCMOTPETH TONBKO OAWH CIydail [D2040303Cs] mma Cy(5,0,4) m
2 % (Z) = 56 cryJaeB Ay 6’2(1, 2,6). B Kax/0M 13 DTUX CIyIaeB MBI BBIYUCIAEM MHOTO-
wIeH AJekcaHgepa cOOTBETCTBYIOMEH KOCH U MPUXOAUM K IIPOTUBOPETINIO ¢ 0600IMIeHHON
reopemon Pokca — Munropa (cMm. mogpo6uocTu B [7, §3.3]).

4.4. Cepusa D. Tlycts (Ce, C1) — mceBnorosoMopdHas peaan3amnus PacIoI0XKeHNs 5(a, b,c).
[Tycts v — osan kpusou Cg, nepecekarommi C'; B 9eThIPEX TOYKAaX. BhIGEpeM TOYKY p

Ha TOM oTpeske KpuBon RC|, KOTODPBIX pPACIOIOXKEH CHAPYXH OT U, KOHILI KOTOPOIO
JeXaT HAa U M KOTOPHIM He mMmeeT npyrmx obmumx touek ¢ Cg. Torga L,-cxema Kpu-
Bon Cg mmeer BUA [D10;, ...0;,C1], Tae @ = #{j | i; = 1}, b = #{j | i, = 3} n

c = #{j | i; = 2}. Tlo nremme 4.1(a), mOCTEZOBATEIBHOCTD (%1 ...19) HE MOXET COXEp-
®athb 1...3...1 wm 3...1...3. Tlo memme 4.1(c), oHA Takke HE MOXET COAEPKATH
joo.2. k... 2mum 2...5...2...k upu j,k # 2. CregoBaTelbHO, ¢ TOIHOCTBIO 0 CHM-
mMeTpun, L,-cXeMa — OJHA W3:

(i) [310‘;1031050‘;2032 C1], vge ay + az = a, by + by = b u byay = 0;

(i) [D105' 00505 C1], Toe c1 + co = c.
I[To o606mennon Teopeme Pokca — Munuopa [7, §3.3], onpenemmrens det S coorBeTcTBYIO-
eR KOCHL (€ TOYHOCTBIO 0 3HAKA) MOMXKEH OBITH KBAaAPATOM LEJIOr0 Uucaa. [Ipu moMorn
mporpaMmer ssmW (cM. mpunoxenue K [7]) HaxonuMm, aro +det 5 = 4¢(1 + a + 5b — 4ab) B
caygae (i) u £ det 8 = 4c(1+ a + 5b — 4ab) — 16(a + b)cice B cayqae (ii). Hosromy |det S|
MOXeT OBITH KBAPATOM JUIIE s PACIOJIOXKEHWN, TIEPEINCIeHHbIX B Teopeme 1.1.

5. 3AIIPETHI AJITEBPAUYECKUX KPUBBIX

B stom pasmene mokasbiBaercsa Teopema 1.3. Kak m B §4.3, gocTaTovHO HOKA3aTh al-
rebpanvIecKyo HepeaaIn3yeMOCTh PACITOM0XKEHU 6’2(1, 4,4), Tak KaK OHO MOXET OBITH O~
IydeHo u3 mo60ro u3 (2) nepemernerueM npsamon. OcraBmiascs 9acThb Pa3/iena HOCBSIIICHA
JOKa3aTeIhCTBY aIre0panvecKor HEPEAIU3yeMOCTH PACIIONOXKEHU 52(1, 4,4).

5.1. Urgekc caMo3ameILieHusA YeTLIPEX3HAYHOU (PYHKIUH. B 5TOM TyHKTE MBI
yrounuM HaOmonenwe u3 [11, memma 3.7] u [8, §4.1] 0 KyOUIECKOU DE3OILBEHTE Belle-
CTBEHHOT'O MHOT'OWICHA CTeeH: 4 OT y ¢ KOd(PPUIMEHTAME, 3aBUCAIIAMHA OT T.

dakruaecku B aemme 3.7 u3 [11] peus uger TOALKO 06 04HOM KOXDODUIUEHTE MHOTO-
w1eHa oT y. IlosToMmy 31ech MBI OyaeM OOCYXIATh HE BCIO KYOMTIECKYIO PE30TbBEHTY, a
TOJBKO 3TOT KO3(PPUITIEHT.

Jlemma 5.1. Ilyctb y1,Y2,¥Y3, Y4 —— KOPHE MHOTOUICHA C KOMILIEKCHBIMU KOX(D(DUIITCH-
TaMA P(y) = y4 + a2y2 + a1y + ag. Torga ay = 0 ecam u TOJIBKO eCaa Y1, Y2, Y3, Y4 JIEXKAT
B BEPINIUHAX MAPAJLIETOTPAMMA (BO3MOXHO, BBIDOXKIEHHOO), T.€. Y1 + Yz = ys +ys = 0
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C TOYHOCTBHIO O MEPECTAHOBKU TUCET YY1, Y2,Y3,Y4. ITO YCIOBHE TAKXKE SKBUBAJEHTHO
ToMy, 4T0 () ABAgETCA KOPHEM KyOM9eCKOU Pe30JbBeHTHI MHOro4IeHa P.

Jokazameabcmeo. TockombKy KoadduumenT npu y> paBeH HyT0, IMeeT MECTO PABEHCTBO

Ys = —Yy1 — Y2 — y3. IloAcTaBiasas >To BuIpaXkeHWe B a1 = —(Y1y2y3 + ... ), MOIyIaeM
a1 = (y1 +y2)(y1 +y3)(y2 + y3). O
Jlemma 5.2. Ilycts ¥y1,Y2,Y3,Y4 — KODHH MHOT'OYICHA C BEI[ECTBEHHBIMHU KOX(DPUIH-

eHTaMu y4 + a2y2 + a1y + ag. Torga 3mak Kos(pummeHTa (1 3aBUCAT OT B3aUMHOTO
PACIIONOXEHUA KOPHEH TakK, KaK IIOKAa3aHo Ha puc. 12. A mMmeHHO,

a). Ecmm yq,...,Yy4 BemmecTBEeHHBI X Y1 < Yo < Y3 < Y4, TO
signa; = sign ((y2 + y3) — (y1 + va))-
b). Eciu yy u Y2 BEIECTBEHHBI U Y3 = Y4, TO
signa; = sign ((y3 + y4) — (y1 + y2)) = sign ((2Reys) — (y1 + y2)).
c¢). Ecir y1 = Yo, y3 = Ya, Imy; > 0 mImys > 0, To

signaq = sign (Re(y3 —y1) - Im(ys — yl))

a1 > 0: oo . o

a1 < 0: —o—o—o . o

Puc. 12. 3aBucumocTh Sign a1 OT KOPHEH.

Jokazameavcmso. B [8, memma 4.2] 1aHO [OKA3ATEIHCTBO yTBEPKAEHUA (a), OCHOBAHHOE
HA HEKOTOPLIX 2IeMEHTAPHBIX BLIYMCIeHHAX. CaMo co60M, 9TO TAKUME XK€ BHIIUCICHAAME
MOXHO J0Ka3aTh Takxke (b) u (¢), 0gHAKO MBI IpUBELEM APYroe MOKA3aTeabCTBO CPA3y
BCeX yTBepxkgeHnn (a)—(c), HIKAKUX BBIYMACICHAN He Tpelyomee.

[To memme 5.1 B kaxgoMm u3 cay4aes (a), (b), (¢) mpaBas JacTh paBeHCTBa 0OpaIAETCI
B HyJIb TOTJA W TOALKO TOrAa, Korga a; = 0. PaccMoTpuM ciaydai, KOrga IpaBble Fa-
ctu monoxkuTeabusl. O6o3uauuM depes A (coors. B, C') MHOXECTBO MHOTOWICHOB, 1A
KOTODBIX TIpaBasd 4acTh paBeHCTBa (a) (coors. (b), (¢)) momoxwrensua. Jlerko Bumuers,
ITO DTU MHOXKECTBa CBA3HBI, a nepecedenuss A N B uw B N C wenyctor. B camom gerne,
mMHOTOWIeH ¢ KopHamu (—2,0,1, 1) mexut B AN B, a MmEOrowIeH ¢ Kopuamu (—1, —1,1 4 1)
aexut B BN C. IlockoabKy aq He obpamaercs B Hyab Ha AU BUC, ero 3HaK MOCTOSHEH
HA DTOM MHOXECTBE. JHAYAT JOCTATOYHO 3HATL 3HAK (1 AIA MPOU3BOILHOTO DIEMEHTA
vuox)ecTBa A, manpumep, aia (z — 1)%z(z +2) = 2* — 322 +22. O
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Caepcrsue 5.3. B yciroBuax semmsl 5.2(a), ecan y1 < ys < y3 = yq, TO a1 > 0, u ecan
y1=1y2 < ys <y4, TOoa; <0. O

Onpepgenenune 5.4. (cp. [11, ompenenenue 3.6].) Ilycrs y = f(r) — BemmecTBeHHAS anre-
Opanteckas deThIpex3HaIHAsA QYHKINA, He UMEoIas IOII0COB Ha OTPe3Ke [Ty, Ta]. IIpen-
IOJIOXKUM, ITO

(1) B KaXJI0U U3 TOYEK T1 U To JBE AHAIUTUICCKAE BETBU (QYHKIMA f UMEIOT IIPOCTOE
BETBICHME, & IBE IPYTHe BETBYU HEBBHIPOXK ICHDI;
(2) smaveHws f pa3IWYIHBI U HEBEIIECTBEHHBI IPU BCEX & € |T1, Ta.
si e .
Mycrs zg = (71 + 72)/2. Obosmawmm wepes f5% u 3%, j = 1,2, sersu pynxmmm f na
[, 20], MEAMBIE FACTH KOTOPBHIX [ONOXKUTEIbHBI, IpUIeM f. © UMeeT BeTBICHUE B I;,

j
a f;® we mueer. Tomoxmm V = R x C = {(z,y)|Imz = 0}. OGosmaumm wepes S,

ob6BbenuHeHre rpaduKoB fi o

28w fi°8, j = 1,2, m TeTHIpEX OTPE3KOB

[(2},0), (zj, fi(z;)],  [(2;,0), (z;, f778(z)],  §=1,2,

roe r) < 11 < 2 < x5, Iyers S = Sy Ur(Sy), rge r — BpaleHue IPOCTPAHCTBA
V ma 180° Boxpyr ocu y = 0. Crabgum ST opuenTanmenl, WHIYIXPOBAHHON TIPOEKIIEN
Ha OTPE30K [2, 5], m mpogomkum sTy opmenTammio Ha Beé S. Torma S — o6begunenne
IBYX HEIePeCeKAMMUXCA OPUEHTUPOBAHHBIX 3aMKHY THIX KPUBLIX. VX MHIEKC 3allerIeHus
HA30BEM UHOEKCOM camozauentenus Gynryuu [ na ompeske 11, Ta).

Jlemma 5.5. (cp. [11, memma 3.7]). Ilycrs f(x) — dYeTbIpex3HavIHAA AIreOpamIecKasd
(dyHKINA, HeABHO 3agaHHAA ypaBHeHHeM Y+ + as(x)y? + a1(z)y + ag(x) = 0, rge ag, a1, az
— MHOT'OJIEHBI ¢ BEIIeCTBeHHBIME KoduuuenTamu. [Ipemonoxum, ITo [x1, Ta] ys0BIE-
rBOpser ycrouaMm (1)—(2) onpegerenus 5.4. O6o3naaum depes k MHIEKC caMO3aLeILICHUA
¢yakumn [ ma orpeske [x1,x3]. Ipesnomoxum, aro k # 0. Iycrs ) < 11 < 2 < zh m
ai(r}) #0, j = 1,2. Torga a; nmeer me menee |2k + (e1 — €2)/2| BemecTsenHBIX KOpHEH

Ha oTpeske [T7, Ty|, TAe €; = signay (7).

Moxazameavcmeo. MbI paccCMOTPUM TOIBKO CIy€ai, Korga k > 0 u o6pa3 MHOXKecTBa ST
npu npoexmmm 7w : R x C — R?, (2,y) — (x,Imy), mmeer posHO k camomepece-TeHuH.
Ilpyrue cIydan Jerko CBOAATCA K DTOMY.

[To memme 5.2(c) B »TOM cirydae UMeeTcs k KOPHEW MHOTOWICHA a1 () B Z-KOODIUHATAX
TOUEK camomnepecedeHus MHOXecTBa m(ST) m eme k — 1 KOpHEN MeXIy KaXIBIMA ABYMS
nocaeJOBaTEeIbHBIMU CaMOIIEPpECeICHUAMMN.

O6o3uasum gepes x| (COOTB. xh)) r-KOOpAMHATY EPBOTO (COOTB. MOCTETHET0) CAMOIIe-
pecevennsa. Torga mpum 0 < § < 1 mmeem a1 () —0) < 0maq(xy+0) > 0 (em. remmy 5.2(c)
u puc. 13). CregosarensHo, ecTb He MeHee (1 4 £1)/2 KOpHeN MHOrOWIEHA a1 HA OTPE3Ke
[, 2] — 0] n ve menee (1 —e2)/2 Kopuen Ha [z + J, 4], crenoBaTensHO, HE MeHee, YeM

k"—(k—1)+(1+€1)/2+(1—82)/2:2k+(81 —62)/2

KOpHen Ha oTpeske [z}, z5]. [
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Puc. 13. aq(zY}) < 0 upm k > 0.

5.2. Aare6Gpandeckas HepeaarudyeMocTs pacnoyoxenusa Cy(1,4,4). JokasareabcTBO
MOXOXeE Ha, MTOKA3ATETHCTBA AJreOpantIecKOn HEPeaATn3yeMOCTH MAKCUMAIBHBIX PACIIONO-
wennnt (adduansrx M-cexcruk) A4(1,5,4) u Ca(1,3,6) B [10,11].

IlTa2 1. Pacnoaosxcenus nceédo20somopPuble KPUSHIE 0OMHOCUMEALHO 6CNOMO2AMEAb-
no20 nyuxa npamvir. Ipegnonoxmm, aro Cg — ncesnoronomopduas M-cexcruka n Cy
— mpsaMas, uMeronre B3auMuoe pacnonoxernne Cy(1,4,4). Boibepem p, kak B §4.3. Bri-
YUCAAA, TOXKe Kak B §4.3, MHOTOUWIEHB AJeKcaHgepa oA BCEX AIMPUOPUA BO3MOXKHBIX IO-
cregoBaTenbHOCTeRN (i1,...,09) (mx 140), MBI yOeXAAEMCA, ITO TOJBKO ABE CIEAYIOIIAE
L,-cxeMbI He IpoTHBOpedaT obobmenHON Teopeme Pokca — MurHOpAa:

[DQO%OgOiOQCQ] (6)

(2202030305 Cs] (7)

[Ipm sTom L,-cxema (6) oTBedaeT mceBAOroroMOpGHON KPUBOHM, MOCTPOEHHOW B §3.1, n
MHE HEM3BECTHO, peanudyeMa Ju 1ceBnorosomMopduo (7).

Iaz 2. Cywecmesenuvie wodasbubie sviposncdenus Ly-cxem (6) u (7). Bynem rooputs,
ITO HOJANbHOE BHIPOXKIeHUE L,-CXEMBI CYWECMEEHHO, eCIN OHO MEHAET COOTBETCTBYIO-
Y0 KOCY, T.€. He ABIACTCA BHIPOXKIEHWEM BHAa D;C; — X; WIM CTATUBAHUEM ITYCTOTO
OBATa B yEIWHEHHYIO ABOVHYIO TOYKY. OTO 3HAYUT, 9TO CUMBOJI X; T/IE-TO BCTABIACTCA B
KOIUPYIOIIEE CIOBO.

[Ipennonoxum, aTo Cf — mCeBIOroI0MOpdHAL KpuBasd, L,-CXeMa KOTOPOU MOLY IeHA 13
(6) wmm (7) B pe3yabTaTe CyMECTBEHHOTO HOJATLHOTO BRIDOXKAeHUsA. Torga B cury Hepa-
sencTBa Mypacyru-Tpucupama MHOTOMIEH ATEKCAHIEPa COOTBETCTBYIOMEN KOCHI JOIKEH
TOXIECTBEHHO 00PAIIATHCA B Hy b, FINHCTBEHHbBIE CYIIECTBEHHBIE HOMATBHBIE BHIPOXK Ie-
HUA, YIOBJAETBOPSIONINE JAHHOMY yCIOBUIO, DTO

3 4 3 3 3 5
[3202030402C2] — [32020304C4X53402C2] n [32020304C2X132C2]

mas (6). B wgactHOCTH, (7) HE TOIMyCKaeT HU OJHOTO CYMIECTBEHHOT'O HOJAILHOTO BBIPO-
K ICHUA.
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OTMeTnM, 9TO BO BCEX CIyYadx KpoMe UeThIpex (IO ABa CIydas LI Kaxgou u3 L-
cxeM (6) n (7)) HET HEOOXOAMMOCTY BBIYUC/IATH MHOTOWIEH AJEKCaHIepa, Tak Kak yxke
JTEeTEPMUHAHT KOCHI HE DaBeH HYJIO.

Illae 3. Ilpumenenue memoda uavoepma — Poona — I'ydxosa. Tlpegnonoxum reneps,
aro Cg m 'y — BemecTBeHHBIE aareOpam<decKkue KpuBble. Boibepem ypasuenume fg = 0
kpuBoit Cg Tax, 9T0 fg < 0 B HEOPHEHTUPYEMOU KOMIOHEHTe MHOXKecTBa RP? \ RCs.

PaccmoTpuM HempeprBEYIo gedopmarmio Cg B myuke fg + tgs = 0 g1a obmero Ky-
6udeckoro MHorodunena gs. Torga (cm. mogpo6uocTu B [10]) Cg momxHA BHIPOAWTHCS B
HOJAJIBHYIO KPUBYIO. BBIOUpPaA APYyron My9I0K TAKOT'O XKe BUa, HO C OOIINM MHOTOWICHOM
g3, OOPAITAIOIIIMCA B HYJIh B 00pa30BABIIEMCA HOJE, MOIYIAM CJAEIYIOIIee BBIPOXK JCHUE
CEKCTUKH, yXKe ¢ AByMA HomaMu. [IpoomKkas 5TOT MPOIece, Mbl IpuaeM K cekctuke Cf ¢
10 vogamu. B cuny nokasanuoro Ha mare 2, pacnonoxkenue C§ u C; — ogHO m3 n306pa-
x)eHHbIx Ha puc. 14. Tlo popmyne pona kpusas Cf panmoHaILHA.

A

Puc. 14

PaccmoTpuM Temneph SKBUCHHTYIAPHYIO gedopmanuio kKpusoun C§ Takyio, 9TO HeNo-
IBIKHEI BCE HOJBI KPOME TeX ABYX, KOTOPBIE IIPUMBIKAIOT K ABYYTOILHUKY, 3AIITPHXO-
BaHHOMY Ha puc. 14. Hecmoxmo mpoBepuTh, 9TO 5TO OJHOIAPAMETPUICCKOE CEMEHUCTBO,
rnankoe B Cf. [[BUrasch B 5TOM CEMEUCTBE B HATIPABIEHUM, B KOTOPOM 3aIllITPUXOBAHHBIN
JABYYTOITbHUK CTArUBaeTCs, Mbl BeipoguMm C§ B kpusyio C§ ¢ ocobou Toukon ¢ tuna As
(ToUka KacaHWsA OBYX DIAJKWX BETBEW) BMECTO 3AIITPUXOBAHHOIO ABYYTONbHUKA. Bpa-
masa C BOKPYT p — OJHOU W3 ABYX CPENHUX TOYEK MepecedeHus, moiayduM npamyto C7,
OPOXOIAIIYIO Yepe3 ¢, TaKyio, 9TO deThIpe mpaBble ToUKE nepecedenus Kpubix C7 u Cf
TO-TIPEXHEMY PaCIONOXeHbI, KaK Ha puc. 14.

Illae 4. Csedenue x wemvipexanaunoti gyrwxyuu. Ob6osHaxmMm depes T KacaTeabHYIO
npsamyio K Cf B Touke q. Touro Tak xe, kak u B [11; miemmer 3.11 u 3.13(b)], nokaszsiBaercs,
aro Cf pacnonoxena ornocurensao T u C7, kax Ha puc. 15 ¢ TOTHOCTHIO 10 U3OTOTUM
(IpAMOYTOMBHBIN PPATMEHT MOXET OBITH 3aMEHEH, KAK MOKA3AHO HA PUCYHKE).

Paszgyem mBaxkabl TOUKY ¢ M 3aTeM CTAHEM COOCTBEHHBIN mpoobpas mpamou 1. O6o-
3HAYUM MCKIIOYATEIbHbIE KPUBbIE DTUX pa3ayTui depes Fy u Ey (Fy — pazgyTue TOYKA
nepecedenus Kpuson Fp ¢ cobcTBeHHbIM mpoo6Gpaszom kpuson Cf ).

Mui moy4um kpusyto Cy Guctenenu (4,8) Ha moBepxHocTH Xuptebpyxa Fo (KBagpa-
TUYHBIL KOHYC ¢ pa3ayTon Bepimuaon). O603HAYAM COOCTBEHHBIE IPOOOPa3bl Ha Fo KpH-
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Boix C), E1 u Fy depes Fy, E u Fy coorserctenno. Torma Fy u Fy — cmom, a F —

MCKIIOUNTENbHOE CevdeHne paccaoenund m : Fo — P, B cTamzapTHOW cucTeMme KOODIWHAT
wa Fo xpusas Cy 3agaerca ypasaeauem y* + az(1)y> + az(2)y? + a1(x)y + ao(z), Tae am
— MHOT'OWIEH OT & 1

deg an, () < 2(4 —m), m=0,1,2,3. (8)

CramgapTHOM 3aMEHOU MOXHO YOUTH KOd(DHUIueHT agz(r).

3 Toro, uro C§ U CY Takoe, kak ua puc. 14, cregyer, uro Cy pacmoiokeHa OTHOCH-
tenbro Fy, Fy mw E, xak wa puc. 16, rae RFs npencraBiena B Buie MPAMOYTOTHLHUKA C
OTOXI€CTBIEHHBIMU TPOTUBOIOIOKHBIME cTopoHamu (RF; — sTo Top). CiaegoBarenbho,
PacIooXeHue (4 OTHOCHUTEIBLHO CIOEB OPOEKIIU!M T UMeeT BUI [w1C102C3><3w2C3><§],
rae ws — BTO AU60 [X1Ds], M60 [X2D1], a Bce anmpuoOpyw BO3MOXKHBIC 3HATEHUA I W1
IpUBeIeHBI B TadauIe 2.

a2z 5. Ilpumenenue Kyouueckot pe3osb68eHMbl UAlU MOJCUEM UUCAL KODHET MHO2O0-
uaena ay(x). [I1a Kaxg0ro 3HAYEHUS w1 BHIYUCIUM WHIEKC CaMo3arerienus k (CM. ompe-
nenenue 5.4), kak 510 caenano B [11, remma 3.13(a)]. PesyasraTsr npusegesst B Tabrume 2.
B cronbue d nausr HMKHUE oueHKU deg a(x), BRITEKAOMMe U3 JeMMBL 5.5 1 cieacTsus 5.3.
Kak BuaHO M3 TabIuIbl, BO BCEX CAydYasiX MMEET MEeCTO MPOTUBOpPeUHne C yCaoBueM (8).

Tabauma 2.
no. wy k d no. w1y k d
1 X3X3D921 —4 10 5 X1X3D92D1 -3 10
2 X3X2D3D1 —4 10 6 X1X2D3D1 -3 10
3 X3X9D1D1 -3 10 7 X1X2D1D1 -2 8
4 X3X1D9D1 -3 10 8 X1X1D2D1 —2 8

Pas6epem 6Gosee moapo6uO BuIBOA omeHku degai(z) > 8 B caydae, OTBEYAIONEM IIO-
cregaen crpoke Tabaunbl 2. OcTalbHBIE CIydad aHAJIOTMYHBLI. BbIibepeM TOYK:T x’l, T,
Lo, Th, T3, T4 Ha RP', xak nmokasamo Ha puc. 17.1 (mpm wy = X1Dg) wau Ha puc. 17.2
(mpm we = X32D1). B obomx crywasx mer mmeem a1(z)) < 0, ai(zh) > 0, ai(z3) < 0
u ai(xg) > 0 B cuny cregcrsua 5.3. CrenoBaTenbHO, a; UMEET HE MeHee OTHOTO KOPHS
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Punc. 17.1 Puc. 17.2

HA KaXJOM W3 WHTEDPBAIOB (145, %3], [3,%4], [24,2]], a Takxke, mo aemme 5.5, He MeHee

|2

10.

11.

12.

13.

-(=2)4+ (—1—1)/2| = 5 xopuen Ha [z}, r5]. Takum obpasom, degay > 1+1+1+5=38.
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