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Let f : P! — P! be a rational map with finite postcritical set Py¢. Thurston
showed that f induces a holomorphic map o : Teich(P!, Py) — Teich(P*, Py) of
the Teichmiiller space to itself. The map oy fixes the basepoint corresponding
to the identity map id : (P!, Pf) — (P!, P;). We give examples of such maps f
showing that the following cases may occur:

1. the basepoint is an attracting fixed point, the image of o5 is open and dense
in Teich(P', Py) and oy : Teich(P', Py) — o (Teich(P', Py)) is a covering
map,

2. the basepoint is a superattracting fixed point, the image of o is Teich(]P’l7 Py)
and o : Teich(P!, P;) — Teich(P', Py) is a ramified Galois covering map,
or

3. the map oy is constant.

Introduction

In this article, ¥ is an oriented 2-sphere. All maps ¥ — X are assumed to
be orientation-preserving. The map f : ¥ — X is a branched covering of
degree d > 2. A particular case of interest is when X can be equipped with
an invariant complex structure for f. In that case, f : 3 — X is conjugate
to a rational map F : P! — P!

According to the Riemann-Hurwitz formula, the map f has 2d — 2 critical
points, counting multiplicities. We denote €2 the set of critical points and
Vi = f(§y) the set of critical values of f. The postcritical set of f is the
set

Pf = U fon(Qf).

n>0

The map f is postcritically finite if Py is finite. Following the literature,
we refer to such maps simply as Thurston maps.

Two Thurston maps f : ¥ — ¥ and g : ¥ — X are equivalent if there
are homeomorphisms hgy : (X,Pf) — (5,P,) and hy : (3, Pf) — (%, P,)
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for which hg o f = go hy and hq is isotopic to h; through homeomor-
phisms agreeing on Py. In particular, we have the following commutative
diagram:

(S, Py) —“> (5, F,)

1| |

(5, Py) —2> (5, P,).

In [DH], Douady and Hubbard, following Thurston, give a complete charac-
terization of equivalence classes of rational maps among those of Thurston
maps. The characterization takes the following form.

A branched covering f : (3, P;) — (X, Py) induces a holomorphic self-
map
o : Teich(3, Py) — Teich(Z, Py)

of Teichmiiller space (see Section 1 for the definition). Since it is obtained
by lifting complex structures under f, we will refer to oy as the pullback
map induced by f. The map f is equivalent to a rational map if and only if
the pullback map o has a fixed point. By a generalization of the Schwarz
lemma, o does not increase Teichmiiller distances. For most maps f,
the pullback map o is a contraction, and so a fixed point, if it exists, is
unique.

In this note, we give examples showing that the contracting behavior of oy
near this fixed point can be rather varied.

Theorem 1 There exist Thurston maps f for which o is contracting, has
a fized point T and:

1. the derivative of oy is invertible at T, the image of oy is open and
dense in Teich(P', Py) and oy : Teich(P', Py) — oy (Teich(P', Py))
1S @ covering map,

2. the derivative of oy is not invertible at T, the image of oy is equal
to Teich(P!, Py) and oy : Teich(P!, Py) — Teich(P!, Py) is a ramified
Galois covering map,

or
3. the map oy is constant.

In Section 1, we establish notation, define Teichmiiller space and the pull-
back map oy precisely, and develop some preliminary results used in our

LA ramified covering is Galois if the group of deck transformations acts transitively
on the fibers.
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subsequent analysis. In Sections 2, 3, and 4.1, respectively, we give concrete
examples which together provide the proof of Theorem 1. We supplement
these examples with some partial general results. In Section 2, we state
a fairly general sufficient condition on f under which o; evenly covers it
image. This condition, which can sometimes be checked in practice, is
excerpted from [K1] and [K2]. Our example illustrating (2) is highly sym-
metric and atypical, we are not aware of any reasonable generalization.
In Section 4.2, we state three conditions on f equivalent to the condition
that oy is constant. Unfortunately, each is extremely difficult to verify in
concrete examples.

Acknowledgements. We would like to thank Curt McMullen who pro-
vided the example showing (3).

1 Preliminaries

Recall that a Riemann surface is a connected oriented topological surface
together with a complex structure: a maximal atlas of charts ¢ : U — C
with holomorphic overlap maps. For a given oriented, compact topological
surface X, we denote the set of all complex structures on X by C(X).
It is easily verified that an orientation-preserving branch covering map
f+ X — Y induces a map f* : C(Y) — C(X); in particular, for any
orientation-preserving homeomorphism ¢ : X — X, there is an induced
map ¢* : C(X) — C(X).

Let A C X be finite. The Teichmiiller space of (X, A) is
Teich(X, A) :=C(X)/~a

where ¢; ~4 cg if and only if ¢; = 1*(cg) for some orientation-preserving
homeomorphism 1 : X — X which is isotopic to the identity relative to A.
In view of the homotopy-lifting property, if

e B CY is finite and contains the critical value set Vy of f, and
e AC f7Y(B),

then f* : C(Y) — C(X) descends to a well-defined map o; between the
corresponding Teichmiiller spaces:
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This map is known as the pullback map induced by f.

In addition if f : X — Y and g : Y — Z are orientation-preserving branch
covering maps and if A C X, BCY and C C Z are such that

e B contains Vy and C contains V,
e AC f~Y(B) and B C g~ }(C),
then C contains the critical values of gof and A C (gof)~*(C). Thus

0gof : Teich(Z,C') — Teich(X, A)

can be decomposed as og4op = 0y 0 0yt

Teich(Z, C) —— 22— Teich(Y, B) ——— > Teich(X, A).

\_’_’/

Tgof

For the special case of Teich(P!, A), we may use the Uniformization Theo-
rem to obtain the following description. Given a finite set A C P! we may
regard Teich(IP!, A) as the quotient of the space of all orientation-preserving
homeomorphisms ¢ : P! — P! by the equivalence relation ~ whereby
1 ~ ¢ if there exists a Mdbius transformation p such that po¢; = ¢ on
A, and p o ¢ is isotopic to ¢o relative to A. Note that there is a natural
basepoint ® given by the class of the identity map on P'. It is well-known
that Teich(P!, A) has a natural topology and complex manifold structure
(see [H]).

The moduli space is the space of all injections v : A — P! modulo postcom-
position with Md&bius transformations. The moduli space will be denoted
as Mod(PP*, A). If ¢ represents an element of Teich(PP!, A), the restriction
[#] — ¢|a induces a universal covering 7 : Teich(P!, A) — Mod(P!, A)
which is a local biholomorphism with respect to the complex structures on
Teich(P!, A) and Mod(P!, A).

Let f: P! — P! be a Thurston map with |P¢| > 3. For any © C Pj with
|©| = 3, there is an obvious identification of Mod(P!, Pf) with an open
subset of (P1)P7=©. Assume 7 € Teich(P*, Pf) and let ¢ : PL — P! be a
homeomorphism representing 7 with ¢|e¢ = id|g. By the Uniformization
Theorem, there exist

e a unique homeomorphism ¢ : P! — P! representing 7' := o¢(7) with
1/}|@ = 1d|@ and

e a unique rational map F : P! — P!,
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such that the following diagram commutes:
»
(P!, Py) ————— (P',%(Py))
fJ/ J{F
(P, Py) (P', o(Pr)).

Conversely, if we have such a commutative diagram with F holomorphic,
then

op(r) =1

where 7 € Teich(P!, Pr) and 7' € Teich(P!, P;) are the equivalence classes
of ¢ and 7 respectively. In particular, if f : P* — P! is rational, then
oy : Teich(P', Py) — Teich(P!, Py) fixes the basepoint ®.

2 Proof of (1)

In this section, we prove that there are Thurston maps f : ¥ — ¥ such
that oy

e is contracting,
e has a fixed point 7 € Teich(X, Py) and
e is a covering map over its image which is open and dense in Teich(X, Py).

In fact, we show that this is the case when ¥ = P! and f : P! — Pl is a
polynomial whose critical points are all periodic. The following is adapted
from [K2].

Proposition 1 If f : Pt — P! is a polynomial of degree d > 2 whose critical
points are all periodic, then

e oy (Teich(P', Py)) is open and dense in Teich(P*, Py) and
e oy : Teich(P', Py) — oy (Teich(P, Py)) is a covering map.
In particular, the derivative Doy is invertible at the fized point ®.

This section is devoted to the proof of this proposition.

Let n = | Py|—3. We will identify Mod(P', P;) with an open subset of P" as
follows. First enumerate the finite postcritical points as pog, ..., ppt1. Any
point of Mod(P!, Py) has a representative ¢ : Py — P! such that

P(o0) =00 and  ¥(po) = 0.
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Two such representatives are equal up to multiplication by a nonzero com-
plex number. We identify the point in Mod(P', Py) with the point

[€1:... i 2pg1] €P" where z:=vY(p1) €C,...,Tnt1 := P(pnt1) € C.

In this way, the moduli space Mod(P', Py) is identified with P" — A, where
A is the forbidden locus:

A={[z1:...:xp] €P"; (3i, 2, =0) or (3i # j, x; = x;)}.
The universal cover 7 : Teich(P!, Py) — Mod(P!, Py) is then identified with
a universal cover 7 : Teich(P', Py) — P — A.

Generalizing a result of Bartholdi and Nekrashevych [BN], the thesis [K1]
showed that when f : P! — P! is a unicritical polynomial there is an
analytic endomorphism g¢ : P* — P" for which the following diagram
commutes:

Teich(P!, Py) — > Teich(P!, Py)

| ) E

P : P

We show that the same result holds when f : P! — P! is a polynomial
whose critical points are all periodic.

Proposition 2 Let f : P! — P! be a polynomial of degree d > 2 whose critical
points are all periodic. Set n:= |Ps| —3. Then,

1. there is an analytic endomorphism gy : P* — P™ for which the fol-
lowing diagram commutes:

agf

Teich(P*, Py) Teich(P!, Py)

| ) E

pP" pP"

2. oy takes its values in Teich(P', Py) — =1 (L) with L := g]l(A),
3. gr(A) C A and

4. the critical point locus and the critical value locus of gy are contained
n A.

Proof of Proposition 1 assuming Proposition 2: Note that £ is a codimen-
sion 1 analytic subset of P, whence 7~1(£) is a codimension 1 analytic
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subset of Teich(P!, Py). Thus, the complementary open sets are dense and
connected. Since gy : P* — L — P — A is a covering map, the compos-
tion

gy om: Teich(P, Py) — 7 (L) — P" — A

is a covering map. Moreover,
m(®) =ggomoos(®) =gsom(®).

By universality of the covering map  : Teich(P!, Pf) — P — A, there is a
unique map o : Teich(P!, Py) — Teich(P!, P;) — 7~1(£) such that

e 0(®) =® and

e the following diagram commutes:

Teich (P!, Py) = Teich(P!, Py) — (L)
P" — A.

Furthermore, o : Teich(P!, Pf) — Teich(P!, Pf) — n~1(L) is a covering
map. Finally, by uniqueness we have oy = 0. 0

Proof of Proposition 2:
(1) We first show the existence of the endomorphism gy : P* — P". We
start with the definition of gy.

The restriction of f to Py is a permutation which fixes co. Denote by
w:[0,n+ 1] — [0,n + 1] the permutation defined by:

Puky = f (k)
and denote by v the inverse of pu.

For k € [0,n + 1], let m;, be the multiplicity of pj as a critical point of f
(if px is not a critical point of f, then my, := 0).

Set ap := 0 and let Q € Clay, ..., ant1, 2] be the homogeneous polynomial
of degree d defined by

z n+1
Q(ala"'va'n-l-lvz) ::/ ( H(wak)mk> dw.
a© \ k=0

Given a € C"! let F, € C[z] be the monic polynomial defined by

Fa(z) :=Q(ay,...,ans1,2)-
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Note that F, is the unique monic polynomial of degree d which vanishes
at a,(p) and whose critical points are exactly those points a; for which
my, > 0, counted with multiplicity my.

Let Gy : C"*1 — C"*! be the homogeneous map of degree d defined
by
aj Fa(au(l)) Q(ala ey Apg1, al/(l))
Gy : = : = :

Ant1 Fa(ay(ny1)) Qa1, -, Gny1, Ay(ntr))

We claim that G;l(O) = {0} and thus, Gy : C"*! — C"*! induces an
endomorphism gy : P* — P". Indeed, let us consider a point a € C"*1.
By definition of Gy, if G¢(a) = 0, then the monic polynomial F, vanishes
at ag,ai,...,a,4+1. The critical points of Fy are those points aj for which
my > 0. They are all mapped to 0 and thus, F, has only one critical
value in C. All the preimages of this critical value must coincide and since
ag = 0, they all coincide at 0. Thus, for all k € [0,n + 1], ar, = 0.

Let us now prove that for all 7 € Teich(P!, Py), we have
(1) = gsomoas(r).
Let 7 be a point in Teich(P!, Py) and set 7/ := o4(7).

We will show that there is a representative ¢ of 7 and a representative v
of 7/ such that ¢(00) = 1¥(00) = 00, ¢(po) = ¥ (pe) = 0 and

Gf (’(/}(pl)a R ¢(pn+1)) = ((b(pl)’ RRE! ¢<pn+l>)- (2-1)
It then follows that

gf(W(pl) Pl ¢(pn+1)]) =[p(p1) : -+t ¢(Pnt1)]

which concludes the proof since

(7)) = [(p1) : - 2 (pug1)] and  7w(7) = [B(p1) & ... 1 G(Pg1)]-

To show the existence of ¢ and 1, we may proceed as follows. Let ¢ be
any representative of 7 such that ¢(co) = oo and ¢(pg) = 0. Then, there
is a representative ¥ : P — P! of 7/ and a rational map F : P! — P! such
that the following diagram commutes:

Pl Lﬂpl

e

Pl —— Pl
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We may normalize ¥ so that ¥(oc0) = oo and ¥(pg) = 0. Then, F is a
polynomial of degree d. Multiplying ¥ by a nonzero complex number, we
may assume that F' is a monic polynomial.

We now check that these homeomorphisms ¢ and v satisfy the required
Property (2.1). For k € [0,n + 1], set

r = P(pr) and  yg = P(pr).
We must show that

Gf(xla---a$7z+1) = (W1, Unt1)-

Note that for k € [0,n + 1], we have the following commutative dia-
gram:

Puh) —2 > T
fl IF
[

Ph ———> Yk

Consequently, F'(z,(x)) = yx. In particular F(z,)) = 0. In addition, the
critical points of F' are exactly those points xj for which mj > 0, counted
with multiplicity my. As a consequence, F' = Fy and

I Fx(xu(l)) F(xu(l)) Y1
ar| |- z - ]

Tn+1 Fx(xu(n-‘rl)) F(xu(n-&-l)) Yn+1

(2) To see that o takes its values in Teich(P!, P;) — 7—1(L), we may
proceed by contradiction. Assume

7 € Teich(P', P;) and 7' :=0(1) € 7 1(L).
Then, since m = gy om0 0y, we obtain
(1) = grom(r') € A.

But if 7 € Teich(P', Py), then m(7) cannot be in A, and we have a contra-
diction.

(3) To see that gf(A) C A, assume
a: = (al, ey an+1) € Cn+1
and set ag := 0. Set

(bo, bl, ceey bn+1) = (O,Fa(a,,(l)), ey Fa(ay(n+1))).
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Then,
Gy(ar,...,any1) = (b1, ., byy1).
Note that
ai=a; = bue) = bug)-
In addition [a; : ... : any1] belongs to A precisely when there are integers

i # j in [0,n + 1] such that a; = a;. As a consequence,
[al:...:an+1]€A — [bli...:anrl]EA.

This proves that gr(A) C A.

(4) To see that the critical point locus of gy is contained in A, we must show
that Jac Gy : C"*' — C does not vanish outside A. Since g(A) C A, we
then automatically obtain that the critical value locus of g; is contained in
A.

Note that Jac Gy(ai,...,an+1) is a homogeneous polynomial of degree
(n+1)-(d — 1) in the variables ai,...,ap+1. Consider the polynomial
J € Clay,...,an4+1] defined by

J(ay, ... ,an41) := H (ai —a;)™ ™ with ag = 0.
0<i<j<n+1
Lemma 1 The Jacobian Jac Gy is divisible by J.

Proof: Set ap := 0 and Gy := 0. For j € [1,n + 1], let G; be the j-th
coordinate of G¢(ai,...,ant1), ie.

For 0 < i < j <n+ 1, note that setting w = a; + t(aj — a;), we have

aj n+1
GM(j) - Gu(i) = d/ H(w — ak)m’“dw
i k=0

a

k=0

1 n+1
= d/ H(ai + t(aj — ai) — ak)mk . (aj — ai)dt
0

mit+m;+1 | r

= (a; — a;) irj

with
1
H; ;= d/ it —1)™ H (a; — ax +t(a; —a;)) " "dt.
0

ke[0,n+41]
k#i,j
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In particular, G ;) — G is divisible by (a; — a;)™ ™1,
For k € [0,n + 1], let Ly be the row defined as:

 [0G, 0G

Ly =|—— ... .
k Bal 8an+1

Note that Lg is the zero row, and for k € [1,n + 1], Ly, is the k-th row of
the Jacobian matrix of Gy. According to the previous computations, the
entries of L,(jy—L,(;) are the partial derivatives of (a;—a;)™ ™1 H; ;. Tt
follows that L,y — L, is divisible by (a;—a;)"™ ™. Indeed, L,y — Ly
is either the difference of two rows of the Jacobian matrix of G, or such
a row up to sign, when p(i) = 0 or u(j) = 0. As a consequence, Jac Gy is
divisible by J. O

Since > m,; = d — 1, an easy computation shows that the degree of J is
(n+1)-(d—1). Since J and Jac Gy are homogeneous polynomials of the
same degree and since J divides Jac G, they are equal up to multiplication
by a nonzero complex number. This shows that Jac Gy vanishes exactly
when J vanishes, i.e. on a subset of A.

This completes the proof of Proposition 2. O

3 Proof of (2)

In this section we present an example of a Thurston map f such that
the pullback map o : Teich(P!, Py) — Teich(P', Py) is a ramified Galois
covering and has a fixed critical point.

Let f : P! — P! be the rational map defined by:

322

1@ =57

Note that f has critical points at Qf = {0,1,w,w}, where
w:=-1/2+iv3/2 and @:=—1/2—iV3/2
are cube roots of unity. Notice that

f(0)=0, f(1) =1, f(w) =& and f(©) = w.
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So, Py = {0,1,w,w} and f is a Thurston map. We illustrate the critical
dynamics of f with the following ramification portrait:

27N

0:_)2 132 w\/u‘u

2

Figure 3.1. The Julia set of the rational map f : z + 32%/(22% 4 1). The basin of
0 is white. The basin of 1 is light grey. The basin of {w,®@} is dark grey.

Since | Py| = 4, the Teichmiiller space Teich(P!, Py) has complex dimension
1.

Set © := {1l,w,0} C Ps. We identify the moduli space Mod(P', P;) with
P! — ©. More precisely, if ¢ : Py — P! represents a point in Mod (P!, Py)
with ¢|e = id|e, we identify the class of ¢ in Mod(P*, P;) with the point
#(0) in P! — ©. The universal covering 7 : Teich(P*, Py) — Mod(P!, P;) is
identified with a universal covering 7 : Teich(P!, P;y) — P! — © and 7(®)
is identified with 0.

Assume 7 € Teich(P!, Pf) and let ¢ : P* — P! be a homeomorphism
representing 7 with ¢|e = id|e. There exists a unique homeomorphism
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1 : P! — P! representing 7’ := os(7) and a unique cubic rational map
F : P! — P! such that

e Ylo = id|e and

e the following diagram commutes

Pl LPI

i

PlLPl.

We set
y:=¢(0)=m(r) and z:=¢(0)=n(r).

The rational map F' has the following properties:

(P1) 1, w and @ are critical points of F, F(1) =1, F(w) =&, F(®) = w
and

(P2) z € P! — © is a critical point of F and y = F(z) € P! — © is the
corresponding critical value.

For o = [a : b] € PL, let F, be the rational map defined by

az® 4+ 3b2% + 2a

F, = —_——
(2) 2023 +3az +b

Note that f = Fyp.

We first show that F' = F, for some a € P'. For this purpose, we may
write F' = P/Q with P and @ polynomials of degree < 3. Note that if
F = 13/@ is another rational map of degree 3 satisfying Property (P1),
then F — F and (F— ﬁ)' vanish at 1, w and w. Since
p_portQ-Qp
QQ

and since P@ — Qﬁ has degree < 6, we see that P@ — Qﬁ is equal to
(23 — 1)% up to multiplication by a complex number.

A computation shows that Fy and Fi, satisfy Property (P1). We may write
FQ = PO/QO and Foo = oo/Qoo with

Py(2) =32%, Qo(2) =228 +1, Py(2)=2*+2 and Qu(2) =3z
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The previous observation shows that PQg — QPy and PQ. — QP, are
both scalar multiples of (23 — 1)2, and thus, we can find complex numbers
a and b such that

a'(PQoo*QPoo)er'(PQO*QPO):0

whence
P (aQoo +bQo) = Q - (aPo + bF).
This implies that

F:E— G,Poo+bP0

=—>* "~ —F, with a=][a:b] P
Q aQoo+bQ0 [ ]

We now study how a € P! depends on 7 € Teich(P', Pf). The critical
points of F,, are 1, w, @ and a?. We therefore have

ale®+2) 2?42

2 2
= d — FO( = = .
r=a ad vy (@)= 5@ 1T ~marl

In particular,
_ Ty
S 2zy—2°

Consider now the holomorphic maps X : P! — P! Y : P! — P! and
A : Teich(P', Py) — P! defined by

’+2)
X(a) = a?, Y(a):= 22 +2)
() =a? V()= G
and
z? —
A(r) = T with y=n(r) and z=moos(r).

Observe that
Xt ({l,w,@}) = Y_l({l,w,@}) =0 ={l,w,0,-1,—w,—w}.
Thus, we have the following commutative diagram,

gf

Teich(P!, Py)
X
iy Pl — e T
/ \
Pl -0 P! — 0.

Teich(P!, Py)
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In this paragraph, we show that o has local degree two at the fixed base-
point. Since f = Fy, we have A(®) = 0. In addition, 7(®) = moos(®) = 0.
Since Y (o) = 2a+0O(a?), the germ Y : (P1,0) — (P!, 0) is locally invertible
at 0. Since 7 : Teich(P!, Pf) — Mod(P', Pf) is a universal covering, the
germ T : (Teich(IP’l,Pf), ®) — (Teich(]P’l,Pf),GB) is also locally invertible
at 0. Since X(a) = o?, the germ X : (P1,0) — (P!,0) has degree 2 at 0.
It follows that oy has degree 2 at ® as required.

Finally, we prove that o is a surjective Galois orbifold covering. First,
note that the critical value set of Y is © whence Y : P! —©' — P! — O is
a covering map. Since m = Y o A and since m : Teich(P!, P;) — P! — ©
is a universal covering map, we see that A : Teich(P', P;) — P! — @' is a
covering map (hence a universal covering map).

Second, note that X : P! — ©' — P! — © is a ramified Galois covering of
degree 2, ramified above 0 and co with local degree 2. Let M be the orbifold
whose underlying surface is P! — © and whose weight function takes the
value 1 everywhere except at 0 and co where it takes the value 2. Then,
X : P! —©" — M is a covering of orbifolds and X o A : Teich(P', Py) — M
is a universal covering of orbifolds.

Third, let T be the orbifold whose underlying surface is Teich(P', Py) and
whose weight function takes the value 1 everywhere except at points in
71({0,00}) where it takes the value 2. Then 7 : T — M is a covering of
orbifolds. We have the following commutative diagram:

af

Teich(P*, Py) T

s
XoA \L

M.

It follows that oy : Teich(P', Py) — T is a covering of orbifolds (thus a uni-
versal covering). Equivalently, the map o : Teich(P*, Pf) — Teich(P', Py)
is a ramified Galois covering, ramified above points in 7=*({0,00}) with
local degree 2.

Figure 3.2 illustrates the behavior of the map oy.

4  Proof of (3)

4.1 Examples

Here, we give examples of Thurston maps f such that
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Figure 3.2. For f(z) = 32%/(22% + 1), the pullback map o fixes 0 = ®. It sends
hexagons to triangles. There is a critical point with local degree 2 at the center of
each hexagon and a corresponding critical value at the center of the image triangle.
The map X o A sends light grey hexagons to the unit disk in P! — © and dark grey
hexagons to the complement of the unit disk in P* —©. The map 7 sends light grey
triangles to the unit disk in P! — © and dark grey triangles to the complement of the
unit disk in P' — ©.

e P contains at least 4 points, so Teich(P!, Pf) is not reduced to a
point, and

e oy : Teich(P!, Py) — Teich(P!, Pf) is constant.
The main result, essentially due to McMullen, is the following.

Proposition 3 Let s : P! — P! and g : P! — P! be rational maps with
critical value sets Vy and Vy. Let A C P! be finite. Assume Vy C A and
Vy,Ug(A) C s7Y(A). Then

o f:=gosisa Thurston map,
o V,Ug(Vs) C P CV,Ug(A) and

e the dimension of the image of oy : Teich(P', Py) — Teich(P!, Py) is
at most |A| — 3.

Remark 1 If |A| = 3 the pullback map oy is constant.
Proof: Set B :=V,; U g(A). The set of critical values of f is the set

Vi=V,Ug(Vs) C B.

By assumption,
f(B)=gos(B)Cg(A) CB.
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So, the map f is a Thurston map and V, U g(V;) C Py C B.

Note that Py C s71(A) and A C g~ (Pf). According to the discussion at
the beginning of Section 1, the rational maps s and g induce pullback maps

o5 : Teich(P', A) — Teich(P', P) and o, : Teich(P', P;) — Teich(P', A).

In addition,

Of=0,00,.

The dimension of the Teichmiiller space Teich(P!, A) is |A| — 3. Thus, the
rank of Do, and so that of Doy, at a generic point in Teich(P?, A) is at
most |A| — 3. This completes the proof of the proposition. O

Let us now illustrate this proposition with some examples.
Example 1 We are not aware of any rational map f : P! — P! of degree 2

or 3 for which |Pf| > 4 and oy : Teich(P', P;) — Teich(P!, Py) is constant.
We have an example in degree 4: the polynomial f defined by

f(z) =2i <22— 1;’)2.

This polynomial can be decomposed as f = g o s with

s(z) =22 and g(z)=2i (z 1 —2’_2>2
The critical value set of s is
Vi ={0,00} C A:={0,1,00}.
The critical value set of g is
Vy ={0,00} € {0,00,-1,1} = s71(A).
In addition, g(0) = —1, g(1) =1 and g(o0) = o0, so

g(A) = {—1,1,00} C s~ (A).

According to the previous proposition, f = g o s is a Thurston map and
since |A| = 3, the map o : Teich(P', Py) — Teich(P!, Pf) is constant.
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Note that Vy = {0,—1,00} and Py = {0,1,—1,00}. The ramification
portrait for f is:

141
2

Figure 4.3. The Julia set of the degree 4 polynomial f : z +— 2i (z2 - %)2 is a
dendrite. There is a fixed critical point at co. Its basin is white. The point z =1 is
a repelling fixed point. All critical points are in the backward orbit of 1.

Example 2 We also have examples of rational maps f : P! — P! for which
o : Teich(P!, Pf) — Teich(P', Py) is constant and |Pf| > 4 is an arbitrary
integer. Assume n > 2 and consider s : P! — P! and g : P! — P! the
polynomials defined by

(n+1)z — zntt

s(z) =2" and g¢g(z)= -

Set A :={0,1,00}. The critical value set of s is V5 = {0,000} C A.

The critical points of g are the n-th roots of unity and g fixes those points;
the critical values of g are the n-th roots of unity. In addition, g(0) = 0.
Thus

Vo Ug(Ve) = VyUg(A) = s~ (A).
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According to Proposition 3, Py = s71(A) and the pullback map oy is
constant. In particular, |P¢| = n + 2.

For n =2, f has the following ramification portrait:

Figure 4.4. The Julia set of the degree 6 polynomial f : z — 2%(3 — 2*)/2. There
are superattracting fixed points at z = 0, z = 1 and z = oco. All other critical points
are in the backward orbit of 1. The basin of co is white. The basin of 0 is light grey.
The basin of 1 is dark grey.

Example 3 Proposition 3 can be further exploited to produce examples of
Thurston maps f where o has a skinny image, which is not just a point.
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For n > 2, let A,, be the union of {0, 00} and the set of n-th roots of unity.
Let s, : P! — P! and g, : P — P! be the polynomials defined by

n

(n+1)z — 2t

and  ga(z) =
n

sn(z) =2

The critical points of g, are the n-th roots of unity and g, fixes those
points; the critical values of g,, are the n-th roots of unity. In particular,
Vg, C Ay In addition, g,(0) =0, and so,

Assume n > 2 and m > 1 are integers with m dividing n, let’s say n = km.
Note that

Vi C Ay and V,, Ugn(An) = An = 55, (Am).
It follows that the polynomial f : P! — P! defined by
[ = gnosk
is a Thurston map and
A, =V, Ugn(Vs,) CPr C Vg, Ugn(A,) =4, so, Pr=A,.
In particular, the dimension of the Teichmiiller space Teich(P!, Pf) is n— 1.

Claim The dimension of the image of o5 : Teich(P!, Pf) — Teich(P', Py)
is m — 1. Thus, its codimension is (k — 1)m.

Proof: On the one hand, since g, is a polynomial whose critical points are
all fixed, Proposition 1 implies that oy, : Teich(P', A,,) — Teich(P', 4,,)
has open image. Composing with the forgetful projection

Teich(P', A,,) — Teich(P!, A,,),

we deduce that oy, : Teich(P!, A,,) — Teich(P', A,,) has open image.

On the other hand, since s; : P! — A, — P! — A,, is a covering map, it
follows from general principle that o, : Teich(P', A,,) — Teich(P!, A,,) is
a holomorphic embedding with everywhere injective derivative. O

Question If f : P! — P! is a Thurston map such that the pullback map
oy : Teich(P!, Py) — Teich(P', Py) is constant, then is it necessarily of the
form described above? In particular, is there a Thurston map f : P! — P!
with constant o; : Teich(P!, Py) — Teich(P!, Pf), such that deg(f) is
prime?



4. Proof of (3) 21

4.2 Characterizing when o is constant.

Suppose f is a Thurston map with |Py| > 4.

Thurston linear transformation. Let S denote the set of free homotopy classes
of simple, closed, unoriented, essential, nonperipheral curves in ¥ — Py. Let
R[S] denote the free R-module generated by S. Given [y] and [§] in S, de-
fine the pullback relation on S, denoted ?, by defining [7]7[5] if and only if

there is a component ¢ of f~!(v) which, as a curve in ¥ — P, is homotopic
to 7.
The Thurston linear map
A 1 R[S] — R[S]
is defined by specifying the image of basis elements [y] € S as follows:

()= DD il

[ 7[%]

Here, the sum ranges over all [y;] for which [7]7[%], and

1
h= A TGl

VI QORI

where the sum ranges over components § of f~*(v) homotopic to ;.

Virtual endomorphism. Let PMCG(P', Pf) denote the pure mapping class
group of (P, Py)—that is, the quotient of the group of orientation-preserving
homeomorphisms fixing Py pointwise by the subgroup of such maps isotopic
to the identity relative to Py. Thus,

Mod(P*, Py) = Teich(P*, P;)/PMCG (P!, Py).

Elementary covering space theory and homotopy-lifting facts imply that
there is a finite-index subgroup H;y < PMCG(P!, Pf) consisting of those
classes represented by homeomorphisms A lifting under f to a homeomor-
phism h which fixes Py pointwise. This yields a homomorphism

¢y Hf — PMCG(P', Py)
defined by ] )
¢s([h]) =[] with hof=foh.

Following [BN] we refer to the homomorphism ¢ as the virtual endomor-
phism of PMCG(P!, Pf) associated to f.
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Theorem 2 The following are equivalent:

1. 7 18 empty

2. A =0
4. oy 1s constant

Proof: We will show that (1) = (2) = (3) = (4), and that failure
of (1) implies failure of (4).

That (1) <= (2) is an immediate consequence of the definitions.

Suppose (2) holds. Since PMCG(P?, Py) is generated by Dehn twists, it
suffices to show ¢¢(g) = 1 for every Dehn twist g. We may represent g by
a homeomorphism h which is the identity off an annulus A. By (2), the set
f71(A) is contained in a disjoint union of disks D;, each of which contains
at most one point of Pr. There is a lift A of h under f which is the identity
outside X —U; D;. Since the disks D; are peripheral, h represents the trivial
element of PMCG(P*, Py).

Suppose (3) holds. Then o : Teich(P!, Py) — Teich(P*, Pf) descends to a
holomorphic map

G : Teich(P', Py)/H; — Teich(P*, Py).

We now use a classical fact pointed out to us by M. Bainbridge: the domain
of 5 is a finite cover of Mod(P', Pf), hence is a quasiprojective variety.
Since Teich(P*, P¢) is biholomorphic to a bounded domain in C", the in-
duced map ¢ is a bounded analytic function on a quasiprojective variety,
and is therefore constant, by a generalization of the classical Liouville the-
orem.

Suppose (1) fails. For 7 € Teich(P!, Py) and § € S let £,() denote the
length of the unique simple closed geodesic representing § on P! — Py,
equipped with a hyperbolic metric corresponding to a complex structure
representing 7. It is known (see [DH]) that if I-(v) is sufficiently small,
then whenever [7]7[5], one has I, (7)(7) < ¢+ () where ¢ depends only

on |Py| and on deg f. In particular, I, () (7) — 0 as [-(y) — 0. Hence o
cannot be constant. g
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