ON A THEOREM OF JAKOBSON

XAVIER BUFF AND JOHN H. HUBBARD

ABSTRACT. A theorem of Jakobson asserts that the set of parameters ¢ € R,
for which the quadratic polynomial f.(z) = 22 + ¢ admits an invariant mea-
sure absolutely continuous with respect to the Lebesgue measure, has positive
length. We present a proof based on tableaux and Yoccoz’s puzzles.

1. INTRODUCTION
In this article, we study dynamical properties of quadratic polynomials
fo(2) =2 +¢ with ceC.
The orbit of a point 2y € C is the sequence {2z}, >0 defined for n > 1 by

Zn = fc(znfl) = fé)n(ZO)

The filled-in Julia set K. is the set of points with bounded orbit. The critical point
co := 0 plays a special role. For example, K. is connected if and only if the critical
orbit

{Cn = f;n(o)}nzo

is bounded.
When ¢ € [-2, —1], the interval

Je = [er, ca] = [e, A+ c]

contains 0 and is invariant: f.(J.) C J.. The object of this paper is to present a
(new) proof of the Jakobson Theorem.

Theorem 1.1 (Jakobson). The set ¢ of parameters ¢ € [—2,—1], for which f.
admits an absolutely continuous invariant measure supported on J., has positive
Lebesgue measure. In addition, —2 is a point of densily of 7.

A measure p on R is absolutely continuous with respect to the Lebesgue measure
Leb on R if there is a function h € L'(R) such that u = h - Leb. It is invariant by
f = fcif fup = p, i.e. for all continuous function ¢

/Rmfdu:/RMu

or equivalently, if for any Borel set A, we have that

p(f7H(A) = u(A).

We shall use the abbreviation a.c.i.m. for absolutely continuous invariant measure.

Our approach is largely inspired by notes of Yoccoz [Y] and by [BH], [H| and
[M]. The argument depends on the recurrence properties of the critical point: we
need to show that if the critical point is weakly recurrent, an appropriate measure
exists, and that such weakly recurrent polynomials form a set of positive length.
Yoccoz puzzles and Branner-Hubbard tableaux are a tool developed to control such
recurrence, and will be the frame of our proof.
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2. SKETCH OF THE PROOF

2.1. Puzzle pieces. The Green function g. : C — [0, +00) is defined by

: 1 on
ge(2) = lim = log(l+[f2"(2)])-

If c € [-2,-1], the filled-in Julia set IC. is connected and there is an isomorphism
¢ : CNK. — C~\D which conjugates f. to fo: ¢.0 fo = food.. The Green function
satisfies g. = log|¢p.|. For t € R/Z, the curve

Re(t) == ¢, {re?™ | r>1}
is called the external ray of angle t. The external rays R.(£1/3) are exchanged by
fe and land at a common fixed point a. € J,, i.e.

Re(£1/3) = Ro(£1/3) U {a.}.
The polynomial f. has a second fixed point 5. # «a.. Set

U = {gc < 1} (Re(1/3) UR(-1/3) U{ac}).

Definition 2.1 (Puzzle pieces). The puzzle pieces of depth m > —2 are the con-
nected components of f;<m+2)(uc).

We shift the depths by —2 compared to the usual definition for later simplifica-
tion. In particular, the critical piece Cy of depth 0 is the domain bounded by the
external rays of angle +1/3, the preimage rays of angle +1/6 and the equipotential
of level 1/4.

We define the enlarged critical piece CAO as the domain bounded by the external
rays of angle +1/12, the external rays of angle £5/12 and the equipotential of level

1/2. Then, Cy is compactly contained in Cy (see Figure .

Figure 1: The filled-in Julia set K. for ¢ = 2% —1.98, together with the critical piece
Co (yellow), compactly contained in the enlarged piece Cy (light yellow).

2.2. Regular points. A regular piece P of depth m > 1is a component of f."(Co)

which has a neighborhood P such that fom: P — 50 is an isomorphism (see Figure
. A point x € J. is regular if it belongs to a regular piece. Denote by X. C J.
the set of regular points. Define n. : J. = NU {400} by

n.(z) :=inf{n > 1| z is contained in a regular piece of depth n}

with the convention inf @ := 400, so that n.(z) is finite if and only if z € X..
Finally, set I, := (a¢, —a.) = Co NR and define T, : X, — I. by

To(w) = o™ (x).
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m | (= | ®

Figure 2: Three regular pieces are indicated (pink and blue of depth 2, green of
depth 3). The corresponding neighborhoods mapping isomorphically to Cy are
indicated with lighter coloring.

The first step in the proof is the following dynamical result, proved in {4
Theorem 2.2. Ifn. € L'(1.), then f. admits an a.c.i.m. supported on J.

The proof consists in first proving that when n. is finite almost everywhere,
then T, admits an invariant measure supported on [I., with R-analytic density.
This follows from the fact that the domain of T, has full measure in I, and that all
iterates of T, have uniformly bounded distortion. Using the fact that n. is integrable
on I., we then promote this T.-invariant measure on I. to an f.-invariant measure
on J..

Remark 2.3. If f. is renormalizable, i.e. if there is an interval I C I. containing
0 and an integer p > 2 such that f°P(I) = I, then n. = 400 on I and so, n, is not
integrable. Note that even in this situation, f. may admit an a.c.i.m. supported
on J..

Figure [3] illustrates the case of a polynomial f. for which the critical orbit is
finite:

cO:On—>cl:CHCQ:02+cr—>03:—acv—>c4:ac»—>ac.

In that case, n. is integrable and there is an a.c.i.m. whose density is displayed.

C1 Cq4 = Q¢ C3 C2o

Figure 3: The density of the a.c.i.m. of a polynomial whose postcritical set is finite.
The density is unbounded on the postcritical set. When the postcritical set is dense
in J,, the density of the a.c.i.m. is unbounded on every interval.
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2.3. Plowing in the dynamical space. We need a criterion for n. to be inte-
grable. This criterion will depend on the behavior of n. along the critical orbit. In
particular, we shall require that . is finite on the critical orbit, so that T.°/(c) is
well-defined for all j > 1.

Definition 2.4 (Regularity). The polynomial f. is regular if n. is finite along the
critical orbit. In that case, for k > 1, we set

Nk(c) =N (TcOk(c))'
Definition 2.5 (Strong regularity). The polynomial f. is strongly regular if it is
regular and if for all k > 1,

| =
N

k
Zmax(& Nj(c) — No(c)) <
j=1
Proposition 2.6. There exist C >0, p <1 and N > 1 such that if f. is strongly
regular with No(c) > N, then

Leb{z € I. | n.(z) > n}
Leb(1,)

Vn > 1, < Cp".

The proof of Proposition [2.6) given in {11 involves tableaux and bounding

lengths of intervals via moduli of annuli. As a corollary, we have the following
result.

Theorem 2.7. If f. is strongly reqular with c € [—2,—1] close enough to —2, then
fe admits an a.c.i.m. supported on J..

2.4. Harvesting in the parameter space. Consider the nested sequence of sub-
sets

[-2,-1]D>%H DA D,
defined recursively by:
o Y :={ce[-2,-1] | cis regular for f.} and
e for ¢ >1, ¥ := {c € I | Tcoe(c) is regular for fc}.

A parameter ¢ € % is said to be reqular of order £.
Define Ny : [-2,—1] = NU {+o0} by

No(e) = nc(TCOZ(c)) if ce %
Qe +00 otherwise.

The functions N, ... N, are locally constant on .. The depth of a component I
of Z, is
depth(I) := No(I) + -+ N(I).

The component [ is strongly regular if for all k € [1, 4],

T =
e

k
> “max(0,N;(I) — No(I)) <

In we prove the following counterpart of Proposition |2.6]in parameter space.

Proposition 2.8. There exist K > 0, 0 <1 and N > 1 such that if I is a strongly
regular component of %y with No(I) > N, then

Leb{c €I | Ny1(c) > n}
Leb(1)

Vn € [1, depth(I)]7 < Ko™
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2.5. A probabilistic argument. To conclude the proof of Theorem [I.1] assuming
Propositions and we shall use a probabilistic argument. Assume (Y,p)
is a probability space and let (M : Y — N)p>1 be random variables. Given
(my,...,my) € NF, set

Y(mi,...,mg) ={yeY | Mi(y) =ma,..., Mi(y) :mk}

with the convention Y (mq,...,my) =Y for kK = 0. On Y(mq,...,my), consider
the conditional probabilities

p(Y(ml, o ,mk,m))
p(Y(ma,...,my))

)

p(Mgy1 =m | my,...,mg) =

the conditional expectations

E(my,...,mg) = Zm~p(Mk+1 =m|my,...,myg)

and the conditional variances
2
Vima,...omg) = S m2 e p(Miy =m | ma,... i) — (B(ma, ..., mg))2,
m>1

Set
E:= sup E(my,...,mg) and V:i= sup V(mg,...,mg).

(m1,...,myg) (my,...,mp)
Lemma 2.9. Foralle >0 andn >0, if E and V are sufficiently small, then
plyeY |Vk>1, Mi(y)+-- + M(y) <ke} >1—n.

2.6. Proof of the Jakobson Theorem. According to Theorem [2.7] if N is large
enough and c is stronlgy regular with Ng(c) > N, then f. admits an a.c.i.m.
supported on J.. So, it is enough to show that the set of such parameters ¢ has
positive Lebesgue measure and that —2 is a Lebesgue density point.

For k > 1,let Si : [-2 — 1] = N U {+oc} be the function defined by:

k
ZmaX(O,Nj — Ny) on .7
Sk = o
400 outside .Z,.

Then, ¢ € [—2, —1] is strongly regular if and only if Si(c) < k/4 for all k > 1.
Given ng > 1, set
Leb

Y :={ce[-2,1] | No(c)=no} and p:= Teb(Y)’

The sets
Vii={ceYnNJ|Sjc)<j/afor1 <j<k}
form a nested sequence.
Consider the functions (M : Y — N)i>o defined recursively by

0 if ¢ ¢ Y.
My=0 and Myyi(c):=< [(k+1)/4] +1—Sp(c) if c € Y \Yipa
Sk+1(e) — Sk(c) if c € Yq1.

Then, on the one hand, if ¢ € Y}, then Si(c) = Mi(c) + -+ - + My(c), so that
mYk:{c€Y|Vk’21, M1(0)+"'+Mk(0)§k/4}.

k>1
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On the other hand, if My,1(c) = m > 1, then ¢ belongs to some strongly regular
component I of . with No(I) = ng. In addition,
m < L(k—i— 1)/4J +1<k<Ni(I)+--+ Ng(I) =depth(l) — ng
and
m = Mpiy1(c) < Spta(c) — Sk(c) < Niqa(c) = No(¢) = Niqa(c) — no.

Thus, Proposition [2.8] implies that there are constants K > 0, 0 < 1 and N > 1
such that if ng > N and m > 1

Leb{c € I | My41(c) =m} - Leb{c € I | Njj1(c) >m+ng}

< Kgmtno.
Leb(1) Leb(1) < Ko
Since on I, the functions My, ..., M), are constant, we deduce that for m > 1
p(Mk+1 =m | mi,... 7mk:) S KO-"”JFTLU.

It follows that
sup  E(mq,...,my) =0O(c™) and sup  V(mq,...,my) = O(c™).

(ma,...,mx) (ma,...,mx)

The Jakobson Theorem now follows from the probabilistic Lemma [2.9]

3. THE YOCCOZ PUZZLE

Until ¢ € [-2,—1]. When the context is clear, we omit the index c: f := f.,
Qa = g, ...Puzzle pieces and their depths have been defined in the introduction
(see Definition [2.1)). We shall use the following notation.

Definition 3.1. If z € K and f°™*2)(z) # a, we denote by P, (x) the puzzle
piece of depth m containing z. If fo"+2(0) # a, we denote by Cp, := Pp(0) the
critical piece of depth m.

Figure 4: The filled-in Julia set and the puzzle pieces of depth —2 through 1 for
the quadratic polynomial f(z) = 22 — 1.75.

Definition 3.2 (Good pieces). A piece P is a good piece if it maps to C_s by an
iterate of f.
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The preimage of the critical piece C_s has two components (see Figure [5)):
St =P 1(f)eC_y and S :=P_i(-p) e —C_o,

where § # « is the second fixed point of f. Any good piece is an iterated preimage

of S=.

Figure 5: The pieces ST are colored green. Note that ST is compactly contained
in C_s which is colored yellow.

Definition 3.3 (Enlarged pieces). If P is a good piece of depth m > —1 with

o~

folmt) = S* the enlarged piece P is the connected component of f~ (M1 (£C_5)
which contains P.

A key property is that when P C Q are good pieces, then Pe @ For later
purposes, we will prove a stronger result.

Definition 3.4 (Thickened pieces). We denote by 5_2 the component of
{ag <1} (R(5/12) UR(-5/12))
which contains C_o. If P is a good piece of depth m > —2, the thickened piece P

is the component of f~(m+2) (C~_2) which contains P.

Figure 6: The critical piece Cy (light green) contained in the enlarged Co (yellow) for

the polynomial f(z) = 22 — 1.67. The thickened piece Cp is obtained by adjoining
to Cp the two dark green pieces on each side. Note that Cy is compactly contained
in CO.
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From now on, we assume that the critical value ¢ is not contained in C~,2. This
precisely occurs when f(c) = f°2(0) > —a. In that case, the dynamical rays
R(5/24) and R(—5/24) land at a common preimage of —a.

Lemma 3.5. If O is a good piece of depth m > —1, then @ € @

Proof. By definition, S+ is the component of f_l((?,g) which contains S*. Since
the critical value c is not contained in 5,2, the thickened piece S+ avoid 0 and
thus, is compactly contained in St = C_o (see Figure . By symmetry, we also
have S~ € S~ Pulling back via iterates of f, we see that Qe @ for any good
piece Q of depth m > —1. O

Figure 7: The pieces S* (light green), S* (green) and S* (yellow). We have the
inclusions ST ¢ ST € §*.

Lemma 3.6. If P C Q are good pieces, then PcO.

Proof. Let us say that a good piece P is consecutive to a good piece @ when P C Q
and there is no good piece P’ with P C P’ C Q. Clearly, it is enough to prove
the property when P is consecutive to Q. We prove it by induction on the depth
m > 0 of Q. For m = 0, note that there are only two good pieces consecutive to
C_5: the piece ST and the critical piece Cy. On the one hand, by definition,

§+ =C.sC 5_2.
On the other hand (see Figure ,
Co=f1(~C_a) CC_y.

This proves that the property holds for m = 0. Now, if the property holds for some
m > 0, pulling back via f shows that it holds for m + 1. O

4. REGULAR POINTS

In this section, we prove Theorem We first recall the definitions given in the
introduction.
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0
C2

Figure 8: The enlarged piece Co (yellow) containing Cy (light yellow) is contained
in the enlarged piece C_s (green) containing C_o (light green).

Definition 4.1 (Regular pieces and points). A piece P of depth m > 1 is regular
if
f(P)==Co and fo: P — Cy is an isomorphism.

The piece is maximally regular if it is not contained in a reqular piece of smaller
depth. A point x € J := [c,c? + ] is regular if it belongs to some regular piece. We
denote by X the set of reqular points.

The function n : J — N is defined by
n(z) :=inf{m > 1| z is contained in a regular piece of depth m}

with the convention inf @ = +o00. Recall that I := (o, —a). Themap T : X — [ is
defined by

T(z) = f*@(z).

We now prove Theorem which asserts that if m € L1(I), then f admits an
a.c.i.m. supported on J.

]

]

1 Cs Co C4 cr c3 Ce C2

Figure 9: The graph of the function J 3 z +— u([c,z]) € [0,1] for ¢ ~ —1.95. The
graph has vertical tangents on one side at each point of the postcritical set. The
first seven iterates of the critical point are marked in red.
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Proof of Theorem[2.3 First, if P is a regular piecgof depth m, then form P 50
is an isomorphism and the inverse branch gp : Cy — P has uniformly bounded
distortion on Cjy.

Second, since two puzzle pieces are either nested or disjoint, the maximally
regular pieces are pairwise disjoint. Let SR be the set of maximally regular pieces
contained in Cy and set

=] P

PeRr

Note that V N1 is the set of regular points in /. By assumption, n is integrable on
I, and so, the complement of V in [ is a set of Lebesgue measure zero. In addition,
the function n is constant on each interval P N I. We set np := n(P NI) and
consider the dynamical system T : V — Cy defined by

Tlp:= f"" for PeR.
Third, we control the distortion of iterates of T' as follows.

Lemma 4.2. There exists a constant C' such that for any k > 1 and each component
P of T~*(Cy), we have that

ok ok ; w
Sl @] < € T and - sup e < © ey

Proof. We first prove by induction on k that any component P of T%(Cp) is a
regular piece. This is true for £k = 1 by definition. Assume k£ > 2 and P is a
component of T7%(Cy). Then it is a good piece of depth m > 1. It is contained in
the domain of T,i. e. in a regular piece @ € R of depth n > 1. According to Lemmas
. and ., P € Q. So, fo" is univalent on P. In addition, T(P) = fO"( ) is
regular by induction hypothems so that f°(™=") ig univalent on for(P ) Thus,
F°™ is univalent on 77, which shows that P is regular.

As a consequence, T°F : P — (y is an isomorphism whose inverse extends
univalently to 50. In particular the distortion of 7°¢ on P is uniformly bounded
on P by a constant C' which only depends on the modulus of the annulus 50 —Cyp.
This proves the first inequality. The second inequality follows immediately. O

Fourth, we can define a sequence of measures vy supported on [ as follows. Given
k> 1and z € T7%(Cy), let P(z) be the component of T~*(Cy) containing » and
let ex(2) € {—1,+1} be the sign of the derivative of T7°* on P(z) N R. According
to the previous lemma, there is a constant C such that for all £ > 1, the series

o ex(z)
hi(y) == IETZ_;(y) (T°F)! ()

is uniformly convergent and bounded by C for y € Cy. In particular, it defines a
function hj which is holomorphic on Cqy. The restriction of this function to I is the
density of the measure v, defined on I by

vp = (T°F), Leb.

Since n is integrable, it is finite almost everywhere and so, VN1 has full measure in
I. The points which escapes from VNI under iteration of 7' form a countable union
of sets of measure zero, thus a set of measure zero. It follows that 77%(Cy) N I has
full measure in I and the total mass of vy is

[vk|| = Leb(T~%(Co) N I) = Leb(I).
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Now, since the functions hj are uniformly bounded by C on Cy, any weak limit
v of the Cesaro average

1k
Vy 1= % Z Vj
Jj=1
is a measure with analytic density. It is clearly invariant by T since
_ 2! _ VE+1
T, + — = Uy + .
PR TR T R
We finally promote this measure v which is invariant by 7T, into a measure p
which is invariant by f. We shall define pu by its action on continuous functions.

Any continuous function ¢ on J, may be pulled back to a function S(¢) defined on
I by

n(z)—1

S@)@) = > o(f"(x).
n=0
This function is integrable on I since m is integrable on I and since for x € I,

15(¢)(2)] < n(@) - [|¢]]oc-

L¢mw=[5wwm

This defines a positive linear functional on the continuous functions on J and thus a
measure on J. The formula defining i extends to characteristic functions of Borel
sets, which shows that it is absolutely continuous with respect to the Lebesgue
measure: if A has Lebesgue measure zero, then S(14) vanishes outside a set of
Lebesgue measure zero, and so,

/1A du:/S(lA) dv = 0.
J I

/ 1dp= / n dv.
J I
It is invariant by f since

S(pof)=S5(¢)+poT —¢ and v isinvariant by T. O

We define u by

The total mass of u is

5. TABLEAUX

To encode and represent the dynamics between puzzle pieces, we will use the
notion of tableaux.

Definition 5.1 (Critical, semi-critical and off-critical pieces). A good piece P is

critical if0e P,
semi-critical if 0 € P\P and
off-critical if0&P.

Definition 5.2 (Tableaux). The tableau of a point x € K. is an array with one
column associated with each x,, := f°™(x) and one row associated to each depth m
in the Yoccoz puzzle. The position (m,n) on the m-th row downwards and the n-th
column to the right, is marked if Pp, () is a good piece and unmarked otherwise. It
is critical (respectively semi-critical, off-critical) if Pp,(xy) is critical (respectively
semi-critical, off-critical). The k-th diagonal in a tableau is the set of positions
(m,n) such that m +n = k.

A position is represented by
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a black disk if it is critical,

a grey disk if it is semi-critical,
a circle if it is off-critical,

a dot if it is unmarked.

Figure 10: The puzzle pieces of depth —2 through 3 for f(z) = 2% — 1.95. From left
to right, we marked in red c1, c5, co = 0, ¢4, c7, 3, ¢g and co, where ¢ := f°F(0).
The puzzle piece Pa(cr) is regular. It is colored green and the enlarged piece ﬁ2(07)
is colored yellow.

CQ‘ZO C1 Cc2 C3 Cq Cr Ce c7 Cc8 Co

c-6 - & e e - o o - o

Co®
1@

C:@

Cs -

e O - O - o - O O

Figure 11: The tableau of the critical point for ¢ = —1.95. The pieces at the origin
of each arrow are regular. For example, this is the case of the piece Ps(c7) which
is colored green on Figure

A position (m,n) in the tableau is regular if and only if all positions on the
diagonal starting at this position (m,n) and going north-east are off-critical, except
the position (0, m + n) which is critical.
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The tableaux satisfy some rules. Since we are considering marked and unmarked
positions, critical, semi-critical and off-critical positions, those rules are not exactly
the same as the classical rules.

Lemma 5.3 (Rule for unmarked positions). In a diagonal of a tableau, either all
positions are marked, or all positions are unmarked. The k-th diagonal of a tableau
is unmarked if and only if the (k+ 1)-th diagonal is marked with position (0,k + 1)
critical.

Proof. To see that in a diagonal either all positions are marked, or all positions are
unmarked, observe that a piece Pp,(z) is a good piece if and only if Py,—1(f(z))
is a good piece. Thus the position (m,n) is marked if and only if the position
(m —1,n + 1) is marked.

Now, the k-th diagonal of the tableau is unmarked if and only if the position
(=1,k+ 1) corresponds to the unique unmarked piece of depth —1, i.e. C_;. Since
C_1NK =CyNK, this is the case if and only if the position (0, k + 1) corresponds
to CO. O

According to this rule, we see that going downwards in the column of a tableau,
we cannot meet two consecutive unmarked positions. The following rule establishes
the possible configuration between marked positions in the same column. They may
or may not be separated by an unmarked position.

Lemma 5.4 (Rule for marked positions). In a column, the only possible configu-
rations between consecutive marked pieces are the following:
° ° ° o) ° ° ¢}

[} (@] @)

[ ] o (@) o
In particular, if there are two semi-critical positions in the same column, the
difference of their depths is even and semi-critical positions alternate with unmarked
positions.

In other words, the forbidden configurations are the following:
°

o

Proof. Every piece containing a critical piece is itself critical and every good piece
contained in an off-critical piece is itself off-critical.

If P C Q are good pieces of respective depths m and m — 1, then f°(7”+1)(Q) =
C_y and f°"+1)(P) is the only good piece of depth —1 contained in C_s, i.e.
femt(Py = S*t. Since P is the component of f=m+D(C_y) containing P, we
have P = Q. Thus, if Q is critical, then P = Q contains the critical point and P
cannot be off-critical; and if Q is semi-critical, then P = Q does not contain the
critical point and P cannot be semi-critical.

The possibility of two consecutive unmarked positions is ruled out by the previous
lemma. O

The third tableau rule relates an arbitrary tableau, to the tableau of the critical
point (see Figure .
Lemma 5.5 (Rule for critical positions). If in the tableau the position (m,n) is
critical, then for —2 <m/ <m and 0 < n’ <m' 4 2, the position (m' —n’,n+n’)
in the tableau has the same nature as the position (m' —n',n’) in the tableau of the
critical point cg = 0.

Proof. At each depth, there is a unique critical piece: C,,. O
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Co =0

anything here copied here

(m.n)

Figure 12: Illustration of the rule for copying.

6. THE RETURN TIME ng := n(c)
Given ¢ € [-2, —1], we define recursively a sequence (B:),,>0 of good pieces as
follows (see Figure [L3):

e BX :=By:=CyC P_y(B);
e for m > 1, B is the component of f~1(B;} _|) contained in P,,_o(£f).

Figure 13: For m > 1, the puzzle piece B are mapped by f to B, .

Lemma 6.1. For all m > 1, the pieces B are regular.

Proof. On the one hand, B} C P,,_2(8) € ST. So, according to Lemma

B\fn C S*. On the other hand, the map f : ST — C_» is an isomorphism. It

follows that f : B\fn — B\;_l is an isomorphism. By induction on m > 1, we deduce

that fom : g;'; — Eg’ = C, is an isomorphism, thus B is regular. By symmetry,

B, = —B; is also regular. O
From now on, we assume that

ce B, forsome integer ng >3, sothat m(c)=ne.

For m € [2,n9 + 1], we let D;, be the component of f~1(B, ;) intersecting («,0)
and D, be the component intersecting (0, —«) (see Figure for ¢ = —1.98; in
that case ng = 4). For m = ng + 1, we have

+ _p-
D’I’Lo+1 - D’I’L[)Jrl - Cn0+1
The 2ng — 1 puzzle pieces Di cover I, up to finitely many iterated preimages of .

Remark 6.2. Note that EO = CAO contains B but avoids Blj for k> 2.
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Co

Figure 14: For the polynomial f(z) = 22 — 1.98, ng = 4. There are 4 maximally
regular pieces D2i (of depth 2) and D? (of depth 3) colored green, 2 semi-critical
pieces D (of depth 4) colored red and 1 critical piece Cs (of depth 5) colored blue.

Lemma 6.3. Assume m € [2,n0 + 1]. Then, f(DE) is reqular and Dt C Cp_s.
If m < ng — 1, the pieces D are regular. The pieces D:—{O are semi-critical. The
piece Cpo41 18 critical.

Proof. By definition, f(D;5) = B, _, which is regular according to the previous
lemma. In addition, ¢ € B, C Ppy—2(—=F) € Pm_3(—fF). As a consequence,
f(Cri2) = Pm_3(—p) contains f(D;5) = B, . It follows that DE C C,,_».
Since go = CAO contains B;" but avoids B,‘: for k¥ > 2, pulling back by the
isomorphism f°™ : Pp,_5(8) — C_a, we see that BA;‘; contains gj‘nﬂ but avoids
B;:H-k for £ > 2. As a consequence, for m < ng — 1, f(ﬁi) = l?;kl avoids the

critical value which is contained in B, and f : DL — B, _; is an isomorphism.

This shows that for m € [2 no — 1], the piece D;: are regular.
In addition, f (Di ) = B_ _, contains the critical value, so that Di contains
the critical point and Di} is semi-critical. Finally, Cp 41 is critical. g

Figures [15| shows restricted tableaux of the pieces D with 0 < m < ng+1. We
only show the positions (¢,5) with ¢ +j <m, i > —1 and j > 0.

The following lemma will be used to compare the orbits of critical and semi-
critical pieces.

Lemma 6.4. The enlarged piece ﬁzi is contained in S* = +C_o.

Proof. Since ’D2 is regular, the enlarged piece D avoids the critical point 0 and
D+OD2_ = @. The piece D, contains « in its boundary, so a € D and —a € D+
In particular, D avoids —

By construction, if an enlarged puzzle piece intersects an external ray, it contains
the landing point of the external ray. If ﬁ; were not contained in —C_s, it would
intersect its boundary, thus the external rays of angle +1 / 6 which land at —«. This
contradicts the previous discussion. So, D5 C S- , and D+ c S+ by symmetry. U
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§™ 8§t 8§t S™ S~ 8§t §t &t S~ S~ 8§t 8§t st st S™

i@ O O - @ cc@ O O O - O cc@ O O O O [}
® O - O ® O O - O ® O O O O
Cm—2@® - O ® O - O ® O O O

o Crng—2@ o e O o)

DrO e Cog-1@® - O
D e
Cog+1 @

Figure 15: Left: the restricted tableau of a regular piece D with m < ng — 1.
Middle: the restricted tableau of a semi-critical piece Dfo. Right : the restricted
tableau of the critical piece Cp,41.

7. CHILDREN

We now introduce the notion of child. In this article, we only need to consider
children of the critical piece Cy.

Definition 7.1 (Children). A (semi-)critical child of Cy is a (semi-)critical piece
P C Cy of depth m > 1 such that fo"(P) = Co and f(P) is regular.

® oCo ° oCo
o @) ° @)
o O o O
s O Q
Ce

Figure 16: Left: the critical piece C is a critical child of Cy. Right: the semi-critical
piece @ is a semi-critical child of Cy.

Lemma 7.2. For a given depth n > 1, either

e there are no children of depth n, or

e there is a unique child of depth n, this child is critical and there are no
semi-critical pieces of depth n, or

e there are exactly two children of depth m, those children are semi-critical
and the critical piece of depth n is unmarked.

Proof. For each depth n > 1, there is at most one component V of f _"(CAO) which
contains the critical point (see Figure . If there is a child at depth n, then
fer Vo CAO is a ramified covering of degree 2. Note that Cq is the unique piece of
depth 0 contained in CAO.

Either the critical value of o™ : V — Cy belongs to Co, in which case f7™(Co) is
the unique piece of depth n is 9; in that case, there is a unique child at depth n,
this child is critical, and there are no semi-critical pieces of depth n.

Or the critical value of f°™ : V- 50 belongs to Bli, in which case f~"(Cp) has
exactly two components in V; those are the only pieces of depth n contained in 17;
in that case, there are two children at depth n, those children are semi-critical and
the critical piece of depth n is unmarked. O
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c

Figure 17: Right: the critical piece Cy (green) surrounded by Co (yellow). The
pieces BT are indicated (light yellow). Top left: two semi-critical children QF of
Co of depth m = 4 (green) surrounded by the appropriate component of f _m(CAO)
(yellow). The preimages of Bf are indicated (light yellow). One of them contains
the critical point. Bottom left: a critical child C of Cy of depth m + 1 (green)
surrounded by the appropriate component of f _(7”“‘1)(50) (yellow). The preimages
of Bf are indicated (light yellow).

Lemma 7.3. Let (Pr)i<n<m be a nested sequence of pieces of depth n. Assume
P and P are semi-critical with m’ < m. Then, m —m’ is even and if P, is
a semi-critical child of Cy, then for n € [0,m — m/] even, Ppiin is a semi-critical

child of Cy.

Proof. Consider the restricted tableau of P,,. By assumption, the positions (m, 0)
and (m’,0) are semi-critical. According to the rule for marked positions (Lemma
, m—m’ is even, positions (m’+n,0) with n even are semi-critical, and positions
(m'+mn,0) with n odd are unmarked. According to the rule for unmarked positions
(Lemma [5.3), when n is odd the position (0, m’ + n) is unmarked and the position
(0,m’+n+1) is critical. In particular, if n € [2, m—m/] is even, foU" +m) (P, ., ) =
Co and fo(’”/+"_2)(73m/+n) is a piece contained in Cy which maps by £°2 to Cy. Such
a piece is necessarily DQi. So, we have the following tableau:

m /

Pm

For n € [0,m — m/] even, Py tn is a semi-critical child of Cy. O
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Lemma 7.4. Assume C,, is a critical child of Cy, and P ¢ C,, is semi-critical of
depth m > n + 3. Then, the piece of depth n + 3 containing P is a semi-critical
child of Cyp.

Proof. First, note that the piece of depth n containing P is not critical by assump-
tion. According to Lemma [7.2] it cannot be semi-critical since there is a critical
child of Cy at depth n. So, it is unmarked.

As in the proof of the previous lemma, it follows from the tableaux rules for
unmarked and for marked positions (Lemmas and that m —n is odd and
we have the following restricted tableau:

Co
[ ] . [ ]

@]
O'Dg:

depth n -
fo(n+1)

depth n+3 o)

P

In particular, if Q is the semi- critical piece of depth n + 3 containing P, ‘then
fert(Q) = Di By assumption, O > P contains the critical point, thus 0 in-
tersects Cp,. As a consequence, f° "+1)(Q) intersects S~ = f°("+1)(C,,). According
to Lemma Dy C §*. Thus, D ¢ 8t = C_, avoids S~ and

fo(n+1 (Q) D c 87 _ fo(n+1 ( )

In addition, Q is the component of f~ ("‘H)(D*) containing 0, so Q C 5 In

particular, fe(»+1) . Q — DQ is a ramified covering of degree 2 and Q is a semi-
critical child of Cy. O

8. SINGULAR PIECES

Definition 8.1 (Singular pieces). A piece P is singular if P C Cq is not contained
in a reqular piece. We denote by S, the set of singular pieces of depth m > 0.

Note that &g = {Cp}. In addition, if P C Q are puzzle pieces and P is singular,
then @ is also singular. The converse is not true: @ may be singular and P regular.

Also, note that for = € I, we have n(x) > m precisely when x is an iterated
preimage of o or when z € P € G,,_1. Since the set of iterated preimages of « is
countable, therefore of measure 0, we have

/n— Z Z Leb(P NR)
m>0PeS,,

and to prove that n is integrable, we must prove that this series is convergent.
In this section, we show that for ng > 2,

card(S,,) < 3+ (2ng)™/ ™.
Later, we will control Leb(P NR) for P € &,,
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Proposition 8.2. For ng > 2, the number S,, of singular pieces of depth m is
bounded from above by 3 - (2ny)™/™.

Proof. The proof goes by induction on m > 1. We first prove that the property
holds for m < ng. Since &y = {Co}, So = 1.

Lemma 8.3. For m € [1,n], Sm = 3. The three singular pieces of depth m are
contained in Cp—1. One of them is C,,. The other two are the pieces of depth m

containing D}nﬂ .

Proof. A singular piece of depth m € [1,ng — 1] cannot be contained in the regular
pieces D,f with k € [2,m]. So, it is contained in C,,—1 (see Figure [14)). Since C,y,
and foH_l cover C,,_1 NI up to 2 points, there are exactly three pieces of depth m
contained in Cp,_1: Cp, and the two pieces of depth m containing Di T
Similarly, a singular piece of depth ny cannot be contained in the regular pieces
Df with k € [2,n9 — 1]. So, there are three singular pieces of depth ng: C,, and
the two pieces Dfo. d

This shows that there are exactly S,, = 3 < 3-(2n0)™/™ singular pieces of depth
m € [1,ng].

Lemma 8.4. Every singular piece of depth m > ng+1 is contained in Cp 41 Ufoo.

Proof. The pieces D with k € [2,m0] cover I up to finitely many preimages of
a. For k < ng — 1, they are regular pieces. So, if P is a singular piece of depth
m > ng + 1, then P is contained in Df or in Dfﬁl =Crngt1- O

We now proceed by induction on m > ng+1. This requires the following lemma.
If P is contained in a child of Cgy, the deepest child containing P is the one with
largest depth.

Lemma 8.5. Assume P is a singular piece of depth m > ng. Let n > ng be the
depth of the deepest child of Cy containing P. Then,

e cither m =n and P is a child of Cy,
e or f°"(P) C Cy is a singular piece of depth m —n > 1.

Proof. If m =n or f°"(P) is singular, there is nothing to prove. So, let us assume
that m > n > 2 and that f°"(P) is not singular. Then, f°"(P) is contained in a
regular piece P’ of depth k € [1,m — n]. Let Q be the piece of depth n containing
P and let Q" C Q be the piece of depth n + k containing P. Then f(Q') is regular
(see Figure [I§). However,

Co® [ ] [ ]
o O o O
o o} OoP'
o O of " (P)
Q )
Q'o
Po

Figure 18: Ilustration for the proof of Lemma [8.5

e Q' cannot be off-critical since it would be regular, contradicting the fact
that P is singular;
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e Q' cannot be critical or semi-critical since it would be a child of Cy con-
taining P, contradicting the fact that Q is the deepest such child. O

If P € G, with m > ng+ 1, then P is contained either in the semi-critical
children foo or in the critical child C,,,41. Thus, either P is a child of Cy, or there
is a deepest child Q of depth n € [ng, m] containing P and f°"(P) € &,,_,. For
each n > ng, there is either

e no child of depth n, or
e one critical child @ and each piece of depth m—n has at most two preimages
in Q by fo(m=n) or
e two semi-critical children Q% and each piece of depth m —n has one preim-
age in Q1 and one preimage in @~ by fo(m—"),
It follows that

Sm < i QSn—m-
n=ng

By induction hypothesis, we have

m +oo
S € 3082 (20 5 (a0 3 2 (20g)
n=no n=ng
=3 (2ng)™/™ . 1
no - (1 — (2ng)=1/m0)
<3. (Qno)m/no
as soon as ngy > 2. 0

9. WEIGHTS, HEIGHTS AND LENGTHS

We will need to bound the diameters of puzzle pieces from above. This will
be done using arguments based on moduli of annuli. More precisely, according to
[BDH], for any piece P contained in Cy,

Leb(P NR) B .
m < exp (—27T (modulus(Co\P) _ 2)> )

Thus, our goal is to bound from below the modulus of the annulus Co~P. We will
introduce the notion of height of a piece, with the property that

modulus(Co~P) > height(P) - modulus (S\i\closure(gi)).

Our work will consist in finding lower bounds for heights of pieces. More precisely,
under appropriate assumptions, the height of singular pieces increases linearly with
respect to their depth, so that their diameter decreases geometrically with respect
to their depth.

Definition 9.1 (Surrounding annulus). If P is a good piece, we set
A(P) = ﬁ\closure(ﬁ).

According to Lemma if P is a good piece, then A(P) is an annulus. In
addition, if (P,)1<n<m are good pieces with P; € Coy, Py, = P and Ppi1 € P,
then the annuli A(P,,) are disjoint and essentially embedded in Co~P. It follows
from the Grotzsch Inequality that

modulus (CO \f) > Z modulus (A(Pn))
n=1
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Recall that if P is a good piece of depth m > 0, then fo(m+1(P) = S*. Note
that A(S™) = —A(S™), so that both annuli have the same modulus
m := modulus (A(S%)).
Also note that A(S*) contains no critical value of f2(m+1) : P — &% if and only
if fomt) . A(P) — A(SF) is a covering map. In this case
m
dul _n
modulus(A(P)) L
where d is the degree of fo("+1) . A(P) — A(S¥).
This discussion motivates the following definitions.

Definition 9.2 (Excellent pieces). A piece P of depth m is excellent if it is a good
piece and if fo" Y . A(P) — A(S¥) is a covering map. In that case, deg(P) is
the degree of this covering map.

Note that the degree of an excellent piece is always a power of 2.
Definition 9.3 (Weight). Let P be a piece of depth m. We set

1/deg(P) if P is an excellent piece,
0 otherwise.

weight(P) := {
Definition 9.4 (Height). If P C Cy is a piece of depth m > 0, we set

m
height(P) := Z weight(P,,), where P, is the piece of depth n containing P.
n=1

As mentioned previously, it follows from the Grotzsch Inequality that for any
piece P € Cy, o
modulus(Cy~P) > m - height(P)
and so,
(1) % < e APCht(P)  with ) = 72,
We will now control the heights of the critical pieces C,, with m < ng+ 1 and
D with m < ng (see Figure [19).

' ] |
A(C2)

Figure 19: For the polynomial f(z) = 22 — 1.99, ng = 4 and for 0 < m < 3 the
annuli A(C,,) cover A(S*) with degree 2. They all surround the critical piece
Cro+1 (blue).
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Lemma 9.5. For m € [0,n9 + 1], we have the following weights and heights:

m 0 1 | [2,n0—1] 7o ng +1
weight(Cp,) | 1/2 | 1/2 1/2 0 1/4
height(C,,) 0 |1/2 m/2 0 ng/2—1/4
weight (D) 1/2 0
height (D) m/2—1/2 | ng/2—1
Proof. See Figure (compare with Figure . O
1 o1 o1 . 1. 1 ol o1 o1 - . 1 o1l o1 ol ol - 1
@ O O - @i i@ O O O - O i@ O O O O - @3
e 0 - © ®; O O o) ;0O O O e}
Cm—20% - O el O o el 0 O o)
o) Cng—2 @3 o) el O o)
DEOL e Cnp—10% o)
'Dfo NG
C"o+1.i

Figure 20: Left: the restricted tableau of the pieces Dt for m < ng — 1. Middle:
the restricted tableau of the semi-critical pieces Dfﬂ. Right: the restricted tableau
of the critical piece C,,+1. The relevant weights are indicated to the right of the
positions.

10. REGULAR MAPS

Definition 10.1 (Regular map). A map f is regular of order £ > 1 if Cy has at
least ¢ critical children.

Assume f is regular of order ¢, and let m; < mg < --- < my be the depths of
the critical children of Cy. Then, m; = ng + 1 and for k € [1,¢ — 1], the point
Cm, = f°"*(0) belongs to a maximally regular piece of depth ny := myy; — myg.

Cmy Cmoy Cmsg Cmy
e 0O OO - @€ O - € OO0 - ® - @ -
®e O O - 0O e - O € O - O - O0 - O e - O
® O - O - O ®e - O - O - O - O
® - O @] - O - O - O O
Pry (Cmy) Prg(Cmg)
@] - O - O
Pno(c)
CnLl. . O . O
O
@]
O
Pn2(07712)

Figure 21: An example of tableau for a regular map of order 4. The pieces Py, (¢, )
are regular pieces.

The critical piece Cy does not contain regular pieces of depth ng or ng+ 1. Thus,
for k > 1,

e cither 2 < ng < ng —1,
® or ny > ng + 2.
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The parameters ¢ we shall consider are parameters for which f is regular to any
order £ > 1 and for which the sequence of depths {ny}r>o does not increase too
fast in the following sense.

Definition 10.2. A map is strongly regular of order ¢ > 1 if it is reqular of order
£ and if

k
k
for all k € [1,4], ;maX(O,nj —ng) < T

The map is strongly regular if it is strongly regular of any order £ > 1.
The proof of the following key estimate is rather technical.

Proposition 10.3. If f is strongly reqular of order £ > 1 with ng > 7, then

m—1
16

for all P € &, with m € [1,my], height(P) >

Proof. We shall first control the heights of critical children.

Lemma 10.4. For all k € [1,/],

ng + 3 Smk
4 32

height(C,,, ) >

Since 3/32 > 1/16, this shows that

. my mp — 1

> — >

height(C,,, ) > 6= 16

But we will need the better estimate of the lemma for the height of critical children
in order to control the height of other singular pieces.

Proof. According to Lemma [9.5| and since m; = ng + 1,

ngo 1 _ mno+3 3m1+5n0—35>n0+3+3m1

height (Cm,) = 5" = 1= =3 32 32— 4 32
———
>0

For k € [1,¢ — 1], according to Lemma and as indicated in Figure

e cither ny < ng—1, for n € [my + 1, mg41 — 2], fo™(C,,) is a critical piece
of weight 1/2 and C,, has weight 1/4,

e or ng > ng+2, for n € [my + 1,my +ng — 2], f°*(C,) is a critical piece
of weight 1/2 and C,, has weight 1/4.

In addition, C,,, ,, has weight 1/4.

As a consequence,
(i —1)/4 if ng <o
(no—1)/4 if ng > no.

ng —1  max(0,n, —ng)
4 4 '

height(C,,,,) > height(Cp,, ) + {

= height(Cy,,, ) +

Thus, for all k € [1,¢— 1],

. . e —1 max (0, ny — ng)
height(Cyp,,) > height(C,,,) + Z ’ 1 Z 4
1<j<k 1<j<k

o 1 mep—m Sk
-2 4 4 16
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Co 1 Co 1
® .E [ J .5
o e3 o) o e} o
1 1
o) anig2 [¢) o) o} o)
1
o) ) o) Cn0,32 0)
0) Op= o) ° o)
n
C'mk. O ka. o O
o o o ©
o o) ol o
Cm,k+1—2 4 4
- O Cmp+ng—2 e O
Crnjy 1 @7 ° 0
o O
Crmpy 1 ®@F%

Figure 22: The critical pieces Cn,, and Cpy,,, are consecutive critical children. Left:
nk < ng — 1. Right: ng > ng + 2. The relevant weights are indicated to the right
of each position.

Since ny > 2, we have that mpy 1 — m; > 2k, and so

. ng 1 mypr—m1 5(mpgr —ma)
height(Cpn,,,) > 5 "1 1 — 35
:@71 3(mk+1—n0—1)
2 4 32
ng + 3 3mk+1 5n0 —35 ng + 3 3mk+1
= > . [l
4 + 32 + 32 - 4 * 32
——
>0

We may now prove by induction on m € [1,my] that height(P) > (m — 1)/16
for P € G&,,. The induction hypothesis trivially holds for m = 1. So, let us assume
that P € &,, with m € [2,m,]. For n € [1,m)], let P, be the piece of depth n
containing P.

Case 1. P ¢ Cpo41 U D5 | then m € [2,n0] and according to Lemma P C
Cm—1. According to Lemma [9.5]

-1 -1
height(P) > height(Cp,—1) = mT > m176

Case 2. P C DZ. Let m, € [ng,m] be the largest integer such that Py, is
semi-critical. For n € [1,n¢ — 2], all pieces are critical with weight 1/2. According
to Lemma m, —ng is even and if n € [ng, my] is such that n — ng is even, then
the piece P, is a semi-critical child of Cy. Except P,,, which may have weight 0,
those semi-critical children have weight 1/4. If n € [m, 4+ 1,m], the piece P, is
either unmarked or off-critical. In both cases weight(P,,) = weight(P,,_,, ), where
P}, = [+ (Pn) is the piece of depth n —m, containing P’ := f°+(P). The
situation is illustrated on Figure It follows by induction that
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e OO - @ - o - @ - o
;0 - O - O - O - O o
Cno,z .% .0 - O - O - O °

/
o Prn—m,

+
25

OP/

Figure 23: The situation when P € D .

) -
n02 m S 1o + height(P’)

ng—2 Mmy—ng m—my—1
2 8 16
m—1 my 6ng—9 m—1
—_— > .
16 16 16 — 16
| ———

>0

height(P)

v

Y

Case 3. P € Cp,41. Either P is a critical child of Cy and the result is already
proven by Lemma Or there is a largest integer k£ € [1,£ — 1] such that
P € Crny~Crny, - For n € [1,m], let P, be the piece of depth n containing P. Let
my € [my, m] be the largest integer such that P,,, is critical or semi-critical. Our
study will depend on the value of m,.

Case 3.a. m, < mpy1 +2. Fixn € [mp +1,m] and let P, = fo"(Py,)
be the piece of depth n — my, containing P’ := f°*(P). Note that the weight
of any piece P is at most 1/2, since otherwise, P; would map isomorphically to
S* whose boundary intersects R in a single point F«, whereas the boundary of
PJ'» C Cp intersects R in two points. It follows that

weight(P,,) = 2weight(P,

) > weight(P/, )— 1 forn e [mg+1,m.—1],

n—mig n—myg
weight(Py,,) > 0 > weight(P), _.) — 3 for n = m,
weight(P,,) = weight(P;,_,,.) for n € [m, +1,m].

Thus,

my —mp—1 1
4 2
my —mp + 1
1 .

height(P) > height(C,,, ) + height(P’) —

= height(Cy,, ) 4 height(P’) —
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Since f is strongly regular, ny — ng < k/4 < my/8. So,
m
m*—mk—klSmk+1—mk+3:nk+3§no+3+?k.
According to Lemma and the induction hypothesis applied to P’ whose depth
is My, — my,
ng+3 3mp m-—mp—1 ng+3 %_m—l

height(P) > _m-
cight(P) = == 32 16 A 32 16

Case 3.b. m, > my41 +3. Since P is not contained in Cp,, ., for n € [mpi1,m,],
the pieces P,, are either unmarked or semi-critical. According to Lemma the
piece Pp,, ., cannot be semi-critical, thus it is unmarked. It follows from the rule for
marked positions (Lemma that for n € [mgy1+1, my] with m —myg41 —1 even,
the piece P, is semi-critical. According to Lemma if in addition n > mg41 + 3,
the piece P, is a semi-critical child of Cp, thus has weight 1/4 except possibly
for P,,, which may have weight 0. There are (my, — my11 — 3)/2 such pieces. If
n € [m« + 1,m], the piece P, is either unmarked or off-critical. In both cases
weight(Py,) = weight(P,,_,, ), where P} _, . := fo"+(P,) is the piece of depth
n — m, containing P’ := f°+(P). Thus,

My — Mpy1 — 3

height(P) > height(C, ) + 3 + height(P’)
no+3 3mp my—mp—nr—3 m—m,—1
- 4 32 8 16

“17s T m T s T

Since f is strongly regular, ny — ng < k/4 < my/8 and

. ng 3 my 3Imp m-—1 m—1
height(P) > 20 4 2 4 M > O
cight(P)> T +5+ 76 " 61 T 16 = 16
—— ——
>0 >0

11. PLOWING IN THE DYNAMICAL SPACE
We are now ready to prove Proposition [2.6f We must prove that there exist
C>0,p<1land N > 1 such that if f is strongly regular with ng > IV, then
Leb{z € I | n(z) > n}
Leb(I)
Proof of Proposition[2.6, Assume f is strongly regular with ng > 7. According to
Proposition if P € &, with m > 0, then

Vn > 1, < Cp".

m—1
height >
eight(P) > TR

so that, according to equation ,
Leb(P NR) _ . -
PN 7w e )\(m 1)/16 th )\ := 27m <1.
Leb(CoNR) = © W ¢
According to Proposition there are at most 3 - (2n0)m/ ™0 singular pieces of
depth m > 0. Choose N sufficiently large so that p := \/16 . (2N)V/N < 1.
Then, if ng > N andn > 1,
Leb{z €I | n(z) > n} B Leb(P NR) <o
Leb(I) - Leb(Co NR) — 7

PeES,—1

with 5o
(§]
©= e -
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12. PARAPUZZLE

To transfer the dynamical estimates to the parameter space, we shall use the
Yoccoz parapuzzle. The definitions given in the introduction for ¢ € [—2,—1]
generalize to ¢ € C as follows.

12.1. The parapuzzle in the 1/2-wake. For ¢ € C, denote by K. the filled-in
Julia set of f., i.e. the set of points z € C with bounded orbit under iteration of
fe. The Green function g. : C — [0, +00) is defined by

0.(2) = Tim_ oo log(1+ |72"(2)]).

n—-+oo

It vanishes precisely on K. and satisfies g. o f.(z) = 2¢.(z). The Mandelbrot set is
the set

M = {ceC]|g.c)=0}.

The Bottcher coordinate ¢. which conjugates f. to fo in a neighborhood of oo
extends as a conformal representation

¢e: {2 €C|ge(2) > gc(0)} = {2 €C| log|z| > g.(0)}

In particular, if ¢ € C\., ¢.(c) is well defined since g.(c) = 2g.(0) > 0. It is well
known that the map

O :CA > ¢o(c) € CD

is a conformal representation. For ¢ € R/Z, the parameter ray of angle ¢ is
R(t) =@ {re®™ | r>1}.

The parameter rays #(1/3) and #(2/3) land at ¢ = —3/4. The 1/2-wake # is the
connected component of C~ (2(1/3) UZ(2/3) U{-3/4}) which contains [-2, —1].
For ¢ € #, the dynamical rays R.(1/3) and R.(2/3) land at a common repelling
fixed point a, — those rays are defined as the gradient lines of g. stemming from
infinity with angle 1/3 and 2/3 (measured via the Bottcher coordinate). Set

U= {2 €C| ge(z) <1} (Re(1/3) UR(2/3) U{ac}).
For m > —2, set
U ={ceW | () eU,}.

The parapuzzle pieces of depth m are the connected components of %,. If c € %_»
and m > —2 are such that ff(m+2)(c) € U,, there is a parapuzzle piece of depth
m which contains the parameter c. We denote it by Z,,(c). Since f7*(U.) C U,
we see that ff(mﬁ)(c) € U, as soon as fg(m+3)(c) € U.. Tt follows that parapuzzle
pieces are either disjoint or nested: £2,,11(c) C P, (c) for all m > —2. Figure
shows the parapuzzle pieces of depth —2 through 3.

12.2. The dynamical puzzle. In the introduction, we only defined the dynamical
puzzle for ¢ € [-2,—1]. The definition generalizes for parameters ¢ € %_5: the
puzzle pieces of depth m are the connected components of f. (m+2) (U.). We denote
by Puzzle,,(c) the set of puzzle pieces of depth m for f..

If 2 € fo "2 (U.), we denote by P, .(z) € Puzzle,,(c) the puzzle piece of
depth m which contains x. We set Cpy e := P c(0). Again, two puzzle pieces are
either nested or disjoint. Figure [25| shows the puzzle pieces of depth —2 through 3
for a polynomial f. with disconnected Julia set.
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%(3)

Figure 24: The Mandelbrot set and the parapuzzle pieces of depth —2 through 3
in the 1/2-wake. The set %_5 is colored yellow.

Figure 25: The puzzle of depths —2 through 3 for f.(z) = 22 — 2 +i/2. The Julia
set is not connected. The puzzle piece of depth 0 containing the critical value c is
colored yellow.

12.3. Boundaries of puzzle pieces. We are interested in showing that when ¢
varies in a parapuzzle piece of depth m > —2, the boundaries of the dynamical
puzzle pieces of depth n € [—2,m + 1] vary holomorphically. Those boundaries are
composed of equipotentials, external rays and their landing points. According to
the A-Lemma of Mane-Sad-Sullivan, it is enough to prove that the equipotentials
and external rays vary holomorphically. This is the case if and only if they do not
bifurcate on an iterated preimage of the critical point.

For ¢ € # U {0}, let G, be the union of the external rays of angles in +£1/3 and
the equipotentials of levels 2%, k > 0. For m > —2, set

G = 17" (Ge) and g™ = BTG,
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Then, f.(G.) C G., and for m > 0, f.(G™) C G = f.(G™T!). Moreover, c € 4™
if and only if ¢ € G*. In addition, for ¢ € %_», the closure of G contains the
boundaries of puzzle pieces of depth m > —2; and the closure of ¥™ contains the
boundaries of the parapuzzle pieces of depth m > —2.

We say that the graph G bifurcates if it contains an iterated preimage of 0.

Lemma 12.1. As ¢ varies in a parapuzzle piece of depth m > —2, the graph Gm+*
does not bifurcate.

Proof. Assume G *! bifurcates. Since f.(GMT!) c Gt 0 € gL 1t follows

that fg(m+2) (c) = ff(m+3) (0) € G.. This is not possible if ¢ belongs to a parapuzzle
piece of depth m since in this case, fco(m+2) (c) eU. C C\G.. O
Corollary 12.2. Let & be a parapuzzle piece of depth m > —2. Then the bound-
aries of the dynamical puzzle pieces of depth n € [—2,m + 1] vary holomorphically
with respect to ¢ € L.

12.4. Enlarged and thickened pieces. As in the introduction, we now define
enlarged and thickened dynamical pieces. Given ¢ € Z_, set

Sci =P_1.(£5:) and 3’? ==xC_s.,

where [, is the landing point of the ray of angle 0, i.e., the fixed point of f. different
from o..

Definition 12.3 (Good and enlarged pieces). A puzzle piece P € Puzzle,,(c) of

depth m > —1 is a good piece if ff(mﬂ)(P) = SF. In that case, the enlarged piece

P is the component of fg(m“)(z?ci) containing P.

Lemma 12.4. Assume &2 is a parapuzzle piece of depth m > —2. The boundaries
of enlarged pieces of depth n € [—1,m + 1] vary holomorphically with respect to
ceP.

Proof. The enlarged pieces §Ci have depth —1. Their boundaries are contained in
G-1. It follows that the boundaries of enlarged pieces of depth n € [—1,m + 1] are
contained in G™ 1. The result follows from Lemma O

Let us now define the thickened pieces. For ¢ € #, the rays R.(£5/12) do

not bifurcate and land at a common iterated preimage of a.. Let C_y . be the
component of

{zeC|ge(z) <1}N(Re(5/12) UR(—5/12))
which contains C_g ..

Definition 12.5 (Thickened pieces). If P € Puzzle,,(c) is a good piece of depth
m > —1, the thickened piece P is the component of fg(m+2) (C_2,c) containing P.

Lemma 12.6. Assume & is a parapuzzle piece of depth m > 0. The boundaries
of thickened pieces of depth n € [—1,m — 1] vary holomorphically with respect to
ce P.

Proof. The thickened piece 5_270 have depth —2. Its boundary is contained in GY.
It follows that the boundaries of thickened puzzle pieces of depth n € [-1,m — 1]
are contained in G™T1. The result follows from Lemma O

It will be convenient to restrict our study to the parapuzzle pieces ¥ € ¥’
containing —2 of respective depths 1 and 0:

V=P (-2) and V' = Py(-2).
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The parapuzzle piece ¥ is bounded by an arc of equipotential of level 1/4 and
arcs of the parameter rays Z#(+5/12) which land at a common parameter ¢ €
M (see Figure As ¢ varies in ¥, the thickened parapuzzle pieces Si move
holomorphically. The parapuzzle piece ¥ is relatively compact in ¥”.

Figure 26: The 1/2-limb .# N# and the parapuzzle piece ¥ := 71(—2) (green)
which is relatively compact in the parapuzzle piece ¥’ := Py(—2) (yellow).

12.5. Regularity. As in a puzzle piece P € Puzzle,,(c) of depth m > 1 is
regular if

f&"(P)=Co. and f2™: P - CAO,C is an isomorphism;

c

and n. : C = NU {400} is defined by
n.(z) :=inf{n > 1| z is contained in a regular piece of depth n}

with the convention that inf @ := 4-oc0.

Assume & C ¥ is a parapuzzle piece of depth m > 1. According to Lemma
as ¢ varies in &2, the boundaries of enlarged pieces of depth n € [-1,m + 1]
vary holomorphically. Let ¢ — ﬁc be such a holomorphically varying puzzle piece.
Note that if P, is regular for some ¢y € &, then P. is regular for all ¢ € Z.
Indeed, no critical pomt of fo" can enter ’P as it moves holomorphically, so that
the degree of fo™: 73 — CO . remains constant (equal to 1).

In particular, if P, ¢, (co) is regular for some ¢y € &2, then P, (c) is regular

for all ¢ € &. In that case, we say that the parapuzzle piece &2 is regular and we
define Ng : & — NU{+oc0} by

N (c) ==n.(f"(c)).

Then, N 4(c) is finite if and only if ¢ belongs to a regular piece 2 C &2; and for
each n > 1, N, (n) is a union of regular parapuzzle pieces of depth m -+ n.

13. HARVESTING IN PARAMETER SPACE

We now state the main result which will enable us to transfer results from the
dynamical space to the parameter space. This transfer technique was first used
by Shishikura to simplify the proof by Yoccoz that the Mandelbrot set is locally
connected at non renormalizable parameters (see [R]).
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Proposition 13.1. Assume & C ¥ is a reqular parapuzzle piece of depth m > 1
and co € &P. Then there exists a homeomorphism ¥ : &2 — Cy ., such that if
2 C & is a parapuzzle piece of depth m + n with n € [1,m — 1], then
o U(2) is a puzzle piece of depth n for fe,;
o 2 is regular if and only if V(2) is regular;
e modulus(#~\2) > « - height (¥ (2)) for some constant universal x which
depends neither on cg, nor on &.

Proof. According to Lemma as ¢ varies in &, the graph G 1 does not bifur-
cate, thus varies holomorphically. Let ¢ — (¢, : G'T' — GI"*!) be a holomorphic
motion parameterized by ¢ € £, respecting potentials and external arguments.
According to Slodkowski’s Theorem, this holomorphic motion extends to a holo-
morphic motion ¢ — (1. : C — C). Define ¥ : & — Cy ¢, by

U(c) =g ' o f"(0).

Then, ¥ : & — Co,, is a (locally quasiconformal) homeomorphism which maps
parapuzzle pieces of depth m+n with n € [0, m+ 1] to puzzle pieces of f., of depth
n.

Next, 2 is regular if and only if P := P, .(f™(c)) is regular. And this is the
case if and only if ¥(2) = ¢ 1(P) is regular.

To control the modulus of 2\.2, we use the following result.

Lemma 13.2. Assume P’ € Puzzle,(cg) is a good piece of depth n € [1,m — 1]
containing V(2). Set o' = W~ (A(P")). Then,

modulus(&’) > % -modulus(A(P"))

for some constant K which only depends on the hyperbolic diameter of ¥ in V.

Proof. Let ¢ — (xc : A(S+) — A(SF)) be a holomorphic motion parameterized
by ¢ € ¥’. Since ¥ is relatively compact in ¥”, there is a constant K such that y. is
K-quasiconformal for all ¢ € ¥". This constant K only depends on the hyperbolic
diameter of ¥ in ¥’. For ¢ € 2, set P, := ¢.(P’). According to Lemmas
and the enlarged and thickened pieces 73é and P'c vary holomorphically
with respect to ¢ € £2. Thus, fo" : A(P.) — A(SF) is a covering map for all

C
¢ € &, and we may lift the holomorphic motion ¢ — Y. to a holomorphic motion

¢ (¢c : A(P') = A(P))) such that fo™ o ¢. = xco fo on A(P’). Then, the
homeomorphism ® : &7’ — A(P’) defined by

O(c) = ¢, " o f"(c)

is K-quasiconformal. O
The proposition follows with

K= % - inf modulus(A(ST)). O

ceV

A regular parapuzzle piece &2 C ¥ is regular of order £ if it is contained in
exactly ¢ regular parapuzzle pieces

@13@23"'3942@.
Set
ng := depth(Z?;) and ny := depth(Pp41) — depth(P) for k € [1,4].
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The parapuzzle piece & is strongly regular of order ¢ if for all k € [1, /],

>~

k
1
Z Zmax((),nj —ng) <
j=1

Proposition 2.8 may be reformulated as follows.

Proposition 13.3. There exist K > 0, 0 < 1 and N > 1 such that the following
holds. If & C Pn(—2) is strongly regular of order ¢, then

Leb{ce 2 NR | Np(c) > n}
Leb(Z NR)

Proof. Assume N > 7, and fix ¢cg € &. Let ¥ : & — Cp ., be a homeomorphism
provided by Proposition [[3.1]

Let us say that a parapuzzle piece 2 C &2 is singular if the parapuzzle pieces
P satisfying 2 C ' C & are not regular.

Assume n € [2,m] with m := depth(4?). Then, c € Z NR and N »(c) > n if
and only if

Vn € [l,depth(gz)}, < Ko™

e cither ¢ is an iterated preimage of a. for f.
e or the parapuzzle piece 2 := &, 1, _1(c) is singular.

The first case occurs for countably many ¢, thus has Lebesgue measure 0. The
second case occurs if and only if U(2) € Puzzle,_1(co) is a singular piece. It
follows from Propositions [10.3] and that
n—2

16
for some constant x which depends neither on ¢, nor on &; and from Proposition

that & contains at most 3 - (2N)”/N singular pieces of depth m +n —1. As a
consequence

Leb{c€ ZNR | Np(c) > n}
Leb(Z NR)

modulus(#~\2) > k -

-2
<3-(2N)N .e™ . exp (—27T/*€n16 ) .

The result now follows with K = 3e™e™/4 any o € (e"™/% 1) and N suffi-
ciently large so that (2N)/N .e=™/8 < o O

14. THE PROBABILISTIC ARGUMENT

In this section, we finally prove Lemma Recall that (Y, p) is a probability
space and (M}, : Y — N)j>; are random variables. Consider the associated sum

Sk ::M1+"'+Mk.

Given (my,...,ms) € N¥_ the set Y(mq,...,my), the conditional expectations
E(mi,...,my) and the conditional variances V(my,...,my) are defined in §2.5)

We assume that the quantities

E:= sup E(my,...,m;) and V:= sup V(my,...,mg).

(ma,...,mp) (ma,...,my)

are finite. We will actually need that they are small.

Proposition 14.1. For any v > 1/2 there is a constant C., such that for all § > 0,

C,V

plyeY | Vk>1, Si(y) <kE+06kYlogyk} >1— =
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Proof. For k> 1,let Ny : Y — R and T : Y — R be the random variables defined
by

Ni(y) := My(y) —E(Ml(y),...,Mk_l(y)) and T} = Z N;.
1<5<k

First, observe that
for i # j, /Ni~dep:O.
Y

Indeed, without loss of generality, assume that ¢ < j. Then, N; is constant on each
set Y (m1,...,m;) and the average of N; on each such set is 0 by construction.

Next, let ¢ : N* — N be the map that forgets the rightmost 1 in the binary
expansion of numbers:

(2" (2s+1)) =2"s.

For k > 1, set
k
Up =Tk —Toay= >, Nj
J=e(k)+1

Lemma 14.2. Given vy > 1/2, there exists a constant C., such that for all 6 >0
\%
672.
Proof. For k =2"-(2s + 1), we have k — p(k) = 2" and so,

ply €Y | Ik with Uy > 6k7} < C, -

82k27 - p(U, > 0k7) < / U dp = Z / N;? dp <27V.
Y Y

p(k)<j<k
Thus,
'I"V V
Y | 3k with U, > 6k7} < =0, =
ply €Y | 3k with Uy > 07} < > 62 (2)2 - (2s+ 1) 7 42
r>0,s>0
with
1 1
Cy = Z 2y—1\r | Z 2 : .
= (20 S 2s+ 1)

Outside a set of measure C,V/§?%, we have Uy < 0k7 for all k > 1. Forgetting
all the 1s in the binary expansion of k requires at most log, k steps. Thus, outside
a set of measure C,V/§2, we have

forall k >1 Ty < dk"logy k sothat Sy < kE + 6k” log, k.

This completes the proof of Proposition [14.1 O
Lemma [2.9]is a corollary of this proposition.

Proof of Lemma[2.9 We need to show that for all ¢ > 0 and > 0, if E and V are
sufficiently small, then

p{er|Vk21, Sk(y)gka}zl—n.

Given € > 0 and n > 0, fix v € (1/2,1). Let § > 0 be sufficiently small so that
8k log, k < ek/2 for all k > 1. Assume E < £/2 and V < §?n/C,. The result now
follows from Proposition [14.1 O
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