RATIONAL MAPS WITH A PREPERIODIC CRITICAL POINT
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ABSTRACT. We show that the set of conjugacy classes of cubic polynomials
with a prefixed critical point, of preperiod k > 1, is an irreducible algebraic
curve. We also establish an analogous result for quadratic rational maps. We
then study a closely related question concerning the irreducibility (over Q) of
the set of conjugacy classes of unicritical polynomials, of degree D > 2, with
a preperiodic critical point. Our proofs are purely algebraic.
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INTRODUCTION

Let f : CP! — CP! be a rational map. A point z € CP! is

e periodic for f with period n > 1 if f°"(2) = z and n is the least such
integer;

e preperiodic for f with preperiod k& > 0 if f°*(z) is periodic for f and k is
the least such integer.

The moduli space &3 of affine conjugacy classes of cubic polynomials is isomor-
phic to C2. Similarly, the moduli space .#5 of Mobius conjugacy classes of quadratic
rational maps is isomorphic to C2. In both cases, requiring that one critical point
is preperiodic to a cycle of period n > 1 with preperiod & > 0 (with k # 1 in the
case of quadratic rational maps) defines an algebraic curve. In [M1] and [M2], John
Milnor introduced these curves and raised various questions about their geometry.
In this article, we prove that the curves consisting of those maps with a prefixed
critical point are irreducible.

We first study the case of cubic polynomials. Given k > 0 and n > 1, the affine
conjugacy classes of cubic polynomials with a critical point preperiodic to a cycle
of period n with preperiod k£ form an algebraic curve .%% , C 3. The following
conjecture goes back to John Milnor [M2, Question 5.3] in the case k = 0.

Conjecture. For k>0 and n > 1, the curve f ,, is irreducible.
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A proof in the case k = 0 has recently been announced by Matthieu Arfeux and
Jan Kiwi [AK]; it relies on a result of Mary Rees in [R3], that the set of fixed points
of an endomorphism on a certain Teichmiiller space is connected. We prove the
following result.

Theorem 1. For k > 0, the curve S, is trreducible.

Our proof is purely algebraic. It is largely inspired by the proof of Thierry
Bousch [Bo] that for n > 1, the set of (c,z) € C? such that z is periodic of period
n for f.:w s w? + ¢ is irreducible. The proof will be given in

In we explain how the proof presented for cubic polynomials adapts to the
case of quadratic rational maps. Given k > 0 with £ # 1 and n > 1, the Mobius
conjugacy classes of quadratic rational maps with a critical point preperiodic to a
cycle of period n, with preperiod k, form an algebraic curve % ,, C 5.

Conjecture. For n > 1, the curve %, is trreducible. For k > 2 and n > 1, the
curve Vi p 1s irreducible.

In this article, we prove the following result.
Theorem 2. For k > 2, the curve ¥ 1 1is irreducible.

The proofs of Theorems [I] and [2] rely on the following result due to Vefa Goksel
[G]. Assume D € {2,3}. Let b; € C and by € C be two algebraic numbers such
that 0 is preperiodic to a fixed point of z — 2z 4 by and z — 2P + by, with the
same preperiod k& > 2. Then, b; and by are Galois conjugate.

More generally, if D > 2 is an integer, the unicritical polynomials z — 2P + b,
and z — 2P + by are affine conjugate if and only if b7~ = P!, John Milnor [M3]
asked whether one can classify the Galois conjugacy classes of parameters b”~! such
that the critical point of z — z” + b is preperiodic. In we characterize those
Galois conjugacy classes when the period is 1 or 2 for any prime power D = p°,
and when the period is 3 for D =2 and D = 8.

Notes and references. For background on the dynamics of cubic polynomials, see
[BH]. In [M2], BKM]J, [AK], and [R3] the curves .5 ,, are studied. For background
on the dynamics of quadratic rational maps, see [MI]. The curves %, have been
extensively studied over the past 25 years; see for example [M1], [R1], [R2], [R3],
and [T].

1. CUBIC POLYNOMIALS
Every cubic polynomial is affine conjugate to a polynomial of the form
Fop(2) = 2% —3a%2 +2d* +b, (a,b) € C%

Those polynomials have critical points at +a and b = Fy,;(a) is a critical value.
A conjugacy between two such polynomials either preserves or exchanges the two
critical points. Consequently, the moduli space &3 is obtained by identifying (a, b)
with (—a,—b). It follows that in order to prove Theorem [1} it is enough to show
that the set S of parameters (a,b) € C? such that a is preperiodic to a fixed point
with preperiod k£ > 0 is irreducible.

Note that for k = 0, the critical point a is fixed if and ouly if (a,b) belongs to
the line Lo := {b = a} C C2. Thus, Sy = Ly is irreducible.
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Note that for k = 1, the critical value b = F, y(a) is fixed if and only if
b= F,u(b) =b> —3a’*b+2a® = b+ (a — b)*(2a +b).

Consequently, S; = L1~Lo = £1~{(0,0)}, with £ := {b = —2a} C C?. Thus, S;
is irreducible.
For the remainder of we assume that k& > 2.

1.1. An equation for S;. On the one hand, if a is preperiodic to a fixed point of
F, 1, with preperiod k, then the points F;fbk_l)(a) and F;”Z(a) are distinct and have
the same image under Fy ;. For j > 0, let P; € Za,b] be the polynomial defined
by
Pj(a,b) := F;fb(a).
Then,
Py(a,b) =a, Py(a,b)=b, and Pjiq =P} —3a’P;+2a”+b,
so that for j > 1, the polynomial P; has degree 3/~1. Note that
Fop(2) = Fup(w) = (z —w)H(z,w) with H(z,w) = 2%+ zw + w? — 3a®.
Thus, the polynomial
Qk = H(Pk_l,Pk) S Z[a, b]
has degree 2 - 3*~! and vanishes on Sj.

On the other hand, H(z, z) = 0 if and only if 22 = a?, i.e. 2 = +a. In particular,
if a = Fyp(a), ie. if a =0, then Py_;(a,b) = Py(a,b) = a and Qx(a,b) = 0. Thus,
b — a divides @ and so,

Qr = (b —a)Ry with Ry € Z[a,b].
The polynomial R has degree 2 -3~ — 1 and vanishes on Sj. Set
Yy == {(a,b) € C* ; Ry(a,b) =0}.
Then, S C X. Note that there are points in X \Sk:

i) either F°% Y (q) = F°*(a) = a in which case a is fixed;
a,b a,b
ii) or F°" " V(q) = F° (q) = —a in which case —a is fixed and a is prefixed to
a,b a,b

—a with preperiod j for some j € [2,k —1].

Remark. Note that case ({ij) occurs if and only if a = b =0, i.e., ¥;NS; = {(0, O)}
Indeed, for j > 1,

OPj1 2 2,9F;
— = =3(Pf —a®) =2 + 1.
TR Rl
Since Pj(a,a) = a, it follows by induction that
%(a,a) =1.
Since oQ 0P, 0P,
k k—1 k
—— = (2P, Py, P 2P, ) ——
% (2Py—1 + Px) % + (Pg—1 + k)ab,
we deduce that 5
Ry (a,a) = %(a,a) = 6a.

Thus, on the line {a = b} C C2, the polynomial R, only vanishes at (0,0).
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i

FIGURE 1. Three curves drawn in R?: S is red, S; is blue, and
Ss is green.

Theorem [} is a corollary of the following result, the proof of which occupies the
remainder of {I]

Proposition 3. For k > 2, the polynomial Ry, € Zla,b] is irreducible over C.

1.2. Behavior near the origin. We now show that in order to prove Proposition
it is enough to prove that Ry is irreducible over Q.

Proposition 4. The polynomial Ry € Zla,b] is irreducible over C if and only if it
is irreducible over Q.

Proof. To prove the proposition, we use the following criterion.

Lemma 5. Let R € Q[a,b] be a polynomial vanishing at the origin with nonzero
linear part. Then, R is irreducible over C if and only if R is irreducible over Q.

Proof. Clearly, if R is irreducible over C, then it is irreducible over Q.

Conversely, suppose that R is irreducible over Q. We will show that R is irre-
ducible over C. Suppose that R = S-T where S € Cla, b] is irreducible and vanishes
at the origin. Such a polynomial S exists because R vanishes at the origin. It then
follows that T € Cla, b] does not vanish at the origin, since otherwise, the linear
part of R at the origin would vanish. Multiplying S by a nonzero constant, we may
assume that 7°(0,0) = 1. In that case, the linear parts of R and S at the origin
coincide.

Since R € QJa, b], the polynomials S and T have algebraic coefficients. We claim
that the coefficients of S are in fact rational. Indeed, assume o € Gal(Q/Q). Let
S7 be the image of S under the action of o. Then, S is an irreducible factor of R
and R° = R since R € Q[a,b]. Note that S and S are equal up to multiplication
by a constant since otherwise, S-S? would divide R, and the linear part of R at the
origin would vanish. In addition, the linear part of S is equal to the linear part of
R° = R. Thus, S° = S. Since this holds for all ¢ € Gal(Q/Q), the coefficients of
S are rational.
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Since S € Q[a, b] is a factor of R and since R is irreducible over Q, we have that
S = R. This completes the proof since S is irreducible over C by assumption. [

To apply this lemma, we need to study the behavior of Ry at the origin.
Lemma 6. The homogeneous part of least degree of Ry is 3(a +b).

Proof. An elementary induction on j > 1 shows that the homogeneous part of least
degree of P; is b. As a consequence, the homogeneous part of least degree of Q) is
3b2 — 3a2. Factoring out b — a to get Ry, yields the required result. O

Thus, Rj vanishes at the origin with nonzero linear part (a,b) — 3(a + b). This
completes the proof of the proposition. O

What really matters in the proof of Lemma [5|is that the curve {R = 0} has a
single irreducible component containing the origin (indeed, since the derivative of
R at the origin is nonzero, the curve is smooth at the origin) and that the origin is
fixed by the action of Gal(Q/Q). In fact, we have the following more general result
(that we do not use in this article).

Lemma 7. Let R € Q[a,b] be a polynomial. Assume the affine curve {R = 0}
contains a point (ag,bo) € Q2 and has a unique locally irreducible (over C) branch
at (ag,bp). Then R is irreducible over C if and only if R is irreducible over Q.

1.3. The family 23 +b, b € C. We now study the intersection of S;, with the line
Lo :={a =0} C C2 Note that the map f}, := Fp is a unicritical polynomial:
fo(z) = 2 +b.
For j > 1, define p; € Z[b] by
p;(b) := P;j(0,b) sothat p; =0 and pj1 = p;’ +b.
Let g € Z[b] and rj, € Z[b] be defined by
gk (b) := Qr(0,b) and  71(b) := Ry (0,b),

so that

Gk = Pr_y +Pe-1Pk + P and g = bry.
An easy induction on j > 1 shows that p; is a monic polynomial of degree 31
with least degree term b. It follows that ¢ is a monic polynomial of degree 2-3%~!

with least degree term 3b2. Thus, g, = bri = b?s, where s;, € Z[b] is a monic
polynomial of degree 2-3¥~! — 2 with 54(0) = 3. The proof of the following result

goes back to [G] (see also §3.2).
Proposition 8. For k > 2, the polynomial si, € Z[b] is irreducible over Q.
Proof. Working in F3[b], we have that (z + y)® = 2% + »® (mod 3). An elementary
induction on j > 1 yields
p;=b" "+ 7+ 45 + b (mod 3).
It follows that
pr—pr1 =% (mod 3) and (px — pr_1)ar = (pr — pe—1)> =b° (mod 3).
Thus,
qr = p23 (mod 3) and s = p23 -2 (mod 3).

Since s;(0) = 3 is not a multiple of 9, the Eisenstein criterion implies that sy is
irreducible over Q. [l
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1.4. Behavior near infinity. We now study the behavior of Ry when a or b is
large.

Lemma 9. The homogeneous part of greatest degree of Ry, is
(b _ a)4.3k_271 . (2a+ b)2~3’“_2.

Proof. We first determine the homogeneous part Hj, of greatest degree of P; for
j > 2. Since

Py =b"=3a’b+2a°+b= (b—a)’(2a+b)+b and Pjiy =P} —3a’P;+2a”+0,

we have Hy = (b — a)?(2a 4+ b) and an elementary induction on j > 2 yields
that H; = (H2)3]_2. It follows that the homogeneous part of greatest degree of
Qr = P2, + Po1 P+ P?—3a% is (H2)*?" " = (b—a)*®" " . (2a +b)>¥" .

Factoring out b — a to get Ry yields the required result. ([

Let us embed C? in CP? in the usual way, sending (a,b) to [a : b: 1].

Corollary 10. The closure of ¥ in CP? intersects the line at infinity at only two
points: [1 : 1 : 0] with multiplicity 4 - 3*=2 — 1, and [1 : —2 : 0] with multiplicity
2-3k=2,

1.5. Irreducibility over Q. We may now complete the proof of Proposition [3]
Proposition 11. For k > 2, the polynomial Ry € Zla,b] is irreducible over Q.

Proof. Assume by contradiction that Ry, = Ty - T with T} € Z[a,b], T> € Z|a, ],
degree(T7) < degree(Ry), and degree(Ts) < degree(Ry).

We first prove that either T} or T» must have degree 1. Let t; € Z[b] and to € Z[b]
be defined by

tl(b) = T1 (0, b) and tQ(b) = Tg(O, b)

Then, r, = t1 - to with degree(t1) < degree(T}) < degree(Ry) = degree(ry). Sim-
ilarly, degree(ts) < degree(ry). Since ry = bsy with rp monic and s irreducible
over QQ, exchanging T7 and T5 if necessary, this implies that t; = +b and t5 = +s;.
Then, degree(T3) > degree(sy) = degree(Ry) — 1 and degree(T7) = 1.

According to Lemma @, the homogeneous part of least degree of Ry is 3(a + b).
Thus, T; divides 3(a + b); in fact, since t; = £b, we have that T} = +(a + b). So,
the closure of X;, in CPP? intersects the line at infinity at the point [1 : —1 : 0]. This
contradicts Corollary [10] O

2. QUADRATIC RATIONAL MAPS

To prove Theorem [2] it is convenient to work in a space of dynamically marked
quadratic rational maps. A quadratic rational map whose conjugacy class belongs
to 7,1 with k& > 2 has a critical point w whose orbit contains a fixed point a.
There is a fixed point 8 # « since otherwise, a would be a triple fixed point and
its parabolic basin would contain both critical orbits. Note that 8 # w since w is
not fixed. The conjugacy class may therefore be represented by a rational map f
such that

a=0, =00 and w=1.
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The critical value a = f(1) belongs to C~{0} and f~1(0) = {0,b} with b € C~{1}.
So, the rational map is

az(b—=z)
Gap(z) = 1+ (b—2)z
In addition, (a,b) belongs to the curve

Vi = {(a,b) € A; G (a) = b}

Conversely, if (a, b) belongs to the curve Vy, then the conjugacy class of G, , belongs
to #4,1. So, in order to prove Theorem [2] it is enough to prove that the curve V
is irreducible.

with (a,b) € A := (C~{0}) x (C~{1}).

Remark. A generic conjugacy class in ¥4 1 has two representatives in V corre-
sponding to the choice of the marked fixed point 5. It follows that the quotient
map Vi — %1 has degree 2.

2.1. An equation for V. Here, we define a polynomial R, € Z[a,b] vanishing
on V. This polynomial should not be confused with the polynomial Ry defined in
However, since they play parallel roles, we keep the same notation. Let us first
observe that for j > 2,
o P] (a, b)

Qj (av b)
where P; € Za,b] and Q; € Z[a,b] are defined recursively by

Py=a, Qy=1, Pjy1=aP;-(bQ;—PF;) and Q11 =QF+ (b—2)P;Q;.
So, Vy, is the set of parameters (a,b) € A such that

Ryi(a,b) =0 with Ry := P, — bQy € Z[a,b].

This shows that V. is an algebraic subset of A and that Theorem [2] follows from
the following result.

G2 (a)

Proposition 12. For k > 2, the polynomial Ry, € Zla,b] is irreducible over C.

Note that Ry = a — b is irreducible over C. For the remainder of devoted to
the proof of Proposition [12] we assume that k > 3.

2.2. Behavior near the origin. As in §1.2] we first prove that it is enough to
show that Ry is irreducible over Q. And here also, we deduce this from Lemma
[ studying the behavior of Ry near the origin. There is however a fundamental
difference between the two approaches, even if this does not appear in the proof.
In the case of cubic polynomials, the origin corresponds to the cubic polynomial
2+ 23 which belongs to the family we are studying, whereas here, the origin does
not belong to our parameter space A.

Lemma 13. For k > 3, the homogeneous part of least degree of Ry is —b.

Proof. An elementary induction shows that for j > 2, the homogeneous part of
least degree of P; is a/~'/~2 and the homogeneous part of least degree of Q; is 1.
The result follows immediately. 0

As a consequence Ry € Zla,b] vanishes at the origin with nonzero linear part.
According to Lemma[5] the polynomial Ry is irreducible over C if and only if it is
irreducible over Q.
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FIGURE 2. Three curves drawn in R?: Vs is red, Vs is blue, and
Vy is green.

2.3. The family az(2 — z), a € C. We now study the intersection of Vi with the
line £ := {b =2} C C2. Note that the map g, := G, 2 is a quadratic polynomial:

9a(2) = az(2 — 2).
For j > 2, define p; € Z[a] and ¢; € Z[a] by
pj(a) == P;(a,2), q;(a):=Q;(a,2)
so that
p2=a, pjq1=—ap;+2ap;, q =1 and g1 =g}

In particular, for j > 3, the polynomial —p; is monic with degree 2/=1 — 1, and its
constant coefficient is 0; and ¢; = 1. Let 7 € Z[a] be defined by

ri(a) := Ri(a,2) sothat 7 =p;—2.
Then, 7 has degree 2~ — 1 and its constant coefficient is —2.
Lemma 14. The degree of Ry, is 2F=1 — 1.

Proof. An elementary induction shows that the degree of P, is at most 281 — 1
and the degree of Q) is at most 2F~! —2. Consequently, the degree of R}, is at most
2k=1 1.

Since the polynomial p; has degree 28! — 1, the polynomial r, = p, — 2 also
has degree 2¥=! — 1. Thus,

2F=1 _ 1 = degree(r) < degree(Ry,) < 2871 —1
and the result follows. O
The proof of the following result goes back to [G] (see also §3.2)).

Proposition 15. For all k > 2, the polynomial vy, € Z[a] is irreducible over Q.
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Proof. Working in Fs[a], we have that for j > 2,
.2 _ . 2k
pj+1 =apj (mod 2) sothat 7 =pp=a (mod 2).
The constant coefficient of rj, is —2. It follows from the Eisenstein criterion that
ry is irreducible over Q. [l
2.4. Irreducibility over Q. We may now complete the proof of Proposition
Proposition 16. The polynomial Ry € Z[a,b] is irreducible over Q.

Proof. Assume by contradiction that Ry = T - Ty with Ty € Zla,b], T> € Z|a,b],
degree(T) < degree(Ry) and degree(T2) < degree(Ry). Consider the polynomials
t1 € Zla] and ty € Z[a] defined by

t1(a) :=T1(a,2) and ta(a):=Ts(a,2).

Then, rp = t1 - to with degree(t1) < degree(T}) < degree(Ry) = degree(ry). Sim-
ilarly, degree(t2) < degree(ry). This is not possible since 7 is irreducible over

Q. O

3. UNICRITICAL POLYNOMIALS

The previous discussion motivates a more systematic study of irreducibility over
Q within families of unicritical polynomials. This section is devoted to such a study.
It can be read independently of the rest of the article. Consider the polynomials
fa : C — C defined by

fa(z) =azP +1, acC.

The polynomial f, is unicritical: it has a unique critical point at z = 0. We are
interested in parameters a such that the critical point is preperiodic for f,. Note
that the preperiod k cannot be equal to 1.

For n > 1, let P, € Z[a] be the polynomial

Po(a) := f5"(0).
Andrew Gleason observed that the discriminant of P, is 1 (mod D), and thus P,
has simple roots. It follows that

Py=[[Rm with R,:=]]Ps"™ ezfa,

where p is the Mobius function defined by p(i) = (—1)7 if i is the product of j
distinct primes with j7 > 0 and (i) = 0 otherwise. For example,

Ri=Pi=1, Ro=Py=a+1 and Ry=Py=a(a+1)" +1

It is conjectured that when D = 2, the polynomials R,, are irreducible over Q for
all k > 2. The following result shows that this is not true when D =1 (mod 6).

Proposition 17 ([Bul). The polynomial Rs is irreducible over Q if and only if
D is not congruent to 1 modulo 6. When D =1 (mod 6), the polynomial R3 has
exactly two irreducible factors over Q, one of which is a®> + a + 1.

Assume now that 0 is preperiodic for f, with preperiod k > 2 and period n > 1.
Then,

(1) fekAn=D ) = =D (0)  with wP” =1 and w#1.
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In fact, Equation is satisfied if and only if either 0 is periodic for f, with period
dividing ged(n, k—1), or 0 is preperiodic for f, with preperiod k and period dividing
n.
For kK > 2, n > 1 and d > 2 dividing D, we therefore consider the monic

polynomial Ry, ,, 4 whose roots are the parameters a € C such that

e 0 is preperiodic for f, with preperiod k£ and period n, and

e Equation is satisfied for some primitive d-th root of unity w.
We claim that Ry, q € Z[a]. Indeed, let &4 € Z[X,Y] be the (homogenized) d-th
cyclotomic polynomial: if €4 is the set of primitive d-th roots of unity, then

0= J[ (X —wY).
weNy
Let Py pn.q € Z[a] be the polynomial defined by
Pyna = Pq(Pegn—1,Pr—1) = H (Prtn—1 —wPy_1).
we€Nq

The polynomial Py,—1 —wPg_1 has simple roots (see [Bu] for example). In addi-
tion, the common roots of Pjyy,—1 and Py are the roots of Pyeq(n,x—1)- It follows
that the multiple roots of Py, q are the roots of Pyeq(n r—1) With multiplicities
o(d) = deg(®y4), where ¢ is the Euler totient function. As a consequence,

d
(2) Pin,a = Pgisi()n,kq) ' H Rim.a
m|n

and according to the Mobius Inversion Formula,

n(n/m)
Py m.a
Rin,a = H —@ € Zlal.
m|n ged(m,k—1)

We also consider the polynomials Py, € Z[a] and Ry, € Z[a] defined by

D D
PkJrnfl - Pkfl

Py = H Pina=5——F— = Z Piii- Pl
i Pretn-1— Py =
and
(3) Ry = [[ Rima € Zla] sothat Pyn=PR0 - T] Reom
d|D m|n
d#1

We study the following conjecture of John Milnor [M3] (compare with [HT]).

Conjecture. For allk > 2, n > 1, and d > 2 that divide D > 2, the polynomial
Ry n.q is irreducible over Q.

There are few cases where the expression of Ry, ,, 4 is sufficiently simple so that
existing results in the literature directly apply (see .

Theorem 18 ([G]). If D is a prime number, then Ry 1(cP~t) € Zc] is irreducible
forallk > 2. If D =2, then Ry, o is irreducible for all k > 2.

We prove the following theorem. In the remainder of the article, p is a prime
number.
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Theorem 19. Assume D = p® is a prime power. Then Ry 1.4 is irreducible over
Q for all k > 2, and for all d > 2 that divide D. More generally, if n > 2 and the
polynomial R, (mod p) is irreducible over Fy, then Ry, q is irreducible over Q for
all k > 2, and for all d > 2 that divide D.

Corollary 20. Assume D = p® is a prime power. Then Ry 2 q is irreducible over
Q for all k > 2, and for all d > 2 that divide D.

Proof. The reduction of Ry = a + 1 modulo p is irreducible over F,,. O

Corollary 21. If D = 2 then Ry 3 s irreducible over Q for all k > 2.

Proof. If D =2, then R3 = a(a+1)?+1=1+a+ a® (mod 2) and Rz (mod 2) is
irreducible over Fs. O

Corollary 22. If D =8, then Ry 32, Ri 34 and Ry 33 are irreducible over Q for
all k > 2.

Proof. If D =8, then Ry = a(a+1)®*+1=1+a+a® (mod 2) and Rz (mod 2) is
irreducible over Fs. O

Remark. The only values of D = p€ and n > 2 for which the polynomial R,, (mod p)
is irreducible over [F;, are the one listed previously: n = 2 for any prime power degree
D, and n = 3 for both D =2 and D = 8 (see §3.5).

Our proof of Theorem (19| relies on the following two results (see .

Lemma 23. Assume d > 2 divides D > 2. Assume k > 2, n > 1 and m > 1.
Then,

+pdes(Bn)  4fp = m and d = p© is a prime power
resultant( Ry m,d, Rn) = { b ! p p p

+1 otherwise.

Lemma 24. Assume D = p° is a prime power and d > 2 is a divisor of D. Then
for all k > 2, the polynomials Ry 1,4 (mod p) are powers of a € Fyla]; and for all
k> 2 and all n > 2, the polynomials Ry, 4 (mod p) are powers of R, (mod p).

Remark. Lemma shows a connection between the polynomials Ry, ,, 4 and the
polynomials R, valid for all degrees D > 2. Lemma[24]shows a stronger connection
between these polynomials, but only valid for prime power degrees D = p®. We
think that it is worth investigating what this relation becomes when D is no longer
a prime power.

3.1. The critical orbit. We first study some properties of the polynomials Py €
Z|a). Recall that by definition, for all k > 1,

Py(a) == f3¥(0).
For k > 0, set

DF -1 D—-1+D1 D
so that 1+ DNy = + — Nyss.

Ni :=
T D D—1

Lemma 25. For all k > 1, the polynomial Py has constant coefficient 1 and is
monic of degree Ni_1.
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Proof. First, note that P; = 1 and for all k > 1, Pyy1 = aPP + 1. Tt follows that
the constant coefficient of Py is 1. Second, let us prove by induction on k£ > 1
that Py is monic of degree Ni_1. The property holds for £k = 1: indeed, P, = 1
and Ny = 0. Now, if the result holds for some integer & > 1, then Py, = aP,? +1
is monic of degree 1 + DN;_1 = Nj. O
Lemma 26. Assume D = p° is a prime power. For all k > 1,
Pii1 — P, = a™* (mod p).
Proof. We prove the result by induction on & > 1. For k =1,
Phb—P=a+1-1=a=a".
Now, assume the property holds for some k£ > 1. Since D = p°,
Piys — Pyyr = (aP5, +1) — (aPP + 1)
=a- (PP —BP)=a- (P — B)P (mod p).
Thus,
Piyo — Py = a'™PNe (mod p) = e+ (mod p). ]
We conclude this section by the following observation due to Poonen.
Lemma 27 (Poonen). For m # n, we have that resultant(R,,, R,) = £1.
Proof. Assume n > m. It is not hard to see by induction on k > 1, that
Ptk = Py (mod PD).
Indeed, P11 = aPP +1= P, + aPP and if P, ) = P, (mod P2), then
Ppiki1 =aPl  +1=aPP +1 (mod PY) = P, (mod PY).
This implies that, P,,, = P, (mod PP). Since m < n, P,,R,, divides P,,,. So,
there are polynomials A € Z[a] and B € Z[a] such that
AP, R, = Py, =P, + BPZ.
Dividing by P,, yields AR, — BPP~! = 1. It follows that R,, and R,, are relatively

m

prime in Z[a] and resultant(R,,, R,) = £1. O

3.2. When the critical point is preperiodic to a fixed point. As a warm
up, we first prove the following proposition that is due to Vefa Goksel. Our proof
differs significantly from the one given in [G].

Proposition 28. If D is prime, then Ry 1 is irreducible over Q for all k > 2.
Proof. Our proof relies on the following two lemmas.
Lemma 29. For k > 2 and n > 1, the polynomial Py, has constant coefficient D
and is monic of degree (D — 1)Niqpn_o.
Proof. By Lemma if i +j =D —1, the polynomial P}, - P/ | has constant
coefficient 1 and is monic of degree

i Npyn—2+J - Np_o <(D—1)Npypn_o

with equality if and only if i = D — 1 and j = 0. There are D pairs (i,j) € N?
such that ¢ + j = D — 1. Only one pair contributes to the leading term. Thus
the polynomial is monic. Every pair contributes to the constant coefficient, which
therefore is equal to D. O
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Lemma 30. If D is prime, then for all k > 1,
Ri1 = Py = aP~YNe=1 (mod D).
Proof. Assume D is prime. On the one hand, according to Lemma [26}
(4) PP — PP, = (P, — Py_1)” (mod D) = aPNe=1 (mod D).
On the other hand, by definition of Py ;:
PP — PP =Py~ Py_y)- Poy = a™* 1P, (mod D).
As a consequence,

aV 1Py = PNt (mod D) so that Py = aP7YNe1 (mod D). O

The proposition now follows from the Eisenstein criterion: Ry ; is monic, D
divides all the coefficients except the one of the leading term, and D? does not
divide the constant coefficient. O

3.3. The general case. This section is devoted to the proof of Theorem We
first prove Lemmas 23] and [24]

Proof of Lemma. Assume d > 2 divides D > 2, k> 2, n>1and m > 1. We
need to show that

+pdea(Bn) if o = m and d = p° is a prime power

vesultant(Riem.a, fin) = {:tl otherwise

The proof splits in several cases.

Case 1: n does not divide m. Assume « is a root of R,,. Then, P}, (a) = P;,(«)
if and only if j1 = j2 (mod n). Since n does not divide m, for all k > 2,

__ Prim(e) = Pi(a)
Prym-1(a) = Pr_1(a)’

Piym—1(a) — Pr_1(a) #0 and aPym(a)
so that
n—1
a” H Pk+j7m(a) =1.
j=0

The polynomial R,, is monic with constant coefficient 1. So, « is an algebraic unit.
Thus,

n—1 n—1 n—1

1
H resultant( Py j,m, Rn) = H H Prsjm () = H H an +1.
§=0 =0 ae R, (0) J=0 acR;*(0)

Since Ry m,q divides Py ,, it follows that

resultant (R ., Ry) = £1.

Case 2: n divides m. Set

v:==4(1,1) = {p

1 otherwise.

if d = p® is a prime power

It is enough to prove that
(5) H resultant (R ¢, 4, Rn) = +pdeg(Bn)

Lm
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Indeed, assume Equation holds. We have seen that resultant(Ry ¢,q, R,) = £1
when n does not divide ¢. So, for m = n,

+ydes(Bn) — resultant (R .4, Ry ) - H resultant (R ¢,4, R»)

i
= tresultant(Ry n,4, Rn)-
Now, if n divides m # n, the polynomial Ry . q - Rk,m,q divides Py, 4; and
resultant (R n.q - Rk,m.ds Bn) = +pdes(fn) . resultant (R, m, 4, Rn)
divides
resultant( Py m. 4, Rn) = +ydes(fin)
This forces
resultant (R m,d, Rn) = £1.

So, it is enough to prove that Equation holds.

Case 2.a: n does not divide k — 1. Assume « is a root of R,,. Since n divides
m, we have that Pyim—1(a) = Pp—1(a) and

Proma(@) = @4 (Perm1(a), Pe_1(a)) = PP D(a) - ©4(1,1) = vPF'P ().
It follows that

resultant(Pg .4, Ry) = H Py m.a(a)
a€R; ' (0)

= pdes(Bn) H P]f_(dl) (o) = pdeg(Bn) ~resultant(P,f_(?, R,).
a€R; " (0)

Since n does not divide k — 1, Lemma yields resultant(Ry, R,) = %1 for any
divisor £ of k — 1. Thus,

resultant (Py 4, Rn) = pdeg(Rtn) .resultant(P,Z,D_(?, R,)

— pdeg(Rn) | H (resultant(Rg,Rn))w(d) = tpdea(fin)
k-1

Equation (5)) now follows from Equation (2)).
Case 2.b: n divides k — 1. As in the proof of Lemma[27] if n divides ¢, then
P, = P, (mod PP) =P, - (1+ Hy)
with H, € Z[a] divisible by P,. It follows that
Proma = Pa(Pitm—1,Po1) = PED - (v + Hy na)

with Hy m,q € Z[a] divisible by P,. Since n divides ged(m, k — 1), Equation
yields

H R}O(d) ' HRk,e,d =v+ HypmaPl ™"

£] ged(m,k—1) £lm
£ does not divide n
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and since resultant(Ry, R,) = £1 for ¢ # n, we deduce that
H resultant(Ry ¢,q4, Ry) = resultant(v + Hk,mydpf_l, R,)

£lm
= resultant(v, R,,) = +v3°8(n),

This is Equation (5]).
The proof of Lemma |23|is completed [

Proof of Lemma[2{ Assume D = p® is a prime power and d > 2 is a divisor of D.
We need to show that for all £ > 2, the polynomials Ry 14 (mod p) are powers of
a € Fyla]; and for all £ > 2 and n > 2, the polynomials Ry, , 4 (mod p) are powers
of R,, (mod p). Since Ry p q divides Ry, for all n > 1, it is enough to prove that
for all k& > 2, the polynomials Ry 1 (mod p) are powers of a € Fy[a]; and for all
k > 2 and n > 2, the polynomials Ry, (mod p) are powers of R,, (mod p).

For k > 2, set My 1 := (D — 1)Ny_1 and for n > 2, set

{(D —1)(DF-1 — 1) if n divides k — 1
Mk n =

(D —1)DF1 if n does not divide k — 1.
We prove that for £ > 2 and n > 2,
(6) Ri1 = a1 (mod p) and Ry, = Ry (mod p).

Note that N;4; — N; = D'N; for all integers ¢ > 0 and j > 0. So, according to
Lemma [26] if £ > 2 and n > 1,

Pipn—1— Poy = a1 +a™r 4+ 4 a2 (mod p)

= aNk—l . (aDk_lNo + aDk_lNl 4t aDk_lN"*1> (mod p)

k—1
aVe-t (aNo +aM 44 aNn—l)D (mod p)

= aN’“—lP,I?k_1 (mod p).

As a consequence,
P,ﬁ_n_1 -PP, = aDN’“”Pfk (mod p)
and
Py = a(D_l)N’“*lP,/?k_Dkf1 (mod p) = CLM’“PT(LD_UDF1 (mod p).
In particular, for n = 1, this yields
Ri1=Py1 = a1 (mod p).

According to Equation ,

H Rr’ifl . H Rim | = Pin = aMea . H R,(anl)Dk_l (mod p)

m| ged(n,k—1) m|n m|n

and since Ry =1 and Ry ; = aMe (

H Ry = H Rye (mod p).

min m|n

m£l m#l

mod p),

Equation @ now follows from the Md&bius inversion formula, completing the proof
of Lemma 241 O
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To complete the proof of Theorem [T9] we use the following generalization of the
Eisenstein criterion.

Lemma 31. Assume A € Zla] and B € Z[a] are monic polynomials and p is a
prime number such that

e A= B" (mod p) for some integer N > 1;

e the polynomial B (mod p) is irreducible over IF,;

o p?4°8(B) does not divide resultant(A, B).

Then, A is irreducible over Q.

Proof. Assume by contradiction that A is reducible over @, so that A = A;4»
with A; € Z[a] and A € Z[a] non constant. Let Ay, A2 and B be the reductions
of the polynomials modulo p. Then, A; A4y = EN and since B is irreducible over
F,, we have that A; = B™ and Ay = B for some positive integers N; > 1 and
Ny > 1. In other words, A, = BN +pC; and Ay = BN +pC) for some polynomials
Ci € Z[a] and C; € Z[a]. In that case,
resultant(A, B) = resultant(A; Ag, B) = resultant(A;, B) - resultant(Asq, B)

= resultant(pCy, B) - resultant(pCs, B)

= p?deeBlresultant(C, Cy, B).
This contradicts the assumption that p?d¢&(5) does not divide resultant(4, B). O

We now complete the proof of Theorem [I9} Assume D = p© is a prime power
and d > 2 is a divisor of D. Then d is a power of p.

According to Lemma the polynomial Ry 1.4 (mod p) is a power of a € F,[a],
which is irreducible over F,; and according to Lemma p2dee(Bn) does not di-
vide resultant(Ry 1,4, R1) = +pdes(Bn) - Tt follows from Lemma that Ry 4 is
irreducible over Q for all k > 2.

Similary, according to Lemma if n > 2, the polynomial Rj . q (mod p)
is a power of R, (mod p); and according to Lemma p2dee(Bn) qoes not di-
vide resultant(Ry n.4, Rn) = +pdeg(Rn) Tt follows from Lemma that when
R,, (mod p) is irreducible over F), the polynomial Ry, , 4 is irreducible over Q for
all k > 2.

This completes the proof of Theorem

3.4. Particular cases. For small values of k and n, the expression of Ry . 4 is
quite simple and we may obtain irreducibility as follows.

Proposition 32. For all D > 2 and all d that divide D, the polynomial Ry 1,4 s
irreducible over Q.

Proof. We have that
RQ,Ld = @d(a +1, 1).
Since cyclotomic polynomials are irreducible over Q, so is Ry 1 4. d
Proposition 33. For all D > 2 even, the polynomial Rs3 1 2 is irreducible over Q.
Proof. Setting b := a + 1, we have that
R310=09(Ps,Py) =Ps+ Py =ala+1)P + 14 (a+1) =p*F —p* 4 b+ 1.
By [EJ, Theorem 2], this quadrinomial is irreducible for all d > 1. a
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Proposition 34. For all D > 2 even, the polynomial Ry 2 2 is irreducible over Q.

Proof. Assume D = 2d is even. Then setting b = a + 1 as previously,
Qo(P3, P1)  P3+ D

f222 = Dy(Py,P1) P+ Py
Cala+1)P+2
N a+2
_ DT PR aa gppat ppaz gy
b+1
According to the Eisenstein criterion, this polynomial is irreducible over Q. O

3.5. Irreducibility over F,. Here, D = p° is a prime power, and we work over
the field F,, or its algebraic closure F,. Abusing notation, we keep the notation P,
and R, for their reductions modulo p. In other words, P, € Fy[a] and R,, € F,[a]
are defined by

n—1
DF —
P, = aV*  with Ny = D1 and R, := H P,’,‘L("/m).

0 m|n
We study the irreducibility of R,, over F,,. Note that
Ri=1 and Ry =a+1.

~
Il

So, we restrict our study to the case n > 3.

Proposition 35. Assume D = p° is a prime power and n > 3. Then, the polyno-
mial R, € Fpla] is irreducible over Fy, if and only if either n = 3 and D = 2, or
n=3 and D = 8.

Proof. Let f: Fp — Fp be the Frobenius automorphism x — zP.

Lemma 36. If o € F,, is a root of R, then « is a periodic point of f of period

dividing n - e.

Proof. Assume « is a root of R,,. Then, P,(«) =0, so that
1=1+aPP(a)=1+aP,(aP)

n—1

—_ 1 4 Z 0[1+DN7c
k=0

n—1
=1+ ZaN’““ = Py(a) + o™ = o,
k=0

It follows that

fo(n~e)(a) — QD" = G D-DN, (aN,L)D—l — o 0

As a consequence, if R,, is irreducible over F,, then the degree of R,, divides n-e.
The degree of R, is

deg(Rn) = > 1 (=) deg(Pr) = Y pt (=) Nypoy 2 D" 72
m|n

m|n

So, if R, is irreducible over F,,, then p(n=2e < e



18 X. BUFF, A.L. EPSTEIN, AND S. KOCH

Set k := (n — 2)log(p) > 0. The function (0, +00) 3 z +— exp(kz)/x € (0,+00)
reaches a minimum at z = 1/x with value « - exp(1). It follows that for n > 3,
(n—2)e )
p
—>(1-=1 1).
— 2 ( n) og(p) exp(1)
Ifn>3andp>5orifn>4and p=3,orifn>>5and p=2, this is greater
than 1. So, it is enough to study the following cases.

Case n = 3 and p = 2. In that case, for e > 1,
deg(R,)=1+D=2°+1 and n-e=3e.

The function (0,+00) 3 z — (2* +1)/(3z) € (0, +00) is increasing on [2, +00) and
takes the values 1 at x = 1, 5/6 at x = 2 and 1 at « = 3. Tt follows that deg(Ry)
divides n - e if and only if e =1 or e = 3, i.e. D =2 or D = §; in those two cases,
R3 is irreducible.

Case n =3 and p = 3. In that case, for e > 1,
deg(R,)=14+D=3"4+1>3e=n-e=3e.
So, R, cannot be irreducible in that case.
Case n =4 and p = 2. In that case, for e > 1,
deg(R,) =1+D+D?*=14+3°4+3*>4e=n-e.

So, R, cannot be irreducible in that case. ([l
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