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Bassanelli and Berteloot [BB] have defined a bifurcation measure ppir on the
moduli space Mg of rational maps of degree d > 2. They have proved that it is
a positive measure of finite mass and that its support is contained in the closure
of the set Z4 of conjugacy classes of rational maps of degree d having 2d — 2
indifferent cycles.

Denote by X4 the set of conjugacy classes of strictly postcritically finite ra-
tional maps of degree d which are not flexible Lattés maps. We prove that
Supp(ivit) = Xg = Z4. Our proof is based on a transversality result due to the
second author.

A similar result was obtained with different techniques by Dujardin and Favre
[DF] for the bifurcation measure on moduli spaces of polynomials of degree d > 2.

Introduction

A result of Lyubich [L] asserts that for each rational map f : P! — P!
of degree d > 2, there is a unique probability measure pr of maximal
entropy logd. It is ergodic, satisfies f*us = d - s and is carried outside
the exceptional set of f. This measure is the equilibrium measure of f.

The Lyapunov exponent of f with respect to the measure iy may be
defined by

2(7):= [ 1og| D] due,

where || - || is any smooth metric on P!. Since yuy is ergodic, the quantity
e®f) records the average rate of expansion of f along a typical orbit with
respect to puy.

The space Raty of rational maps of degree d is a smooth complex man-
ifold of dimension 2d + 1. The function £ : Ratgy — R is continuous [Ma]
and plurisubharmonic [DeM2] on Ratg. The positive (1,1)-current

Tbif::ddCS

is called the bifurcation current in Ratg.
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The bifurcation locus in Raty is the closure of the set of discontinuity
of the map Ratq > f — Jy, where J; stands for the Julia set of f and
the continuity is for the Hausdorff topology for compact subsets of P!.
DeMarco [DeM2] proved that the support of the bifurcation current Ty is
equal to the bifurcation locus.

For f € Ratg, denote by O(f) the set of rational maps which are conju-
gate to f by a Mobius transformation. This set is a 3 dimensional complex
analytic submanifold of Ratg. In fact, O(f) is biholomorphic to Aut(P!)/T,
where Aut(P') ~ PSL(2,C) is the group of Mébius transformations, and
where I' C Aut(P!) is the finite subgroup of Mébius transformations which
commute with f.

The moduli space Mg is the quotient Raty/Aut(P!), where Aut(P!)
acts on Ratg by conjugation. It is an orbifold of complex dimension 2d — 2.
It is a normal, quasiprojective variety. We denote by p : Raty — My the
canonical projection.

The Lyapunov exponent is invariant under holomorphic conjugacy, hence
is constant on the orbits O(f). The map £ : Raty — R descends to a map
£: My — R which is continuous, bounded from below and plurisubhar-
monic on M, (see [BB] proposition 6.2). The measure

,U/bif::(ddcfé)/\(2d_2)
is called the bifurcation measure on My. By construction, we have
p* pwi = Toie" 2472

We denote by C(f) the set of critical points of f and by V(f)::f(C(f))
the set of critical values of f. The postcritical set is

P(H=J U .

ceC(f)n>1

A rational map f is posteritically finite if P(f) is finite. It is strictly post-
critically finite if P(f) is finite and if f does not have any superattracting
cycle. The map f is a Lattes map if it is obtained as the quotient of an
affine map A : z — az + b on a complex torus C/A: there is a finite-
to-one holomorphic map © : C/A — P! such that the following diagram
commutes:

C/A —2>~cC/A

@i l@

P! ——PL

f



A Lattés map is strictly postcritically finite (see [Mi]). It is a flexible Lattés
map if we can choose © with degree 2 and A(z) = az + b with @ > 1 an
integer.

Let us introduce the following notation:

o X; C My for the set of conjugacy classes of strictly postcritically
finite rational maps of degree d which are not flexible Lattés maps;

o X7 C Ay for the subset of conjugacy classes of maps which have only
simple critical points and satisfy C(f) N P(f) = 0;

o Z; C M, for the set of conjugacy classes of maps which have 2d — 2
indifferent cycles (we do not count multiplicities).

Bassanelli and Berteloot [BB] proved that

e the bifurcation measure does not vanish identically on My and has
finite mass,

e the conjugacy class of any non-flexible Lattes map lies in the support
of pabir,

e the support of upis is contained in the closure of Z.
Our main result is the following.
Main Theorem The support of the bifurcation measure in My is:
Supp(ppif) = X; = Xy = Zq4.
Remark We shall prove in Section 1 that
X=X =Za (0.1)

Then, due to the results in [BB], we will only have to prove the inclusion
X7 C Supp(bit)-

Remark We do not know how to prove that the conjugacy classes of flexible
Lattes maps lie in the support of pp;s. It would be enough to prove that
every flexible Lattés map can be approximated by strictly postcritically
finite rational maps which are not Lattes maps.

Remark The underlying idea of the proof is a potential-theoretic interpre-
tation of a result of Tan Lei [T] concerning the similarities between the
Mandelbrot set and Julia sets.



4 1. Bifurcation measure and Misiurewicz maps

Our proof relies on a transversality result that we will now present.
Elements of (P!)29-2 are denoted z = (21,. .., 224_2)-

Let f € Raty be a postcritically finite rational map with 2d — 2 dis-
tinct critical points c1, ..., coq_2, satisfying C(f) N P(f) = 0. There are
integers ¢; > 1 such that a;:=f°%(c;) are periodic points of f. Set
c=(c1,...,C24—2) and c:=(a1,...,q0q—2). The critical points are simple
and the periodic points are repelling. By the Implicit Function Theorem,
there are

e an analytic germ ¢ : (Ratg, f) — ((Pl)zd’z,g) such that for g near f,
¢j(g) is a critical point of g and

e an analytic germ a : (Ratg, f) — ((Pl)%*z,g) such that for g near
f, a;(g) is a periodic point of g.

Let v : (Ratg, f) — ((IP’l)Qd*Q,g) be defined by

v:i=(01,...,020-2) with v;(g):=¢°(c;(9))-

Denote by Do and D ya the differentials of v and a at f. The transversality
result we are interested in is the following.

Theorem 1 If f is not a flexible Lattés map, then the linear map

2d—2
Dyv — Dya: TyRaty — @ Ta, P*
j=1

is surjective. The kernel of Dgo — Dya is the tangent space to O(f) at f.

There are several proofs of this result. Here, we include a proof due to
the second author. A different proof was obtained by van Strien [vS]. His
proof covers a more general setting where the critical orbits are allowed
to be preperiodic to a hyperbolic set. Our proof covers the case of maps
commuting with a nontrivial group of Md&bius transformations (a slight
modification of van Strien’s proof probably also covers this case).

Remark A similar transversality theorem holds in the space of polynomials
of degree d and the arguments developed in this article lead to an alterna-
tive proof of the result of Dujardin and Favre.
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1 Thesets X7, X; and Z;

In this section, we prove (0.1). Since X C Ay, it is enough to prove that

ng?d and ng.)(ij

1.1 Tools

Our proof relies on the following three results.

The first result is an immediate consequence of the Fatou-Shishikura
inequality on the number of nonrepelling cycles of a rational map (see [S]
and/or [E]). For f € Ratg, denote by

e N.it(f) the number of attracting cycles of f,
e Nina(f) the number of distinct indifferent cycles of f and

e Ngit(f) the number of critical points of f, counting multiplicities,
whose orbits are strictly preperiodic to repelling cycles.

Theorem 2 For any rational map f € Raty, we have:
Ncrit(f) + Nind(f) + Natt(f) S 2d — 2.

The second result is a characterization of stability due to Mafie, Sad and
Sullivan [MSS] (compare with [McM2] section 4.1). Let A be a complex
manifold. A family of rational maps A 3 A — fy is an analytic family if
the map A x P* 3 (), 2) — fa(z) € P! is analytic. The family is stable at
Ao € A if the number of attracting cycles of fy is locally constant at Ag.

Theorem 3 Let A 3 X\ — [y be an analytic family of rational maps parametrized
by a complex manifold A. The following assertions are equivalent.

e The family is stable at \g.

o Forallm € S' andp > 1, the number of cycles of fx having multiplier
m and period p is locally constant at \g.

e Forall { > 1 and p > 1, the number of critical points ¢ of fn such
that £°(c) is a repelling periodic point of period p is locally constant
at )\0.

e The maximum period of an indifferent cycle of fx is locally bounded
at )\0.

e The mazimum period of a repelling cycle of fx contained in the post-
critical set P(fr) is locally bounded at Ao.
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The third result is due to McMullen [McM1]. Let A be an irreducible
quasiprojective complex variety. A family of rational maps A A — f) is
an algebraic family if the map A x P! 3 (), 2) — fi(2) € P! is a rational
mapping. The family is trivial if all its members are conjugate by Mobius
transformations. The family is stable if it is stable at every A € A.

Theorem 4 A stable algebraic family of rational maps is either trivial or it
s a family of flexible Lattés maps.

1.2 Spaces of rational maps with marked critical points and marked
periodic points

Here and henceforth, it will be convenient to consider the set Rat:lrit’per" of

rational maps of degree d with marked critical points and marked periodic
points of period dividing n. This set may be defined as follows.

First, the unordered sets of m points in P! may be identified with P™.
This yields a rational map o, : (P)™ — P™ which may be defined as
follows:

0m<[x1 Sty [T ym]) =lag:--:am]
with . .
Zajxjym_j = H(scyz —yz;).
j=0 i=1

Second, to a rational map f € Raty, we associate the unordered set
{c1,...,c2q—2} of its 2d — 2 critical points, listed with repetitions according
to their multiplicities. This induces a rational map ctit : Raty — P24—2
which may be defined as follows: if f([x : y]) = [P(x, NE Q(x,y)] with P
and @ homogeneous polynomials of degree d, then

2d—2
. . o o s OPOQ  OPOQ
_ pdg2d—2—5 _ 77 T Y2 T
cvit(f) = [ag : -+ azg—2] with ;:o a;z’y 0z 0y Oy Oz’

Third, given an integer n > 1, to a rational map f € Raty, we associate
the unordered set {ai,...,agn11} of the fixed points of f°", listed with
repetitions according to their multiplicities. This induces a rational map
per, : Raty — P4"+1 which may be defined as follows:
if f°"([x : y]) = [Pn(m,y) : Qn(x,y)] with P, and @, homogeneous poly-
nomials of degree d, then

per, (f)=lao: - : agni1]

with
d"+1

S ayady? I = yPy(a,y) — 2Qu(e,y).
=0
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The space of rational maps of degree d with marked critical points and
marked periodic points of period dividing n is the set:

RateitPern. _ (f,c, @) € Ratg x (P1)24=2 x (P1)4"+1 such that
d T erit(f) = 02g-2(c) and per,,(f) = ggny1() :

Then, Rat:lrit’per” is an algebraic subset! of Ratg x (P1)29=2 x (P1)2"+1,
Since there are 2d — 2 + d™ + 1 equations, the dimension of any irreducible

component of Ratzrit’per" is at least that of Ratgy, i.e. 2d + 1. Since the
fibers of the projection Rat$ "P®» — Rat, are finite (a rational map has

finitely many critical points and finitely many periodic points of period
dividing n), the dimension of any component is exactly 2d + 1.

1.3 The inclusion X; C Z,

Let fo € Raty be a strictly postcritically finite rational map but not a
flexible Lattes map. We must show that any neighborhood of fy in Raty
contains a rational map with 2d — 2 indifferent cycles. This is an immediate
consequence (by induction) of the following lemma.

Lemma 1l Letr > 1 and s > 0 be integers such that r+s = 2d—2. Assume
fo € Raty is not a flexible Lattés map, Newit(fo) = 7 and Nina(fo) = s.
Then, arbitrarily close to fo, we may find a rational map fi1 such that

Ncrit(fl) =r—1 and Nind(fl) =s+1.

Proof: Let p1, ..., ps be the periods of the indifferent cycles of fo. Denote
by p their least common multiple. A point A\ € Ratzm’perp is of the form
(g,\, cl(/\), N ng_z()\), 041()\), o Ogpy (/\))
We choose Ao € Rat;rit’pcr" so that
® G, = f07
e ¢1(Ao), ---¢r(Ag) are preperiodic to repelling cycles of fy and
o a1(Ag),- .., as(Ag) are indifferent periodic points of fy belonging to

distinct cycles.

For i € [1,7], let k; > 1 be the least integer such that
ok; __o(ki+pi)
g5t (ci(M)) = g3, (ci(Xo))-
1By algebraic we mean a quasiprojective variety in some projective space. It is

classical that any product of projective spaces embeds in some PY. Thus, it makes
sense to speak of algebraic subsets of products of projective spaces
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For j € [1,s], let m; be the multiplier of gig at a;j(X\o). In particular,
m; € St.
Consider the algebraic subset

A € RatS P viell,r—1], giki (V) = gi(k#pi)(ci()\)) and
d " Vj € [l,s], the multiplier of g3¥ at a; () is m;

and let A be an irreducible component containing Ag. Note that there are
r— 1+ s =2d— 3 equations. It follows that the dimension of A is at least
(2d + 1) — (2d — 3) = 4. In particular, the image of A by the projection
Ratzm’pcrp — Raty cannot be contained in O(fy).

Embedding A in some PV (with N sufficiently large) and slicing with an
appropriate projective subspace, we deduce that there is an algebraic curve
I' C A containing Ay, whose image by the projection Ratzrlt’perp — Ratg is
not contained in O(fy). Desingularizing the algebraic curve, we obtain a
smooth quasiprojective curve X (i.e. a Riemann surface of finite type) and
an algebraic map ¥ — I' which is surjective and generically one-to-one.
We let 09 € ¥ be a point which is mapped to A\g € I'.  With an abuse
of notation, we write g,, ¢;(¢) and a;(o) in place of gy, ¢;(A(c)) and
o ()\(0)). Then, we have an algebraic family of rational maps ¥ 3> 0 — g,
parametrized by a smooth quasiprojective curve X, coming with marked
critical points ¢;(o) and marked periodic points a; (o).

The family is not trivial and g,, is not a flexible Lattés map. Assume
that the family were stable at og. Then, according to Theorem 3, the
number of critical points which are preperiodic to repelling cycles would
be locally constant at og. Thus, the critical orbit relation

95" (er(0)) = g5 (e, (o)

would hold in a neighborhood of gy in ¥, thus for all ¢ € ¥ by an-
alytic continuation. As a consequence, for all o € ¥, we would have
Nerit(go) + Nind(95) = 2d — 2. According to Theorem 2, this would imply
that Nat(g,) = 0 for all o € ¥. The family would be stable which would
contradict Theorem 4.

Thus, the family ¥ 3 0 — ¢, is not stable at og. According to Theorem
3, the maximum period of an indifferent cycle of g, is not locally bounded
at 0g. Thus, we may find a parameter o1 € 3 arbitrarily close to oy such
that g,, has at least s + 1 indifferent cycles. O

1.4 The inclusion Z; C 7;

The proof follows essentially the same lines as the previous one. We begin
with a map fo € Raty having 2d — 2 indifferent cycles. We must show that
arbitrarily close to fy, we may find a postcritically finite map f; € Raty
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which has only simple critical points, satisfies C(f1) NP(f1) = 0 and is not
a flexible Lattes map.

The following lemma implies (by induction) that arbitrarily close to
fo, we may find a rational map f; € Raty whose postcritical set contains
2d—2 distinct repelling cycles. Automatically, the 2d—2 critical points of f;
have to be simple, strictly preperiodic, with disjoint orbits. In particular,
C(f1)NP(f1) = 0. In addition, Lattes maps lie in a Zariski closed subset
of Raty. Since fy has indifferent cycles, it cannot be a Latteés map. So, if
f1 is sufficiently close to fp, then f; is not a Lattés map.

Lemma 2 Let r > 0 and s > 1 be integers such that r + s = 2d — 2. Let
fo € Raty satisfy Newis(fo) = 7, Nina(fo) = s, the posteritical set of fo
containing v distinct repelling cycles. Then, arbitrarily close to fo, there is
a rational map f1 which satisfies Neyit(f1) = r+ 1 and Nina(f1) = s — 1,
the postcritical set of fi1 containing r + 1 distinct repelling cycles.

Proof: The proof is similar to the proof of Lemma 1; we do not give all the
details. First, note that since s > 1, fp has an indifferent cycle, and thus,
is not a Lattes map. Second, we may find a nontrivial algebraic family of
rational maps ¥ 3 o +— ¢, parametrized by a smooth quasiprojective curve

Y with marked critical points ¢1(0), ..., caq—2(0) and marked periodic
points ay (o), ..., age41(0) such that
® Goy = an

e for j € [1, s], the periodic points a;(0g) belong to distinct indifferent
cycles of fy,

e for all 0 € ¥ and all ¢ € [1,7], the critical point ¢;(o) is preperiodic
to a periodic cycle of g, and

e for all ¢ € ¥ and all j € [1,s — 1], the periodic points a;(o) are
indifferent periodic points of g,.

If the family were stable at oy, the indifferent periodic point a;(og) would
be persistently indifferent in a neighborhood of o¢ in X, thus in all ¥ by
analytic continuation. The relation Neit(9s) + Nina(g9s) = 2d — 2 would
hold throughout . Thus, for all o € 3, we would have N,(g,) = 0 and
the family would be stable. This is not possible since g4, is not a Lattes
map and since the family ¥ 3 o — g, is not trivial.

It follows that the period of a repelling cycle contained in the postcritical
set of g, is not locally bounded at og. In addition, for ¢ € [1,7], the critical
points ¢; (o) of g,, are preperiodic to distinct repelling cycles. Thus, we
may find a rational map g¢,,, with o; arbitrarily close to oy, such that g,
has r 4 1 critical points preperiodic to distinct repelling cycles. O
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2 Transversality

Here and henceforth, we will consider various holomorphic families ¢ +— ~;
defined near 0 in C. We will employ the notation

2.1 The tangent space to O(f)

Here we characterize the vectors { € TyRaty which are tangent to O(f) for
some rational map f € Raty.

Note that if ¢ — f; is a holomorphic family of rational maps, then for
every z € P, the vector f(z) belongs to the tangent space Tf(z)]P’l. Thus,
if ¢ € TyRatg, then for every z € P!, we have {(z) € Ty,)P'. If € € TyRatq
there is a unique vector field 7¢, meromorphic on P! with poles in C(f),
such that

Dfone=—¢.

Indeed, if z is not a critical point of f, then D, f : T.P' — Ty, P! is an
isomorphism, whence we may define 7¢(2) by

ne(2) = — (D2 f) 7 (€(2)).

Moreover, in this situation, it follows from the Implicit Function Theorem
that there is a unique holomorphic germ ¢t — z; with zy = z such that
fi(z) = f(2), and furthermore 7;(2) = 2 € T,P'.

Remark If f has simple critical points, then the vector field n¢ has simple
poles or removable singularities along C(f). There is a removable singu-
larity at ¢ € C(f) if and only if £(¢) = 0. This can be seen by working in
coordinates, using the fact that f’ has simple zeroes at points of C(f).

Recalling that Aut(P!) is a Lie group, we denote by aut(P') the corre-
sponding Lie algebra: that is, the tangent space to Aut(P!) at the identity
map. Thus, aut(PP!) is canonically isomorphic to the space of globally holo-
morphic vector fields.

If X CP!—C(f) and if 6 is a vector field defined on f(X), then the
vector field f*0 is defined on X by

Fr0(2):=(D. /)" (00 f(2)).

If 0 € aut(P'), the vector field f*6 is the unique meromorphic vector field
on P! such that Df o f*0 =6 o f.
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Proposition 1 A vector § € TyRaty is tangent to O(f) if and only if
ne=0—f"0
for some 6 € aut(P*').
Proof: The derivative at the identity of
Aut(P) 3 ¢ — ¢o fop! € Raty
is the linear map
aut(P') 30 — o f — Df o € TyRat,.

Thus, £ € TyRatg is tangent to O(f) if and only if { = 0o f —Dfod
for some 6 € aut(P!). Since o f — Df o = Df o (f*0 — ), it follows
that £ € TyRaty is tangent to O(f) if and only if ne = 6 — f*6 for some
6 € aut(P'). O

2.2  Guided vector fields

Let 0 be a vector field, defined and holomorphic on a neighborhood of the
critical value set of some rational map f € Raty. Given { € TyRatq, we
want to understand under which conditions the vector field f*6 + n¢ is
holomorphic on a neighborhood of the critical point set of f.

Lemma 3 Let ¢ be a simple critical point of f € Raty and let 8 be a vector
field, holomorphic near v = f(c). For any { € TfRatg, the vector field
f*0 4 ne is holomorphic near c if and only if 6(v) = &£(c).

Proof: Since c is a simple critical points of f, it follows from the Implicit
Function Theorem that there is a unique holomorphic germ ¢ +— ¢; with
cp = c¢ such that ¢ is a critical point of f;. Let vy:=fi(c;) be the corre-
sponding critical values. Note that © = f(c) + D.f(¢) = &(c), since f = €
and D.f = 0.

Let t — ¢, be a holomorphic family of Mobius transformations sending
v to vy, with ¢g = Id. Note that there is a holomorphic family of local
biholomorphisms ; sending ¢ to ¢;, with ¢y = Id and

drof = froy.
Differentiating this identity with respect to ¢ and evaluating at ¢ = 0 yields
¢of =E+Dfor), whence D fo(ip— f*¢) = —&. Consequently, p— f*¢ = ne
whence f*¢ + n¢ is holomorphic in a neighborhood of c.
It follows that f*6 4 ne is holomorphic near ¢ if and only if f*(6 — ¢) is

holomorphic near c. Since ¢ — & is holomorphic near v, this is the case if
and only if § — ¢ vanishes at v, i.e. if and only if 6(v) = ¢(v) = v = &(¢).0
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For a finite set X C P!, we denote by 7(X) the linear space of vector
fields on X; note that 7 (X) is canonically isomorphic to @, . y ToP*.

Let f € Raty have 2d — 2 simple critical points, let A C Pt — C(f) be
finite, and set B = f(A)UV(f). We shall say that a vector field 7 € 7(B)
is guided by ¢ € TyRatq if

T=f"T+nonA and 7of=¢&onC(f).

Note that a priori, there might be distinct critical points ¢; and ¢ with
fler) = f(c2) but £(c1) # &(c2). In this case, no vector field can be guided
by &.

2.3 Quadratic differentials

Recall that a quadratic differential is a section of the complex line bundle
obtained as ®-square of the holomorphic cotangent bundle. For a finite
set X C P!, we denote by Q(P!, X) the set of all meromorphic quadratic
differentials whose poles are all simple and lie in X. This is a vector space
of dimension max(|X\ -3, 0).

Given ¢ € Q(P!, X) and a vector field 7, defined and holomorphic near
x € X, we regard the product ¢ ® 7 as a meromorphic 1-form defined in a
neighborhood of x, whence there is a residue Res, (¢® 7) at z. If 7 and 7o
agree at x, then Res, (¢ ® 71) = Res, (¢ ® 72), since ¢ has at worst a simple
pole at x. Thus it makes sense to talk about Res,(q ® 7) even when 7 is
only defined at z.

Given g € Q(P!, X) and 7 € T(X), we define

(q,7):=2im Z Res,(q ® 7).
zeX

Lemma 4 Given 7 € T(X), let 0 be a C* wvector field on P! which agrees
with 7 on X and is holomorphic in a neighborhood of X. Then for every
q € QP X),

(q,7) = —/ q®00.
Pl
Proof: Let U be a finite union of smoothly bounded disks, with pairwise

disjoint closures, each enclosing a unique point of X, and such that 6 is
holomorphic in a neighborhood of U. Then for any q € Q(P!, X), we have

<q,7>=/ q®9=—/ 7q®59:—/ q® 0,
oU P1-U Pt

where the first equality is due to the Residue Theorem, the second to
Stokes” Theorem, and the last from 90 = 0 in a neighborhood of U. O
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Given a rational map f : P! — P! and a meromorphic quadratic differ-
ential ¢ on P!, we define the pushforward f.q as follows. At a point w € P!
which is neither a critical value nor the image of a pole, we set

Jratw)(m,m) = Z q(2) (Do f) " 71, (D f) " ).

z€f~H(w)

The resulting quadratic differential f.q is in fact globally meromorphic.
Moreover, if ¢ € Q(P', A) then f.q € Q(P', B) with B = f(A) UV(f).
Checking that f.q belongs to Q(P!, B) requires some justifications which
can be found in [DH] for example.

We denote by V : Q(P!, A) — Q(P!, B) the linear map defined by

Vq:=q — fiq.

Lemma 5 Let f € Raty be a rational map with all critical points simple and
let A C P —C(f) be finite. Set B = f(A)UV(f) and let 7 € T(B) be a
vector field guided by & € TyRatq. Then, for all ¢ € Q(P', A), we have

(Vg,7) =0.

Proof: Let 6 be a C* vector field on P! which agrees with 7 on B and is
holomorphic in a neighborhood of B. Since 70 f = £ on C(f), Lemma 3
implies that the vector field f*6 + ¢ is holomorphic on a neighborhood of
C(f). It follows that f*6+n¢ is C> on P!, holomorphic in a neighborhood of
A and agrees with f*7 +n: = 7 on A. Consequently, for any ¢ € Q(Pl, A)

ar) == [ fawoo—— [ qw oo [ 400(r0+n) = (0.7

where the first and last equalities follow from Lemma 4, the second from a
change of variable and the third from dn¢ = 0 on P* — A. O

Lemma 6 Let f € Raty be postcritically finite. If f is not a flexible Lattés
map, then the linear endomorphism V : Q(Pl,P(f))H Q(]P’I,P(f)) 18
imjective.

Proof: See [DH]. O
Proposition 2 Let f € Raty be postceritically finite with all critical points

simple and C(f) NP(f) = 0. Assume further that f is not a Lattés map.
If ¢ € TyRaty guides T € T(P(f)) then & € TyO(f).
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Proof: Since, the vector space Q(IP’l, P( f)) is finite dimensional, the injec-
tivity of V : Q(P', P(f))— Q(P',P(f)) implies its surjectivity. Thus, it
follows from lemma 5 that (g, 7) = 0 for every ¢ € Q(P, P(f)).

Lemma 7 A vector field 7 € T(X) extends holomorphically to P! if and
only if (g, ) = 0 for every ¢ € Q(P, X).

Proof: We may clearly assume without loss of generality that X contains
at least three distinct points x1, x3, x3. Let 6 be the unique holomorphic
vector field on P! which coincides with 7 at z1, z2 and z3. We must show
that 6(x) = 7(x) for any © € X — {x1,22,23}. Up to scale, there is a
unique meromorphic quadratic differential ¢ with simple poles at =1, s,
x3 and x. The globally meromorphic 1-form ¢ ® € has only simple poles,
and these must lie in {x1, 2, 3, 2}. The sum of residues of a meromorphic
1-form on P! is 0. It follows that 7 and 6 coincide at x if and only if
Res; (¢ ® ) = Resz (g ® 0), whence

Z Res,(¢® ) Z Resy (¢ ® 0)

ye{z1,x2,23,2} ye{z1,2,23,2}

Z Resy (¢ ® 6) = 0. O
yeP!

Consequently, 7 admits a globally holomorphic extension 6 € aut(P').
Since 7 is guided by &, it follows from Lemma 3 that the vector field f*64-n;
is holomorphic on P!. Moreover, f*0 + n¢ agrees with 6 on P(f). Since a
rational map whose postcritical set contains only two points is conjugate to
2+ 27 the set P(f) contains at least three points, whence the globally
holomorphic vector fields are equal. That is to say ¢ = 0 — f*0 with
6 € aut(P'). Since ¢ € TfO(f) in view of Proposition 1, this completes the
proof of Proposition 2. O

2.4  Proof of Theorem 1
In this section, we prove Theorem 1. By assumption, f € Raty is postcrit-

ically finite with 2d — 2 distinct critical points, C(f) N P(f) = 0 and f is
not a Lattes map. Let the analytic germs

v: (Ratg, f) — (IP’l)Zd_2 and a: (Ratg, f) — (]P’l)Qd_2

be defined as in the Introduction. We shall show that the linear map
Dyv — Dya is surjective and that its kernel is T O(f).

Note that TrRaty has complex dimension 2d + 1. The map Dfo — Da
has maximal rank 2d — 2 if and only if the kernel has dimension 3. Now on
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O(f), we have b = a, whence T;O(f) C Ker(Dso — Dya). Since O(f) has
complex dimension 3, it suffices to show

Ker(Dyp — Dya) C TrO(f).

Henceforth, we assume that § belongs to Ker(Dsbv — Dyra). In view of
Proposition 2, it suffices to show that £ guides a vector field 7 € T(P(f))

We begin by specifying 7 on P(f). Let t — f; be a family of rational
maps of degree d such that fo = f and f = &. If a is a repelling periodic
point of f then, by the Implicit Function Theorem, there is a unique germ
t — ap with g = a such that «; is a periodic point of f;. For periodic
a € P(f), we set

7(a):=d € T,P'.

Note that if 5 = f(«), then 8; = fi(a:) is a periodic point of f;. Evaluating
derivatives at t = 0 yields

7(8) = B = f(@) + Do f(d) = &(a) + Daf(1(e)).

Since D, f is invertible, we deduce that

(Daf)~H(7(B)) = (Daf) "' (&) + 7(a)

whence
fr1r(a) = —ne(a) + 7().

Thus, on the set of repelling periodic points contained in P(f), we have
T=f"T+ne. (2.2)

Since there are no critical points in P(f), there is a unique extension of
to the whole postcritical set such that (2.2) remains valid. Note that since
no z € P(f) is precritical, there is a unique analytic germ ¢ — z; such that
z; is preperiodic under f;, and we have 7(z) = 2.

To complete the proof of Theorem 1, it suffices to show that 70 f = ¢
on C(f). So, let ¢ € C and for k > 1, define vF:=ff*(c;). The critical
point c is the j-th critical point of f as listed in the Introduction. We have
v;(fi) = vf for some integer ¢ > 1 and a;:=a;(f;) is a periodic point of f;
with a = v*. By assumption, £ € Ker(D ;o — D;a), whence

o' = Dyv;(€) = Dya;j(€) = & = 7(a).
Differentiating f;(vF) = v/ ™ with respect to t yields

E(WF) + Dyi f(0F) = oFFL,
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Applying (D,x f)~! gives —ne(v*) + 0% = (D, f)~1(0%*1), whence
% = (Dyr f) (O + me (0F).

We now proceed by decreasing induction on k > 1. Since (2.2) holds on
P(f), if 08! = 7(v*+1), then

0% = (Do f) 7 (70 f(07)) + e (W) = (F*7 + 1) (0F) = T(v5).

The desired result is obtained by taking k = 1: £(c) = 9! = 7(v!) = 1o f(c).

3 The bifurcation measure

We will now prove that X5 C Supp(ubir). This will complete the proof of
our main theorem. Here and henceforth, we let f € Raty be a postcritically
finite map with only simple critical points, which satisfies C(f) NP(f) =0
and is not a flexible Lattes map. It suffices to exhibit a 2d — 2-dimensional
complex manifold > C Raty containing f and a basis of neighborhoods ¥,
of f in X, such that

/ (Tbif)A(2d72) > 0.
S

3.1 Another definition of the bifurcation current

We will use a second definition of the bifurcation current Ti;; due to De-
Marco [DeM1] (see [DeM2] or [BB] for the equivalence of the two defini-
tions). The current Ty may be defined by considering the behavior of the
critical orbits as follows.

Set J:={1,...,2d — 2}. Let # : C* — {0} — P! be the canonical
projection. Denote by #:=(z1,z2) the points in C?. Let U C Ratq be a
sufficiently small neighborhood of f so that there are:

e holomorphic functions {cj U — P! }j e following the critical points
of g as g ranges in U,

e holomorphic functions {¢; : U — C? — {0}}j€J such that mo¢; = ¢,
and

e an analytic family U > g — ¢ of nondegenerate homogeneous poly-
nomials of degree d such that mog = gom.

The map G : U x C? — R defined by

1
G(g,z):= nll)r_iI}OO an logH!}On(j) H
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is plurisubharmonic on U x C2. DeMarco [DeM2] proved that

2d—2

T, = Z dd°g;
=1
where G; : U — R is defined by G;(9):=G (g, ¢;(9)).

3.2  Definition of 2

Let the analytic germs ¢, a,0 : (Ratg, f) — (P!)2¢72 be defined as in the
Introduction. Set c¢:=¢(f) and a:=a(f) = v(f). Given a rational map
g € Ratg, let g : (P*)2472 — (P')29=2 be the map defined by

9(2):=(9(21), ..., 9(z2a-2)).

Recall that for g near f, we have v;(g) = ¢°% o c;(g) for some integer
¢;. Let p; be the period of c;. Let p be the least common multiple of
the periods p;. For g near f, let m;(g) be the multiplier of ¢; as a fixed
point of g°?. Denote by & = (x1,...,T24_2) the elements of C2?~2 and let

J\_/.;g : C?1=2 — C29-2 be the linear map defined by

-
Mg(f)iz(ml(g) K ATRRE 7m2d72(9) '-772d72>-
For every j € J, «; is repelling. It follows that for g near f, there is a
local biholomorphism Lin, : (C?=2,0) — ((P!)??=2,a(g)) linearizing g°%,
that is
-
Lin, o My = g°" o Lin,.

In addition, we may choose Lin, such that the germ (g,¥) + Lin (%) is
analytic near (f,0) and the germ (g, z) — @;1(5) is analytic near (f,q).

Lemma 8 There exists an analytic germ S : (C2?2.0) — (Ratg, f) such
that for & near 0
00 5(Z) = Lingz-

Proof: Let § : (Ratg, f) — (C24=2 () be the analytic germ defined by
f)(g)::@g_l 0v(g). Then v(g) = Lin, o h(g) and a(g) = @9(6). Differen-
tiating with respect to g and evaluating at g = f yields

Dy = Dya+ DgLin, o Dy,

According to Theorem 1, the linear map Dsb—Dya : TfRaty — @jej Ta, P!
is surjective. Since Dﬁ@f : C2-2 @jej Ta].]I’>1 is invertible. Thus
fo_f : TrRatqg — C29=2 has maximal rank. It follows from the Implicit
Function Theorem that there is a section S : (C24~2,0) — (Ratg, f) with

—

h oS =1d. This may be rewritten as v o S(Z) = Ling(z)- O
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For each j € J, choose a neighborhood Vj of o in P! such that there is
a holomorphic section o; : V; — C* — {0} of 7 : C? — {0} — P!. Fixr >0
small enough that the germ S given by Lemma 8 and the germ Lin, are

both defined and analytic on a neighborhood of A% Where A:=D(0,r),
and such that

Lin, (3" cv:=[ v
JjeET
We set
E::S(Agd_Q).

By definition, this subset of Raty is a submanifold of complex dimension
2d — 2.

3.3 Definition of X,

For n > 1, set
_
SnZ:S ° M;n . AQd—Q — Y and Zn::Sn(AQd—Q) cY.

Clearly, the sets ¥, form a basis of neighborhoods of f in X. For n > 1,
let v : ¥ — P! be the map defined by

0" (g):=g°"" o n(g).
Note that for j € J, we have v (g) = g°“ ") o ¢;(g).
Lemma 9 The sequence (0™ o S,,) converges uniformly to @f on A24-2

Proof: Note that the sequence (S,,) converges to f uniformly and exponen-
tially on A% as n tends to co. Tt follows that the sequence (T — M S (7))
converges uniformly and exponentially to ]\—{i ¢. Consequently the sequence
(Z— M 5@ ° My "(Z)) converges uniformly to the identity. Thus, for n
large enough and for any & € A29=2, setting g,,:=S5, (%), we have

— —
Lin, o M7 o M;™(&) =

°("P) o Lin, o ]\_/I)*”(s?:')
9n n ==9gn f

no(np) opo S o Mf_n(f)
o Sp(Z).

‘ i)

‘ @
3

I
[=3

The result follows easily. O
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3.4 The proof

Here, we shall use the notation of Section 3.1. We assume that n is large
enough that 3, is contained in U, whence every map g € ¥, has a lift g
to homogeneous coordinates and there is a potential function G defined on
¥, X C? such that

G(9,9(z)) =d-G(9,7) and VA€C", G(g.A%) =G(g,7) + log |A].

Recall that by Lemma 9, the sequence (v™ 0 S,,) converges uniformly to

Ling on A??=2 and by assumption, @f(ﬁd‘ ) C V. From now on, let n
be sufficiently large so that v™(%,,) C V. In that case, for each j € 7, the
map

v):=0; 00} : 5, — C* — {0}

is-well defined. In this case, we may define plurisubharmonic functions
gi: A%4=2 L R by

G7(2):=G (Sn(2), 0} 0 Sn(2)).
Lemma 10 If n is sufficiently large, then
S (Toie) = d~"" Y d~'dd°Gy.
JjeT
Proof: Note that for g € ¥,, and j € J, we have
o gt (g5(9)) = g° U (¢5(g)) = 0] (9) = 0 87 (9),
whence
3°"(E(9) = Aj(9) - 07 (g)

for some holomorphic functions A7 : ¥, — C*. Thus, if 7 € A?%4=2 and
n:=Sn(Z), then

GH(@) = G(gn: 351 (25(gn))) — log| A} (gn)]
= d"G (g, €5(9n)) — log| A} (g9n)]
= d"1"G;(gn) — log| A} (gn))|
= d' "G 0 8, (%) — log| A} o Sn ().
Since log |/\;L 0 S,| is pluriharmonic on A%?¢=2 we have
dd°G} = d" T . dd(G; 0 Sp) = dY TP - 7 (dd°G;).
Consequently, in view of DeMarco’s formula, we have

Sn(Toi) = D S,(dd°Gy) =d ™"y T d=5dd°Gy.
jeg jeg |
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Set
MnIZ/ T4,
PSS

To conclude the proof of the main theorem, we will now show that M,, > 0
for n large enough. In fact, we will show that there is a constant m > 0
such that m

Mn n—:&-oo d(gd_Q)”P ’

Set [(:=3",c7 ¢ For j € J, let lin; : A — P! be the map defined by

mf(f) = (linl (1'1), ey lingd_g(xgd_g))

and set

Recall that p¢ is the equilibrium measure of f.

Lemma 11 We have

lim d®=2m . M, = (2d = 2)! - d71 T g (W5).

n—-—+o0o .
JjeET

Proof: By Lemma 9, the sequences of functions o} o S, converge uniformly
on A%4=2 to 2 lin;(z;). So, the sequences of functions gr: A2 LR
converge uniformly to

gjoo s Q(f, ;o hn](l']))

Due to the uniform convergence of the potentials, we may write

A(2d—2) A(2d—2)
li d—tddegr = d—tiddegee
0 fos | D00 Jo | S

n—+00 [A2d-2 —
J

Note that G7° only depends on the j-th coordinate. It follows that

o2 A(2d—2)
> dtddege =(2d—2)ld . A dd°g;.
J=1 Jjeg

In addition, G°(x) = G; o linj(z;) with G; : W; — R the subharmonic
function defined by G;(z) = G(f,0;(2)). We have dd°G; = pg|,, . There-
fore, according to Fubini’s theorem,

/A ,/\jddcgfo =11 </A dd*(G; O““a‘>> = [[wowy). O

jeJ Jjeg
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We now complete the proof. Since the periodic points «; are repelling,
they are in the support of the equilibrium measure py. Thus, for every
Je€ T, nr(W;) > 0. As a consequence,

2d—2
m . iy
M, oo J@T2mp with m:=(2d —2)!-d ler. H wr(W;) >0,
j=1

f is in the support of Tbif/\(gd_Q)

support of fipif.

and the conjugacy class of f is in the
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